nalysis and Design of Control Systems

CONSTRUCTIVE D-PARTITION FOR TWO PARAMETERS
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Abstract. For a polynomial linearly dependent on two parameters, several methods are proposed
to approximate its stability region with respect to a given root localization region (also called a
root clustering set in the literature). The first method is to apply a sufficiently uniform grid to the
stability region boundary that ensures its complete coverage with a given accuracy. The second
(semi-grid) method yields an internal approximation of the stability region using line segments or
curve arcs bounded by the stability region. The third method is to cover the stability region
boundary with simple sets (cells) in order to obtain piecewise linear internal and external approx-
imations of the stability region. All methods are based on the constructive D-partition (construc-
tive D-decomposition) method, which describes the stability region boundary as a set of line seg-
ments and rational curve arcs. The exact stability radius and its simple estimate are derived in the
parameter plane. Implementation of all methods and algorithms is reduced to finding the real
roots of polynomials.

Keywords: constructive D-partition, rational curves, approximation of the stability region, sufficiently uni-
form grid, grid methods, semi-grid methods, support function, stability radius.

and Schur polynomials corresponding to stable (in the

INTRODUCTION

classical sense) continuous- and discrete-time systems.

We analyze the location of the roots of a polyno- The problem of finding the stability region arises in
mial of degree n with two parameters entering it line- the controller design of linear control systems in the
arly: case when two controller parameters enter the charac-

G(s, ki, k, ) = klP(s) +k2Q(s) + R(s)' (1) teristic polynomial of degree n linearly, or in the sta-

bility analysis of dynamics systems depending on two
For a given root localization region D — C, it is nec-

essary to determine a set, called the stability region, on
the parameter plane (, k, ), each point of which cor-

responds to a stable polynomial:
D, ={(k, k,) :all n roots 2
of G(s, ky, k,) lie in D}.

Recall that the stability (D-stability') of roots and a
polynomial is defined relative to a given root localiza-
tion region D and generalizes the concept of Hurwitz

! There exists the concept of D-stable matrices with a significantly
different meaning [1].

parameters (or one parameter, see subsection 2.1).

By selecting a root localization region D, it is pos-
sible to ensure a desired stability degree or damping
ratio of a closed-loop system, etc. [2—4]. By assump-
tion, D is a regular open set. In this case, the stability
region is also an open set.

This paper is the second part of the study [5],
where the constructive D-partition was proposed, i.e.,
a description of the stability region boundary using the
D-partition of the parameter plane. Recall the idea of
this method; for details, see [6—10].

The first set is defined by a mapping of the bound-
ary 0D of the root localization region onto the param-
eter plane using the main equation

2
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Kbnd:{(klﬂkz):G(sa kla kz)ZO(C,SEaD}. (3)

The second set is defined by the degree drop condition
for the coefficient at s" :

Kdeg z{(kl’ k2) :Gn (k17 k2):O(C}‘ (4)

The sets (3) and (4) define a D-partition, i.e., a divi-
sion of the parameter plane into simply connected re-
gions, some forming the stability region. In each D-
partition region, the number of stable roots remains the
same when continuously varying the parameters with-
in this region, provided that the coefficients of the
polynomial depend continuously on the parameters.
The equation in formula (3) defines the marginal case
in which at least one of the polynomial roots lies on
the boundary 0D .

Let us present several properties of the D-partition
for the polynomial (1), together with the results from
part I of the study [5].

First, the set K, , consists of the so-called main

curve and a set of (straight) lines, called singular lines,
defined by the equations

ak +bk,+c, =0, i=1,..., M, (5
and K, is a singular line (possibly an empty set)
defined by the equation

Pk +0,k, +R, =0.
The stability region boundary belongs to the union of
these sets:

oD, cK,,, VK,

eg *

Second, if the boundary I'=0D of a root localiza-
tion region consists of a finite set of rational curve
arcs,

qucré, I, ={s6(w)e(C:weWé},
f=1,..,L,

then the main equation in (3) is equivalent to L sys-
tems of two polynomial equations with some polyno-

mials Pm(w), P, (w), Q(’l(w), 05 (w), R(,l(w),
and R,,(w), depending on the initial polynomials

P, O, R and the rational functions s, (w):
kP, (W) +k,0, (w) +R,, (w) =0
0

kP, (w)+ ky O, , (W)+R,,(w)=
weW,, £=1,..., L

The solution of each system is a rational curve
(main curve) of the form

1
- WC(W)(R[’Z (W) Qi (w)

—Ri (w) Ors (W))’

1
e T GG LA I

“Rey(w) Py (W))

weW,,

ke (w)

kc’2 (w)

and a set of singular lines of the form (5) correspond-
ing, for each (=1, ..., L, to such real roots (critical

frequencies) of the equation
detT; (w) =P, (w) Q2 (W)
—0y (W)Pc,z (w)=0, weW,,

for which system (6) has a solution. Hereinafter, the
subscript ¢ will be occasionally omitted for brevity.

Third, it has been proven that for a localized D-
partition (bounded to a compact set K ), the above
rational curves are defined (or redefined) on closed
intervals (segments), and singular lines become seg-
ments. Moreover, if the boundary of K consists of a
finite set of rational curve arcs, the D-partition will
also consist of a finite number of rational curve arcs
and segments. The constructive D-partition method
proposed allows determining the parameterization in-
tervals of these rational curve arcs and segments as
sections of singular lines by finding the real roots of
polynomials.

