nalysis and Design of Control Systems

DOI: http://doi.org/10.25728/cs.2023.2.2

INTERVAL OBSERVER DESIGN
FOR DISCRETE LINEAR TIME-INVARIANT SYSTEMS WITH UNCERTAINTIES'

A.N. Zhirabok?, A.V. Zuev®, and C.I. Kim*

2% Institute of Marine Technology Problems, Russian Academy of Sciences,
Far Eastern Branch, Vladivostok, Russia
Z4Far Eastern Federal University, Vladivostok, Russia

24 zhirabok@mail.ru, *3< alvzuev@yandex.ru, “B< kim.ci@dvfu.ru

Abstract. This paper considers the problem of constructing an interval observer for systems
described by discrete-time linear models under uncertainties in the form of exogenous disturb-
ances and measurement noise (unknown bounded functions). Such an observer is designed us-
ing the minimal-dimension model of the original system invariant with respect to the disturb-
ances. The dynamic matrix of this model is defined in the identification canonical form. We
present relations to design an interval observer of minimal complexity for estimating the set of
admissible values of a given linear function of the state vector. If the observer invariant with
respect to the disturbances does not exist, we suggest a method to construct an observer with
minimal sensitivity to them based on the singular value decomposition of system matrices. The-

oretical results are illustrated by an example.

Keywords: linear systems, uncertainties, models, interval observers.

INTRODUCTION

This paper is a logical continuation of the research
work [1], which considered the design of interval ob-
servers for systems described by linear models with
continuous time.

In recent years, numerous studies have been devot-
ed to the design of interval observers; for a survey, see
the publications [2, 3]. The papers [4-10] presented
the solution of this problem for different classes of
systems as well as practical applications. As a rule, the
cited authors estimated the set of admissible values of
the full state vector. However, in many cases, it is of
interest to estimate only a given linear function of this
vector. The corresponding interval observer turns out
to be significantly simpler than the full-order counter-
part, and the class of systems for which such an ob-
server can be designed is wider. In addition, when es-
timating a given linear function, the observer dynam-

! This work was supported by the Russian Science Foundation,
project no. 23-29-000191, https://rscf.ru/project/23-19-00191/

ics can be represented in a canonical form, which sim-
plifies the solution procedure and extends the class of
systems with interval observers.

In what follows, we state and solve the interval ob-
server design problem for time-invariant systems de-
scribed by discrete linear dynamic models with exoge-
nous disturbances and measurement noise. The result-
ing interval observer estimates the set of admissible
values for a given linear function of the system’s state
vector. This paper therefore differs from [2—10], where
interval observers were designed to estimate the full
state vector.

1. BASIC MODELS AND PROBLEM STATEMENT

We consider a system described by the discrete lin-
ear model

X(t+1) = Fx(t) + Gu(t) + Lp(t),
y(t) = Hx(t) +v(b),
with the following notations: x(t)eR", u(t)eR™,

)

and y(t) e R! are the state, control, and output vectors,
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respectively; F, G, and H are constant matrices of
dimensions nxn, nxm, and |xn, respectively; L is

a known matrix of dimensions nxq; p(t) e RY is an

unknown bounded time-varying function that de-
scribes the disturbances affecting the system, and

I p(t) < p= for all t>0; finally, v(t)eR' is an un-
known bounded time-varying function that describes
measurement noise, and || v(t) |[< v« forall t>0. (The

symbol ||-| indicates the Euclidean norm.)

According to (1), the uncertainties in the problem
are represented by the measurement noise v(t) and

the exogenous disturbance p(t) with the upper bounds
v« and p« of their amplitudes, respectively, for all

t>0.
It is required to design a minimal-order interval ob-
server producing the lower z(t) and upper Z(t) esti-

mates of the linear function z(t) = Mx(t) e R of the

state vector with a given matrix M so that inequality
z(t) <z(t)<z(t) will hold componentwise for all
t>0.