In particular, the boundary of the stability region
(2) within the set K consists of a finite set of rational
functions of the form (7) and segments. It is conven-
ient to represent the segments in parametric form as

k(t): td+p’ te[tlﬁtz]s psdeRza dioa

where the vectors d =(-b, a)T and

p= _(azticbz > :sz are obtained from the equa-
tions of the lines (5); hereinafter, the subscripts are
omitted for brevity.

The parameter and intersection point of the line
initially defined as k(r)=td+p,te (—oo, +00), and

the line (5) are given by

o __ctap, +bp, =_c+(a, b)p
ad, +bd, (a, b)d ~
3
K erdspe SH@ D,
(a, b)d
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We emphasize one feature of constructing a local-
ized D-partition. The rational curve arcs of the bound-
aries of the stability region (7) are defined on closed
intervals, but there may exist an infinite interval, e.g.,
(-0, +00) or [w;, +o). The domain is reduced to a

finite closed interval by an appropriate change of the
parameter, see subsection 1.2.

The Intersection of Main Curves, Lines, and
Localized D-Partition

Recall some results concerning the intersection of
rational curves and lines. In particular, the intersection
of the singular lines (5) and the main curve (7) of the
D-partition is given by the equations

a; (Rz (w)Qi (W) =R (W) (w))

B (RWBW-RWEW) o
+¢, (B (w)Q, (w) -0 (w) P, (w)) =0,
i=0,..,K.

Here, the subscript 0 corresponds to the singular

line K,,, . The equations are polynomial with respect

to w, and their real roots w,, m=1,..., can be calcu-

lated explicitly. These roots, together with the critical
frequencies w;, split the interval W into segments

and intervals corresponding to the simple continuous
parts of the D-partition boundaries, the arcs of the
main curve. In fact, these arcs form the curved part of
the D-partition. The intersection points themselves are
determined from equation (7 as

k(w )=(kl(w ), k, (wm)). Together with the limit

m m

points lim k(w) (if any), they divide the main curve
WwoW,

m

into arcs and, moreover, singular lines into segments
or infinite intervals (rays). In the case of a localized D-
partition, there are no infinite intervals. Similarly, one
can find the self-intersection and intersection points of
several main curves; see part I of the study [5].

It is convenient to perform a localized D-partition

in a rectangle K =[l§1, la]x [lgz, 1;2}, whose bounda-

ries are vertical and horizontal segments. For these
segments, equation (9) gets simplified since it suffices
to consider each component of the rational curve (7)
separately:

R, (w)Q, (w) =Ry (w)0, (w)
=x(R(w)Q (W)= (w)B(w).  (10)
-

x=ki, k,

R (w)P,(w)=R,(w) B (w)
=y(R(W)&(w)-Q(w)B(w)). (D
y=k,, Ez-

Having solved each of these equations, one should
check that the second coordinate is within the desired
interval (i.e., the main curve intersects a rectangle’s
side). For example, if the roots of equation
(10) are w,,, then only those are selected for which

ky (w,,) € [lgz , Ez] , and vice versa.

In what follows, based on the constructive descrip-
tion of the stability region boundary, we propose sev-
eral approximations for the stability region boundary
or the region itself. In addition, the method proposed is
applied to perform stability region analysis (subsection
4.3) and robust analysis (subsection 4.4). The resulting
parameterization of the stability region boundary can
be used for subsequent optimization within the stabil-
ity region and other problems related to the analysis
and design of controllers with performance character-
istics determined by the root localization region.

1. POINTWISE APPROXIMATION OF
THE D-PARTITION BOUNDARY

Consider a localized D-partition on a bounded set
K, e.g., on a rectangle [lgl, lgl]x[l_cz, 1;2]. After ap-

plying the constructive D-partition algorithm (8), (10),
(11), it is possible to determine the intersection of the
singular lines (5) and main curves (7) of the D-
partition with the boundaries of the set K . The result-
ing stability region D, will be bounded by a finite

number of segments k,(f) and main curve arcs
ko (w):
oD, =, k, (1)U, k,(w).

m-"m

According to Lemmas 1 and 4 from part I of the
study [5], each of the boundary parts k,, (¢), k,(w) is

parameterized by a segment W, =[Wmawg,z] or a

closed infinite interval. Moreover, by Theorem 1 [5], it
is possible to replace an infinite parameterization in-
terval with a segment (or segments). This replacement,
in the context of curve approximation, will be consid-
ered separately in subsection 1.2.

The problem is to select a finite set of points
(nodes) forming a grid K, ={k,, r=1,..} on these

curves and segments in order to approximate the sta-
bility region boundary with a given fineness p>0.
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The grid fineness relative to a set is defined by the
Hausdorff distance between the set of nodes and the
given set (in the case under consideration, the stability
region boundary). Let us select the nodes lying on the
boundary: k, € 0D, . They satisfy the condition

disty, (K 6Dn):maxmin||k—kr|| <p. (12)

grid? kedD,

Thus, an appropriate grid is built if and only if cir-
cles of radius p, centered at k,, cover the boundary.
Such an approximation and the corresponding grid
will be called sufficiently uniform.