As was demonstrated in the paper [1], for continu-
ous-time systems, an interval observer can be designed
based on the minimal-dimension model by two meth-
ods. In the first method, the matrices describing this
model are found in the identification canonical form
(ICF); the observer’s stability is ensured using feed-
back, and the observer is then reduced to the Jordan
canonical form to provide the Metzler property of the
matrix reflecting its dynamics. In the second method,
this matrix is immediately found in the Jordan form,
which considerably simplifies the problem: stability
and the Metzler property directly follow from the Jor-
dan form.

In the discrete-time case, the Metzler property is
not required: the matrix under consideration has to be
stable and nonnegative. The ICF satisfies these two
requirements and is therefore is preferable here. In
addition, the feedback may not be used for the observ-
er’s stability: the ICF has zero eigenvalues, ensuring
stability in the discrete-time case.

The solution is based on a minimal-dimension
model insensitive to the disturbance:

K (t +1) = FXs (t) + J*HX(t) +GaU (t),
z(t) = Hx«(t) + Qyp (t).

This model estimates the variable z(t) and has the

()

following notations: x. e RX is the observer’s state

vector; k is the model dimension; R, J«, G+, H,,

and Q are matrices to be determined; finally,
Yo(t)=N,y(t) for some matrix N, defined below.
The vector x(t) and the unknown vector x«(t) are
related by

X () = Dx(t) ,
where the matrix ® has to be determined. The term
J«Hx(t) in formula (2) can be explained as follows.

Being a reduced part of system (1), model (2) does not
include the output vector y(t). Hence, this vector ap-

pears as the term J.y(t) in the observer (12). Such an

approach allows considering the measurement noise.
The solution of equation (2) insensitive to the dis-
turbance p(t) is the best in terms of the interval

z(t) <z(t)<z(t). As is known [11], it satisfies the
condition ®L=0. To make the estimated variable
z(t) in model (2) insensitive to the disturbance, the

variable yq(t) in this equation must be formed as fol-

lows.
Let us introduce a matrix L, of maximal rank such

that LoL=0. Then ®=NL, for some matrix N .
Since the vector X'(t)=Lgx(t) is insensitive to the
disturbance, yp(t) =N;x'(t) for some matrix N;. On
the other hand, yg(t) is part of the output vector y(t),
i.e., Yo(t)=Nyy(t) for some matrix N,. Then the
matrices N; and N, satisfy the equation
N;Lg = N,H . It has a nontrivial solution if

rank(LHoj <rank(Lg) +rank(H) .

Under this condition, the matrices N1 and N, are de-
termined from the equation

i =70, ©

where the symbol : separates two matrices. Other-
wise, we should use y(t) instead of yq(t) in model
(2). As a result, the interval (z(t),Z(t)) will be ex-

tended.
According to [11, 12], the matrices describing the
model satisfy the equations

OF = Fa® + J«H , Gx =G, PL=0. (4)

An additional condition is due to the second equation
in model (2). With z(t) = Mx(t) , we write it as

Mx(t) = H, Dx(t) + QN HXx(t) ,

16
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arriving at the equation
M =H,®+QN,H =(H, Q)(NGZDH). (5)

It has a solution if

)]
rank(N(fH)rank{Nl\zﬂH}. (6)

Based on equations (4) and (5), we can obtain rela-
tions to analyze the existence of such a solution in
several cases. The first of such conditions has the form
[11]

LoF H

rank| H <rank(|_ )+rank(L0F). (7

L 0
0

To derive the second one, let us replace the matrix @
in equation (5) with NLy. Then obvious transfor-
mations yield

M = (H,N: Q)[NLZOH)

The resulting equation is resolvable if

L Lo
0 |_
rank(Nij_rank NoH |. (8)

An algorithm to check these conditions includes
the following steps:

1. Determine the matrix L, and find the matrix
N, from equation (3).

2. Check conditions (7) and (8). If they are true,
find the matrices H, and Q from equation (5) and

construct the model and observer insensitive to the
disturbance.

3. If just condition (8) fails, examine each row M;,
i=12,.., p, of the matrix M by replacing M in
condition (8) with M;. Take the rows satisfying this
condition to form the matrix My and then design an
interval observer insensitive to the disturbance to es-
timate the variable zy(t) =Mgx(t). For the other rows
of the matrix M , combined into the matrix M., find

the robust solution described in Section 4 and then
design a second observer to estimate the variable
Z«(t) = Mux(t) . This observer will have minimal sen-
sitivity to the disturbance.