The boundary is easily approximated for each of its
arcs separately, by explicitly adding nodes at the junc-
tion points of the boundary arcs. For the segments

k,(t)=td, +p,, te [tm’l, tm,Z] , We propose an ob-

vious uniform approximation with N intervals, in-
cluding both endpoints of the segment:

k,, =t

m,1

13
6 — tm,Z - tm,l N — tm,2 - tm,l ( )
s 2p .

+r8)d, +p,. r=0,1,...,N,

The distance between two nodes does not exceed
2p. This grid is optimal among all grids containing
endpoints, in the sense of its uniformity and a mini-
mum number of nodes.

The situation is more complicated for boundary

arcs k,(w) defined on closed intervals. Recall that on
these intervals, the function k,(w) is continuous.

Consider one arc, k(w), weW, omitting the sub-

script.

Formally, a smooth curve arc can be uniformly ap-
proximated, with any given accuracy, by the so-called
natural parameterization of a curve arc using the curve
length function from the point k(wl) in the direction
of increasing the parameter value. The length function
can be defined by the “speed” of a point along the

curve, v(w) =K' (w)]| = (ki (w) + K (w)’ , which will

be called the parametric speed (or simply the speed).
The length function is given by

Ay, (w)= Iv(r)dt, w=w,

w

and (14)

A, (w)= —jv(r)dt, w<w .

For a monotonic function k(w), w=w,, the in-
verse function w(A) is built. Then, the segment
[0, 7»(w2 )] is evenly split by the numbers A, into
segments of a maximum length of 2p, similar to for-
mula (13). The resulting set k, =k(w(2,)) divides

the curve k(w), weW, into arcs of equal length,
each no longer than 2p. Due to the continuity of the

curve and the triangle rule, the distance from each arc
point to one of the neighboring nodes, including the

endpoints k(w;) and k(w, ), does not exceed p. Un-
fortunately, the integral (and then the inverse function)
cannot usually be calculated in analytic form since the
speed vector components k, (w), k,(w) are defined by

rational functions.

1.1. Algorithms for Building a Sufficiently Uniform Grid

We propose two algorithms with an upper estimate
of the speed on subintervals and sequential addition of
grid nodes. A feature of the algorithms is non-uniform
speed estimation for more efficient use of grid nodes.
The resulting grid satisfying condition (12) will be
sufficiently uniform; in the first algorithm, the nodes
on the curve will be located regularly (with respect to
w).

Let us calculate the set of points containing the ex-
tremum values of the speed within the segment W,

using the necessary optimality condition:

Arg extrwewfv(w)
€ Arg extrwewfv(w)2 e{w: (v(w)2 )I =0} (15

= {wikg, (w)ky, (w)+ K, (w)ki 5 (w) =0}

According to the last expression, due to the rationality
of the functions, stationary points are found by calcu-
lating the roots of the corresponding polynomial. De-

noting by {ws} the set of stationary points, we define
a function v, (wa , Wb) returning the maximum value
of the speed on an arbitrary segment [wa , wb] eWw,,
w, <w,:
Viax (Was Wy, ) = max{v(wa), v(w,),
max{v(wx ):iw, €(w,,w, )}}

(16)

Formula (16) employs Fermat’s theorem, i.e., the
fact that on a segment (closed interval), the maximum
value of a continuous differentiable function is
achieved either at the ends of or within this segment.
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For inner maximum points, the necessary optimality
condition holds, which is valid for the points from the

set {w,}. The function v, (w,, w,) can be calculat-
ed more easily by considering, among the stationary
points, only those of (local) maximum defined by the
second-order optimality condition v"(w,)<0. If the
second derivative is equal to zero, it is necessary to
analyze higher-order derivatives or treat such points as

candidates.
Thus, according to formula (14), on the segment

[w,, w,], the length of the curve from the endpoint
k,(w,) to the intermediate point k,(w) is estimated

as
M (W) Ve (W Wy )-(w=w, ), we[w,, w,].(17)

A similar estimate is valid for the curve length in
the opposite direction, from w, to w. Based on these
estimates and the triangle rule, for each half of the
curve before and after w, =(w, +w,)/2, the curve

lengths satisfy the following upper and lower bounds:

”k( (w,)—k, (w)" <A, (w)< A, (w,)

w, —w
<V b a

- max(

”kc (w,)—k, (w)" <A, (w)< A, (w,)
W, =W,
2

wa,wb)~ , we[wa,wc],

Svmax(wa,wb)- ,we[wc, Wb].
Therefore, one arrives at the sufficient criterion: if
Vinax (Was Wy )- (W, —w, ) <2p, then the arc of the

curve k,(w), we[wa, Wh], lies in the union of two

circles of radius p with centers at k(w, ) and k(wb) .
We propose the following iterative algorithm for

finding a sufficiently uniform grid K, that covers the

arc of the curve k, (w), weW,, using the function

Vinax (W,»> W, ) 0N subintervals.

Algorithm 1. A sufficiently uniform grid for a
rational curve arc.

Input: a rational curve k,(w), weW, =[w, w,],

whose denominator does not vanish on the interval
W,, and a fineness parameter p>0.

1. Compute the stationary points {WS} for the

speed by formula (15) (or the local maximum points)

belonging to W, , and determine the upper bound func-
tion v, (W,, W, ).

2. Set the initial list of nodes as a list of two nodes
{k(w, ), k(w, )} . Set the initial list of intervals as a list

containing one element, i.c., the interval [w;, w,].