4. If just condition (7) fails, a robust solution is on-
ly possible. Find it by the methods described in Sec-

tion 4. In this case, the interval observer will be mini-
mally sensitive to the disturbance.

5. If conditions (7) and (8) fail both, the robust so-
lution (see Section 4) is only possible as well. If the
resulting matrix @ satisfies condition (6), then the

variable y,(t) (the undisturbed part of the vector
y(t)) can be found. Otherwise, it is impossible, and
the interval (z(t),z(t)) is further extended due to the
term Qy(t) corrupted by the disturbance.

2. MODEL CONSTRUCTION

The matrix F« is found in the ICF:

Fr =

o ooco
o oopr
o oroO
o: ooco

As is well known, the model is stable if the eigenval-
ues of the matrix F« do not exceed 1 by magnitude.
For the ICF under consideration, they equal 0.

The problem is solved based on the equation [11]

(g7 —Ju’ —3a)v @ W) =0, (9
where
£k
v _| HEK L
¥
L FL ... FCL
L Zl0 HL ... HFS2L| x-12. .
0 0 .. O

and @; and Js indicate the rows of the matrices @
and J«, respectively. Note that the matrix v &) serves

to construct model (2) whereas the matrix LK) to en-
sure its insensitivity to the disturbances. Equation (9)
has a nontrivial solution if

rankV ®: Oy <lk +n. (10)

To design the model, we determine the minimum k
from inequality (10) and the row
(D —Jug: —J.) from equation (9). Then,
based on the relations

OF =i g +InH , i=1k-1, ®yF =JqH, (11)
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obtained from equations (4) and the ICF [11], we con-
struct the matrix @ . After that, condition (6) is veri-
fied. If it holds, the matrix M can be expressed

through (®" HT)", and the designed linear model
will estimate the desired variable z(t)=Mx(t); the
matrices H, and Q are determined from the algebra-
ic equation (5) and the matrix G» from equations (4).

If condition (6) fails, another solution of equation (9)
should be found for the same or increased dimension
of the model. If it fails for all k <n, the robust solu-
tion should be used; see Section 4.

3. INTERVAL OBSERVER DESIGN

The observer is found in the form
X (t +1) = B X () + Jy () + Gou(t)—| I | By v,
Yoo (T +1) = BXee (t) + Y (t) + Gt (t)+] I | By v,
2(t) = Hy % (0) + QYo (1), (12)
Z(t) = H % (1) + Qyp (1),
Xe(0) = Xag,  %(0) =g,
where the matrix E, of dimensions k x1 is composed

of unities and the matrix | J« | is composed of the ab-

solute values of the corresponding elements of the ma-
trix J«. By assumption, xx(0) €[Xxq,X«g] for some

Known Vectors X., X« € RK.
Theorem. Let X.(0) < x«(0) <X«(0) . Then the in-
terval observer (12) satisfies the relations

Xae () < X (t) < X (t) and z(t) < z(t) < z(t)
forall t > 0, where

2(t) = H %« (t) + Qyg (1),
Z(t) = H % (t) + Qyp ()

for H, >0 and

Z(t) = H,%(t) + Qyo (1),
Z(t) = H, x«(t) + Qyo (1)

(13)

(14)

for H, <0.

P r o o f. By analogy with [2], we introduce the estima-
tion errors

€ (t) = X (1) — X« (1), B(1) = Xu (1) — . (1),
e, (t) =z(t)-z(), & (t) =Z(t) - z(t).

In view of (2) and (12), it is possible to obtain the difference
equations

Ex(t+1) = Feex(t) + I« (HX(t) — y(t))+ ]| I« | Ej v
= Feex (t) — Jwv(t)+ | I« | Ej Vs,

B (t+1) = B (t) + I« (y(t) — HX(t))+ | I | Ej Vs 10)
= R (t) + Jav(t)+ | I« | By V.