3. If the list of intervals is empty, terminate the al-
gorithm and return the list of nodes. Otherwise, select
any interval (e.g., the first or leftmost one), and desig-

nate it as [w,, w, |; remove this interval from the list.

4. IF Vo (W w, ) (W, —w, ) < 2p, go to Step 3.

5. Split the interval [w,, w,] in half at the point
w, =(w, +w,)/2€(w,,w,); add k(w,) to the list of
nodes, and add the intervals [w,, w,| and [w,, w,] to
the list of intervals; get back to Step 3.

Output: a set of parameters from the interval
[wi, w,] and the corresponding set of nodes (a suffi-
ciently uniform grid).

Algorithm 1 is finite, as the parametric speed is
bounded above on the entire interval W, ; see the esti-
mate (18) below. By construction, the grid obtained
using Algorithm 1 covers the curve with circles of ra-
dius p and, moreover, divides the curve into arcs of a
maximum length of 2p. Algorithm 1 can be trivially
generalized to any curves with a speed estimate of the
form V(w) Zv(w). In addition, the algorithm is effec-
tively implemented if this speed estimate is a polyno-
mial or other function with simple or precomputed
extrema (maxima). Figure 1 shows the parametric
speed and a sufficiently uniform grid for the arc of the
stability region boundary in Example 1 (see Sec-
tion 5).

In the particular case of using the maximum speed
V(W) =Vpax (W, wy ) =const as the upper estimate,
Algorithm 1 outputs a uniform (binary) grid of the
form

k,=k(w,), w,=w +r38,, 52:W22;4W1’
M:max{(), lrlogz Vmax(Wth)(Wz_Wl)—|_1}’(18)
P
r=0,..,2"

In terms of the number of nodes, the uniform bina-
ry grid is generally worse than (but at most twice as
bad as) the uniform grid based on the maximum speed

6
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v(w)
0.5
0.4

— Parametric speed v(w)
® Nodes
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e Sufficiently uniform grid
0.150 { === p-neighborhoods

-0.10 -0.05 0.00 005 0.10 0.15 ky

(b)

Fig. 1. (a) The parametric speed for the curved part of the stability region boundary in Example 1 and (b) the sufficiently uniform grid obtained by

Algorithm 1, together with the set of covering circles.

estimate v, (W, w, ), built similarly to formula (13)
as
w,=w,+rd, r=0,1,...,N, SZM,
N
N = Vmax (Wl’ WZ)(WZ _Wl) )
2p

(19)

In Algorithm 1, the distance between the grid
nodes k, =k(w,) is adapted to the maximum speed in
each subinterval, and this algorithm has higher effi-
ciency in practice (significantly fewer nodes compared
to the uniform grid (19)). The reason consists in that
the speed function is related to rational functions,
therefore being significantly nonuniform (especially at
the edges of the definitional intervals).

Note that the segment is split by taking its middle

point w, = (wa + wb)/ 2, and the intervals yielded by
Algorithm 1 will be multiples of the smallest interval
8, =2""(w,— w,) for the same M. Indeed, the max-

imum speed value is reached on at least one of the
subintervals.

The function v,,,, (w,, w,) in formula (17) is cal-

culated trivially if the interval contains no extrema:

Vinax (W Wy ) = max{v(wa), v(w, )}
if Aw, e(w,, w,).

Using this fact, Algorithm 1 can be simplified by
immediately splitting the interval [wl, wz] by station-
ary points (or maximum points). Then, on each subin-

terval, the maximum speed will be determined exclu-
sively by the speeds at the endpoints of the segment,

and the same applies to the subsequent division into
smaller segments.

Algorithm 2. A sufficiently uniform grid for a
piecewise rational curve arc (the simplified ver-
sion).

Input: a rational curve k,(w), weW, =[w, w,],
whose denominator does not vanish on the interval
W, , and a fineness parameter p>0.

1. Compute the stationary points {w,} for the
speed by formula (15) (or the local maximum points)
belonging to W, ; split the interval [w;, w,] by these

points.
2.Set the initial list of nodes as

{k (w), k(w, )} v {k (w‘Y )} . Set the initial list of inter-
vals obtained by splitting the interval [wl, wz] by the
set {w,}.

3. If the list of intervals is empty, terminate the al-

gorithm and return the list of nodes. Otherwise, select
any interval (e.g., the first or leftmost one), and desig-

nate it as [w,, w, |; remove this interval from the list.
4.1f max{v(wa ), v(w, )} -(w, —w, ) <2p, get back
to Step 3.
5. Split the interval [w,, w,] in half at the point
w, =(w, +w,)/2e(w,,w,); add k(w,) to the list of
nodes, and add the intervals [w,, w,| and [w,, w,] to

the list of intervals; get back to Step 3.
Output: a set of parameters from the interval

[wi, w,] and the corresponding set of nodes (a suffi-

ciently uniform grid). Algorithms 1 and 2 have the
same output.
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Compared to Algorithm 1, Algorithm 2 requires
fewer computations (no need to check the belonging

of the stationary parameters {ws} to the current inter-
val), but the grid turns out to be irregular.

1.2. Infinite Intervals and Reparameterization

Algorithms 1 and 2 are supplemented by the fol-
lowing considerations. First, for a localized D-
partition, the finite (possibly redefined) domain inter-
val of an arc of the rational curve k, (w) (7) within the
set K is always closed; see Lemmas 1-3 in part I of
the study [5]. To apply approximation on infinite in-
tervals with respect to w, a special change of variables
is introduced [11]. Without loss of generality, let a

rational curve k (w) be defined and continuous on
the interval W, =[w, ). We choose an endpoint
w, <w,, 1l.e., some finite value w,=-o, e.g,
w, =w, —1. Since the D-partition is localized, there

exists the limit point k, = lim k, (w) € K ; otherwise,

W—>0
Lemma 3 [5] is valid, and it suffices to consider a fi-
nite interval on which the curve lies inside the set K .
With the change of variable

uelU =(0, 1/(w1 - W, )} C(O, 1], we obtain another

parameterization of the same curve arc
k,(u)=k,(wy+1/u), ueU; the node &k, (0) is

w=w,+1/u,

replaced by the same limit point &k = Mlingo k., (u) , and

the speed value at this point is considered to be zero.
This change allows obtaining a parameterization of the
finite boundary arcs on a finite interval. The case

W, =(—o0, + ) leads to a division into two finite in-
tervals after replacing the parameter.

A similar redefinition of the speed with a zero val-
ue is applied when redefining the rational function at

the endpoint of the interval [w;,...) if w, is a root of

its denominator but the limit point lim k, (w) exists.
w—w

Note that for a nonlocalized D-partition, parts of
the boundary k,(w) may be unbounded due to an un-
bounded or open interval W,, including the cases
where the boundary of the interval W, is zero of the
denominator for one component of k((w). In these
cases, the limit of k (w) does not exist, and an un-

bounded curve cannot be approximated by a finite
number of points with a given accuracy. In such cases,
the rational curve (7) has asymptotes with the ratio

ke (W) tkep (W) =Ry 5 (w) Oy (W) =Ry (W) Qra (W)
‘R (W) Pa(w)— Ry (w) Py(w)

and a set of points combined with rays can be consid-
ered a set approximating the D-partition. Analysis of
the quality and accuracy of such an approximation is a
separate problem going beyond the scope of this pa-
per.

2. SEMI-GRID METHODS

In addition to the pointwise approximation method
(Section 1), several numerical methods can be pro-
posed for estimating both the boundaries and regions
of a D-partition. They involve two approaches as fol-
lows.

The idea of the first approach is to parameterize
the parameter plane k,, k, using two auxiliary param-

eters and form a discrete grid based on an auxiliary
parameter. Next, it is necessary to take the resulting
set of lines (continuous with respect to the second aux-
iliary parameter, e.g., straight lines or curves) and find
the intersection of the D-partition boundary and this
grid. First, the intersections will provide a pointwise
approximation of the boundary. Second, the stability
intervals determined on these lines (the latter’s parts
falling within the stability region) will provide an in-
ternal approximation of the stability region. The corre-
sponding methods, based on the stratification of the
parameter space, will be called semi-grid ones. The
simplest example is a set of horizontal (or vertical)
lines.

Essentially, the one-dimensional parameterization
(decomposition, slicing, or stratification) of the pa-
rameter plane/space and a grid for this parameteriza-
tion are used. In the case of three or more parameters,
a similar idea is employed to visualize a three-
dimensional D-partition; see subsection 2.5.

The second approach is to divide the parameter
plane into simple cell sets K; and select those inter-

secting the stability region boundary. These sets form
a covering of the stability region boundary, and, there-
fore, the complement to their union contains an inter-
nal approximation of the stability region on the pa-
rameter plane. In this case, an internal approximation
of the stability region is formed on one part of the
boundary of the covering set union, and an external
approximation is formed on the other part (Fig. 3). We
propose more effective checks for the intersection of
the D-partition boundary and the sets K, by selecting

the latter as elements of a regular grid.

8
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Both approaches use the constructive D-partition in
the form of a set of arcs of stability region boundaries
or the one-dimensional D-partition. For the second
approach, the constructive D-partition is necessary not
to “skip” the stability region components lying entirely
in one of the cells.

We will present several semi-grid methods, and
then, in Section 3, several grid methods, preceded by a
description of the one-dimensional D-partition.

2.1. One-Dimensional D-Partition and Its Connection
to Constructive D-Partition

The one-dimensional D-partition refers to a poly-
nomial G(s, t) whose coefficients depend on a scalar

parameter f €R . In this case, the real line of the pa-
rameter is divided, by certain points ¢, into segments
and rays corresponding to the D-partition regions. The
points ¢, defining the boundaries of the one-
dimensional D-partition will be called critical points.
As in the case of two parameters, they are defined by
the main equation

G(s,1)=G,(t)s"+G,_, (t)s" " +...

(20)
+G, (t)s+G0 (t) =0., sel,

and the degree drop condition G, (t)=0. If the

boundary I' of the root localization region is de-
scribed by a piecewise rational curve with respect to
the parameter w, and the polynomial G depends on ¢
polynomially, then the main equation can be reduced
to a system of two polynomial equations with two un-
knowns.

The situation is simplified if the polynomial linear-
ly depends on ¢; then the main equation takes the
form

G(s,t)=tP(s)+R,(s)=0 21

It can be solved explicitly, assuming the absence of
common roots” of the polynomials P, (s) and R, (s)

on I'. The critical points ¢, splitting the parameter

line into segments (and rays) with a constant number
of stable roots satisfy the equation

R (s(w)

f=—— (22)

B (s(w)

2 Otherwise, the polynomial is obviously unstable since the root on
the boundary does not belong to the open root localization region.
This case is analogous to the case of two parameters with no
common roots for the polynomials P, Q, and R. If we consider
non-open sets D and the common root on the boundary is sup-
posed to be stable, it can be reduced.