Since  X«(0) < x«(0) <X«(0), formula (15) implies
e+(0)>0 and &(0)>0. Note that in system (16),
| Ix | BV + Jxv(t) >0 forall t>0 and F«>0. Given
ex(0) >0 and &«(0) >0, its solutions will be elementwise
nonnegative: €.(t)>0 and &x(t)>0 for all t=0 [2].
Due to z(t) =H,Xx«(t) + Qyg(t), for H, >0, from (13)
and (15) we have
e, (t)=z(t)-z(t)
= Hx(t) + QYo (t) — (H, X (t) + Qyo (1)) = Hz e« (1),
& 1) =7(t)-z(t)
= H, % (t) + Qyo (t) — (Hz X« (t) + Qyo (1)) = Hz&(t).
Considering the inequalities e«(t)>0, &«(t)>0, and
H, >0, we obtain e,(t)>0 and & (t)>0, which is

equivalent to z(t) < z(t) < Z(t) . In the case H, <0, from
(14) and (15) it follows that

e, (t)=z(t)-z(t)
= H X (1) + Qyo (1) — (H X.(1) + Qy, (1)) = —H & (1),
&M =2(t)-z()
= H_ X (1) + Qyo (1) — (H X () + Qo (1)) =—H, e (1).
In view of e.(t)>0, e«(t)>0, and H, <0, we finally

arrive at ,(t)>0 and &,(t)>0. The proof of this theo-
rem is complete. ¢

Remark 1. If the matrix H, is indefinite, the final

result remains the same, but the formulas for calculat-
ing the upper and lower bounds become more compli-
cated. We consider two cases as follows.

e Let H, be a row; without loss of generality,

assume that its first p components are positive and

the rest are negative: H, =(H; : H;). We define
2(t) = Hy Xu( oy O + H X P () +Qyo (1),

where Xx(p) and Zsk_p) are the subvectors of the

18

CONTROL SCIENCES No.2 e 2023



ANALYSIS AND DESIGN OF CONTROL SYSTEMS @

state vectors x. and X« containing the first p and the
last (k — p) components, respectively. Then

e, =21-1= H;X*(p) +HZ_X,(ck7p) +Qy0
~(H X«(p) + H; %P +Qyp)
=H] e —Hza P,

and e, (t)>0 dueto H; >0 and H; <0. By analo-
gy, it is demonstrated that &, (t) >0 for

Z(t) = Hy %y (0 + H7 xE P () + Qyo (1) -

e Let the matrix H, have several rows:

+
HZ:(:Z_], where H; and H, are submatrices
z

such that H; >0 and H, <0. We define

H; X« (t) .
z(t) = +Qyo(t);
[H" <>] ’

7 X«

then, obviously,

_[H7 Hy X«
e, = X« +Qyg — + QYo
Hy H; %
| H7es S0
“HyE )

A more complex case is when H, has several

rows, each of the structure (H, : H,). It reduces to a
combination of the two cases considered.

Remark 2. The condition x«(0) < X«(0) <X%«(0) is
crucial in the theorem. For the positive system (14), it
gives e.(t)>0 and e«(t)>0 forall t>0. Due to no
feedback in the observer and the stability of the matrix
F«, these inequalities will hold for some t>0 even
without the condition X« (0) < x«(0) <X« (0) : the ini-
tial conditions are “forgotten” for t > Kk .

Indeed, let us denote vq(t) = J«| E v —J«v(t) 20

and consider the first equation in system (14). Accord-
ing to [12], its solution can be represented as

t-1 .
e(t) = Fle.(0)+ SR v (). (1)
i=0

It is easy to check that Ek=0. Then, for t >k, the

value e« (t) will be determined by the second term on

the right-hand side of equality (17). By construction,
this term is nonnegative, so e.(t)>0 for all t>Kk.

Similarly, we can show that &x(t) >0 forall t>k.