In view of the complex-valued right-hand side, we can
eliminate the variable ¢ by solving the equation with
respectto w:

R (s()
B(s(w))

This equation is equivalent to
Im R,( ( ) Re P( )

=ReR,(s(w)) Im B (s(w)), seT, 2

except those points where P (s(w)) =0. Such points
are not the solutions of the original equation (21) since
R,(s(w))#0 at them due to the absence of common

roots. Equation (23) is reduced to a polynomial one
with respect to w for rational functions s(w). Next,
the roots w, found are substituted into equation (22)
to get ¢,. They are supplemented with the root of the

degree drop equation, 7, =R, /F,,, if it is real and

t,n>

P, #0. Finally, for the intervals (¢, t,,,) obtained by

splitting the parameter line division, the number of
stable roots is determined, e.g., by the polynomial’s
roots at the nmidpoints of the intervals,

G(s,(t; +1,,1)/2), and at two points outside the in-

terval [min,z,

i, max,f; |.

Similar to the two-dimensional D-partition, for a
rational boundary function s(w), one can first reduce
equation (21) to a polynomial dependence on w and
then proceed to the relations (22) and (23). If the
boundary I' of the root localization region consists of
several arcs, equation (21) shall be solved for each arc.

In the general case, for a polynomial linearly de-
pendent on m parameters, the one-dimensional D-
partition allows explicitly finding the intersection of
the stability region and an arbitrary line (or segment)

k(t)=td+p, te[t, 1,], p, deR",

where the boundaries can be either bounded or un-
bounded. In the two-dimensional case, the polynomial
(1) takes the form (21):

G(s,1)=G(s, k (1), ky(1))
= (le(s)+d2Q(s))t + plP(s)+ sz(s)JrR(s).

The critical points 7, are the roots of a certain pol-

24)

ynomial according to formula (23). Among them, only
those belonging to the interval [f,1,] are selected.
This method is used to analyze arbitrary lines and
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segments in the parameter space of any dimension,
particularly as an auxiliary method for analyzing im-
plicitly defined sets, i.e., as an oracle determining the
intersection of a line and a stability region [12].

Note that if, for a polynomial depending on two
parameters, the constructive D-partition is used to
characterize the stability region boundaries in the form
of a set of curves and lines, then the intersection of the
stability region and lines in the parameter space can be
easily obtained from the intersection of the D-partition
boundaries and a line. As a result, we get the same
stability segments on the line under consideration as
with the one-dimensional D-partition.

It is difficult to compare the effectiveness of the
two approaches (the intersection with boundary curve
arcs and the one-dimensional D-partition) a priori,
since their complexity depends on the number of arcs
of the stability region boundary and the degrees of the
auxiliary polynomials. One should keep in mind that
the coordinates of the arcs of the stability region
boundary are easily estimated on the plane, see sub-
section 4.3. With the estimated location of the bounda-
ry arcs, the absence of intersection of segments (and
lines) and the D-partition regions can be checked ef-
fectively, e.g., by comparing rectangles containing the
boundary arcs of the D-partition regions. On the other
hand, the one-dimensional D-partition for the polyno-
mial (24), which is linear with respect to the parame-
ter, is implemented by solving equation (21) directly,
without the need to divide the D-partition boundary
into the main curve and singular lines.

2.2, The Semi-Grid Method with Parallel Lines

As mentioned above, it is easiest to apply the
method by fixing one parameter. In the case of two
parameters, the fixed first (second) parameter on the
plane k, k, corresponds to vertical (horizontal, re-
spectively) lines. If a localization region
K=K xK, =[Ig1, E]x[kz, Ez] is defined, it is easi-

est to take a uniform grid, based either on fineness or
on the number of lines N +1; see examples in Figs.
2a and 2b. For instance, vertical lines K, are defined
in explicit and parametric form as

ki =k ; =0, k; =k +ik1 &

0 ki, .
_ t+| |, te[01], i=0,...,N.
ky =k, k,

The intersection of the D-partition boundaries is
given by equations (10) and (11) for the main curve
and (8) for lines; alternatively, one can apply the one-
dimensional D-partition of the polynomial (24) with

, i=0,...,N,
(25)

respect to ¢ using the parameterization (25). On each
line, segments are selected for which the polynomial is
stable. The set of such segments on all lines K, corre-
sponding to the stability regions forms an internal ap-
proximation of the stability region.

2.3. The Semi-Grid Method with Rays (Angular Grid)

Consider a point k, on the parameter plane, e.g.,
corresponding to a stable polynomial. We select sev-
eral rays passing through this point and analyze the
intersection of these rays and the D-partition bounda-
ries. For construction purposes, it is more convenient
to use lines (rather than rays) whose inclination angle
relative to the axis is uniformly distributed on a semi-
circle. For example, for N lines, a grid is described
by the equation

. ITm in
(k1 — ks )sm N —(k2 - ko,z) Ccos v 0, 26)
i=0,...,N—-1,

. . T
. ) it
or, in the parametric form, k, + t(cosﬁ, sin %] . In

contrast to the case of lines parallel to the coordinate
axes, the intersection points with the boundary arcs of
the stability region shall be found using formulas (8)
and (9). An alternative is to use the one-dimensional
D-partition. If the point &, passed by the lines corre-
sponds to a stable polynomial, then the minimum posi-
tive and negative parameters of the line shall be taken:

max,,, of, <t<min,, ., ,whereall 7, correspond

to the intersection points with the main curve and sin-
gular curves. In this case, we find the intersection of
the line and the component of the stability region con-
taining the point k,. An example of an angular grid is
shown in Fig. 2c.

Note that when building a grid by angle, a set of
randomly directed lines can be taken as well, and the
point k, does not necessarily correspond to a stable

polynomial.

2.4. The Semi-Grid Method with Concentric Circles
(Radial Grid)

Finally, consider a parameterization using a set of

concentric circles K; = {k : ||k —k0|| = r,-} . The intersec-

l

tion points of the boundaries of the D-partition and the
circles are found explicitly: for singular lines in the
parametric form 7d + p , from the quadratic equation

(tdl + Py kg, )2 "'(tdz + Dy —ko, )2 =’ 27

10
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Fig. 2. Internal approximations of the stability region on grids: (a) horizontal lines, (b) vertical lines, (c) concentric circles, and (d) an angular grid.

and for the arcs of the main curve k (w), weW,,

from equations reducible to polynomial ones with re-
spectto w:

(k(,l (W) =k, )2 + (k(,z (W) =k, )2 =7, (28)

Fig. 2d presents an example of a radial grid cen-
tered outside the set under study.

2.5, The Semi-Grid Method with Parallel (Hyper-)planes

For a polynomial dependent on three parameters
(arising, in particular, in the analysis of a closed-loop
system with a PID controller), a grid is taken for one
parameter. For each fixed value of this parameter, the
D-partition is constructed for the remaining two pa-
rameters, and the resulting planes are “joined” togeth-
er. Thus, the construction and visualization of a three-
dimensional region is reduced to the construction of a
series of two-dimensional stability regions. This clas-

sical technique is used to design stabilizing control-
lers, H_ -controllers, etc. [3].

In the general case, fixing one parameter reduces
the number of free parameters, and it is possible to
construct (or approximate) a D-partition for the re-
maining parameters.

3. GRID METHODS
(PARAMETER PLANE PARTITION INTO CELLS)

In semi-grid methods, there is no estimate of how
the stability region boundary behaves outside the sets
forming the slicing of the parameter space. Only its
intersection points with the lines (circles, hyperplanes)
that form the slicing boundaries are known. Of course,
if the localization region K 1is defined, the slicing
generate a series of bounded sets (segments or circle
arcs), but their size is comparable to that of the re-
gion K .
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In grid methods, a finer partition of the parameter
space or localization region into sets K, is used, con-

trolled by two grids. Let us emphasize the difference
between the method proposed in this paper and the one
described in [13]. The common idea is to search for
regions for which all polynomials are stable. In this
paper, we determine the stability region boundary ex-
plicitly using the constructive D-partition and then
check its intersection with a finite set of the boundaries
of the sets K. In other words, we explicitly search for

the intersection of cell boundaries and the boundaries
of the stability region.

Also, we use a cellular grid, particularly formed by
a finite set of lines, and explicitly find the cells K,

containing the boundary, based on the intersections of
the stability region boundaries and the lines forming
the grid. These lines are simultaneously the boundaries
of the cells. Clearly, the other cells either entirely be-
long to some D-partition region, including the stability
region, or entirely contain some D-partition region.’ In
this sense, the approach is close to the ideas of adap-
tive partition of the parameter plane: quadtree [14] or
the partition by intersecting arcs [11]. The method
proposed differs from tracking methods along the
boundary of a set using intersecting segments (e.g.,

orthogonal, simplex, caterpillar, and other methods
[2]), as it surely finds all sets covering the boundary.

3.1. An Orthogonal Linear Grid

An obvious combination of one-dimensional grids
for each of the parameters k,k, (subsection 2.2) sug-

gests itself, leading to the analysis of a set of rectan-
gles. This approach is convenient in the sense that it
suffices to study the intersection of the D-partition
boundary and vertical and horizontal lines (see formu-
las (28) and (29)), and the intersection points of the
grid lines with each other are obvious. And one auto-
matically obtains the rectangular cells K, containing

the stability region boundary; see an example in
Fig. 3a.

3.2. A Polar Grid

A similar approach works when combining angular
and radial grids. The resulting polar grid consists of
concentric circles and radial lines passing through the
center of the circles. The radii of the circles are not
necessarily uniform, as is the case with the grid at the
angles of the lines. If the selected center lies inside the
stability region, the polar grid allows finding a simple

0.6 1

04 1 74

0.3 4

/
0.2'-6
N

0.1 1

NL LT

v

-1.1 -1.0 -09 -08 -0.7 -0.6 0.5 Kk

(2)

0.7 4

0.6 4

0.5 4

0.4 1

0.3 -

0.2 4

0.1 4

0.0 4

-12 -11-10-09-08-07-06 0.5 &
(b)

Fig. 3. The boundary of the stability region component in Example 2, approximated by (a) an orthogonal grid and (b) a triangular grid.