4. ROBUST SOLUTION

If condition (10) does not hold for all k <n, we
find a robust solution minimizing the contribution of
the disturbance to the model. It is almost identical to

the solution proposed in [1], except for minimizing the
norm || (®g: —Jq: —Jk)L(k) ||z subject to the

condition

(@ =0 —J,¢ ~J3 v® 0. (18)

In other words, the matrix R« from the paper [1] is
replaced by ®;. We can say that the problem is to
determine a solution (®;: —J;: —Jy) with
“maximal orthogonality” to the columns of the matrix
L,

Following [1], based on all linearly independent so-

lutions of equation (18), for some fixed dimension k
we construct the matrix

o 30 30 . 30
W =
PSR OB T I

and find the singular value decomposition
wiL®) =U X V| . We choose the first transposed col-
umn of the matrix U_ as the vector of weight coeffi-
cients w=(W,..., Wy) and let
(D: —Jq: —-Ji ) =wWW. Finally, we determine
the rows of the matrix © from formula (11) and the
matrices G« =®G and L.=®L to design model (2)

with minimal sensitivity to the disturbances.
Due to the additional term L«p(t) in model (2), the

dynamics of the interval observer for v = 0 are cor-
rected as follows:

X =F X +J.y +Gu—| Jo | E Ve —| Lo | E s,

% =FEX + .y +Gu+|J | Ev+]| L | Ep..
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The expressions (14) for the estimation errors are
modified appropriately:

QI = F*g* - J*V+| Jx | EkV* + L*p+| L« | Ekp*’
€ = Fulx + JuV+ | Jx | EgVa — Lup+| L | E p.

Clearly, the desired result is immediate from the proof
of the theorem and the obvious additional inequality
| Le | Egps £ Lep(t) 20.

5. INTERVAL ESTIMATION OF THE FULL STATE VECTOR

In several cases, this interval estimation approach
for the variable z(t) =Mx(t) can be applied for the

full state vector x(t) as follows. Without loss of gen-

erality, assume that the matrix H has the maximal
rank and

H=(Ho 0). y(®)=Hox® ) +v(),
®
X(t) = [:(2) ((tt))J ,
where Hg is a nonsingular matrix. Let us define
yt) =yt)-Ew, y(t)=y()+Ew,
xP () =Hy'y(®), X@()=H;'y(). 9
Then
e ) =xD))-x )
= Hg " (¥(1) -v(t) ~Ho" y(t) = Ho (B —v(t)),
W) =xDt)—xO(t)
= Ho (1) — Ho (y(t) —v(t) = Ho " (Epve + v(1)).
Under the
Ejv« £v(t) >0 we obtain g(l) (t)>0 and g® t=0

assumption H 51 >0, from
and, consequently, >_<(1) 1)< x® )< x@ (t). Thus,

the variable x® (t) given the condition Hal >0 is

estimated based on the expression (19), and the dis-
turbance p(t) has no effect on this estimate.

Remark 3. The condition Hal >0 obviously
holds in application-relevant cases when the compo-
nents of the vector x® (t) are measured by separate

sensors and Hp = Hal =1.

The variable x? (t) can be assigned an interval
estimate using the observer (12). Assuming
z(t) = x(?) =M (Z)X(t) for some matrix M@ and
using the criterion (7) with the matrix M ) instead of
M , we check the possibility of designing an observer
insensitive to the disturbance. Then, depending on the
check results, we design an observer of the form (12)
or the robust one.

Remark 4. The condition X«(0) < x«(0) < %«(0) of
the theorem follows from x(0) < x(0) <X(0) only
when @ >0. Indeed, for ® >0 and x(0)- x(0) >0,
we obtain  ®(x(0)—x(0)) >0 and, consequently,
X« (0) = ®X(0) > ®X(0) = x+(0) .
x«(0) < X« (0) is established by analogy. According to
Remark 1, however, this is not critical since the rela-
tion z(t) < z(t) < z(t) will necessarily hold for t >k .

The inequality

6. AN ILLUSTRATIVE EXAMPLE

We consider a discretized model of an electric drive
X1 (t+1) =k X (1) + X, (1),
X (t+1) = kpX3 (1) + X2 (1) + (1),
X3 (t+1) = kgXp (1) + kg X3 (t) + ksu (t),

y1(t) =X (1) + (1), y2(t) = x3(t) +vo (1),

(20)

with the following notations: the coefficients k;,...,ks are
some drive parameters depending on the sampling interval,
the disturbance p(t) is due to an external load torque ap-

plied to the motor shaft. The model under consideration is
described by the matrices

1k O 0
F={0 1 ky|, G=|0]|,
0 k3 kg ks

100 0
H:[ j,L: 1],
001
0

Choosing M =(0 1 0), we design an interval observ-
er for the variable X, (t). Since the disturbance enters the

equation of this variable, the model will be sensitive to it.
Therefore, we construct the model by letting L=0. Equa-

tion (9) with L&) =0, k =1, takes the form

20
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1 k O
0 1 ko
(@ -Js)|0 k3 kyq|=0
1 0 0
0 0 1
The solution is O=01/k -1 0) and

»=0/k k), yielding G.=0 and L.=-1. As is
easily verified, condition (5) holds and H,=-1 and
Q=(/ky 0). The desired model has the form

Xe(t+1) = (L1 k) Hyx(t) —koHox() —p(t),
2(t) = % (t) + U/ k) Ya 1.

Based on this model, considering H, =—1, we design the
following interval observer for the variable z(t) = X, (t):

Xe(t+1) = @/ k) v () — ka2 (1)
—(17 kg IVoeg —KoVip — s,

% (t+1) = 1/ k) ya (1) —kay2 (1)
+(1/ Ky )Vsq + KpVp + p,
z(t) = =% (1) + @/ ky) Y1 (1),
Z(t) = =X (1) + L/ kg ) y1 (1)

The variables x;(t) and x3(t) can be estimated using
the expression (19):

(21)

X (1) = Yy (1) — Vg, X3(t) = Yo (t) —Vip
% () = yp(t) + Vg, Xa(t) = Yo (t) +Vap -

Comparing these estimates with those from [2] and similar
papers, we can conclude the following: the proposed ap-
proach provides a simpler observer and smaller intervals
because, in particular, the intervals for the variables x,(t)
and x3(t) do not contain the disturbance p(t).

For numerical simulation, we selected system (20) and
the observer (21) with u(t) =0.2sin(t/100) and the noises
vi(t), vo(t), and p(t) described by random processes with
a variance of 0.5. For simplicity, we assumed that
ki =k, =ks =1 and k3 =k, =—1. The simulation results
are shown in Figs. 1 and 2, i.e., the variable x,(t) and its
lower and upper bounds x.(t) and X.(t) for the initial con-
ditions x(0)=0, x(0)=-0.05, and X(0)=0.05 and
x(0) =0, x(0)=0.05, and X(0) =-0.05, respectively. As
has been emphasized in Remark 1, the initial conditions
affect only the estimates at the initial time instants.

0,25
0,2 e
.\‘l(f).‘
0,15 A5 @)
A x(7),
0,1 H
0,05
0 J
-0,05
-0,1 . s . s
0 10 20 30 40 50 60 70 80 90 ¢

Fig. 1. The variable x;(t) and its lower x;(t) and upper X;(t)

bounds for the initial conditions x(0) = 0, x(0) =-0.05 , and
x(0) =0.05.

0,25 T T T T T

0,2r s N
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0,15} MY (1)

i (t
0.1 X (1)

0,05 [y

>

01

-0,05

-0,1

|
0 10 20 30 40 50 60 70 80 90 ¢

Fig. 2. The variable x{(t) and its lower x;(t) and upper X;(t)

bounds for the initial conditions x(0) = 0, x(0) =0.05, and
X(0) =-0.05.

CONCLUSIONS

In this paper, we have designed interval observers
for linear dynamic systems described by discrete-time
models under exogenous disturbances and measure-
ment noise. The relations based on the identification
canonical form have been obtained to design a mini-
mal-order interval observer estimating the set of ad-
missible values for a given linear function of the sys-
tem’s state vector. A robust approach to solving the
design problem has been considered as well. It has
been demonstrated that the proposed solution can be
used to estimate the full state vector. The theoretical
results have been illustrated by a numerical example.
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