3 In fact, this is the main drawback of the traditional grid approach—it fails to detect explicitly the sets lying inside the cell K. This fundamen-
tal feature cannot be directly circumvented by reducing the size of cells. However, under the above assumptions, Theorem 1 from part I of the
study [5] is valid, and the stable region boundary consists of a finite number of arcs, all explicitly listed. Thus, it is possible to check the locali-
zation of each of these arcs (see subsection 4.3) as well as their position relative to the cells K.

12
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sectoral internal (and external) approximation of the
stability region.

3.3. A Triangular Grid

Here is another type of grids formed by
lines—a triangular grid—which requires 1.5 times
more computations but yields a “smoother” approxi-
mation of the boundary. It is necessary to take a series
of horizontal lines and a series of inclined lines; see an
example for uniform triangles in Fig. 3b. A triangular
grid is convenient because the boundary of the set
covering the D-partition boundary has higher “uni-
formity” and “smoothness.” Also, it consists of seg-
ments of multiple lengths (with angles of 60°, 120°,
and 240°) if the triangles are equilateral.

4. APPLICATION OF CONSTRUCTIVE D-PARTITION

Without loss of generality, the results in this sec-
tion are also considered relative to the stability region
D, rather than an arbitrary D-partition region D, .

4.1, Stability Regions on a Curve

Constructive D-partition allows finding stability
regions along a curve in the parameter space. Let a
curve K on the parameter plane be explicitly defined
as

F(k, k) =0. (29)

Its intersection points with the boundaries of the D-
partition regions divide the curve into arcs where the
number of stable roots is constant. In particular, to find
the “stability arcs” corresponding to stable polynomi-
als, it suffices to consider the intersection of the curve

and the stability region boundaries k, (w). These

points satisfy the equations
F(k,;;,l(w), kf,z(W))ZO’ weW, (30)

for the intersection with the boundaries representing
arcs of the main curve k,(w), and the equations

F(djt+ py, dot + p,) =0 31)

for the intersection with the boundaries representing
singular lines defined in the parametric form td+p.

If the curve K is algebraic, i.e., the function
F(k;, k,) is a polynomial, then the solution of both

equations reduces to calculating the roots of a certain
polynomial. This technique has been adopted in sub-

section 2.4 to analyze the intersections of the D-
partition boundary and circles using equations (27)
and (28) instead of the circle representation (26). Note
also that equations (30) and (31) can be treated as
boundary equations for the curve k, (w) [15].
Moreover, for the algebraic curves of the form
(29), we can obtain the parameterization
K :{k(v) :VGR} , and from the intersection points

with the D-partition boundaries, we can restore the
parameters v, [16]. These points split the curve into
arcs with a constant number of roots, and some of the
roots correspond to stability arcs. Also, with a known
curve parameterization K = {k(v) ve R} , the curve
equation can be immediately substituted into the main
equation of the D-partition, G(s, k, (v), k,(v))=0,
s € 0D, and then the one-dimensional D-partition with
respect to the parameter v can be performed. If the
curve parameterization is rational, this partition can be
reduced to the one-dimensional D-partition for a poly-
nomial of the form (20).

The above approach serves to analyze polynomials
with coefficients nonlinearly dependent on one param-

eter, e.g., G(s, t)=f(t)P(s)+g(t)Q(s)+R(s).
First, the constructive D-partition of the polynomial
G(s, f, g)=jP(s)+gQ(s)+R(s) is found with re-
spect to f and g as free parameters. Then, the curve

( f (t), g (t))T is parameterized in the form (29), and

equations (30) and (31) are solved. A similar tech-
nique can be employed to analyze polynomials with
several parameters entering the coefficients nonlinear-

ly.

4.2. The Intersection with Sets
of Additional Constraints

The stability region description as a set of bounda-
ry arcs obtained by the constructive D-partition makes
it easy to consider additional constraints on the coeffi-
cients k,, k,. Let these constraints be defined by sets
K, . In this case, first, the parts of the boundary 0K,
lying inside the stability region are determined, e.g., as
indicated in subsection 4.1. Then the stability region
boundaries are updated by taking these (new) bounda-
ries into account and excluding the arcs of the stability
region boundary outside the sets K, . This procedure is
repeated for all regions of the additional constraints
K. . In essence, each time the main curves and singu-
lar lines are cut off, by analogy with the localized D-
partition.
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4.3. Localization of D-Partition Regions
on the Parameter Plane and the Support Function

Besides limiting the set of parameters of interest a
priori, the term “localization” can be used for the op-
posite purpose, i.e., identifying the position of the sta-
bility region or its components on the plane.

Let a set (in particular, a stability region) be de-
scribed by a set of Dboundary arcs
k. (w), weW, =[Wi,a, wl.’,,], including both main
curve arcs and segments on finite intervals W, . Then it
is not difficult to describe the position of this set. For
instance, endpoints can be found using the fact that
boundary arcs are defined by rational curves. For ex-
ample, the minimum and maximum values of the
components (i.e., the rectangle containing the bounda-

ry arc k;(w)) are determined by the extreme points in
the same way as for the speed in subsection 1.1. To
this end, we find the roots w

ilm>

m=1,...,

Wi £ =1,..., of the two equations

Witm ki,l (W) =0, we |:Wi,a > Wi,b:|7

Wiag tkis (W) =0, we I:Wi,a > Wi,b]'

As for the speed estimate (16), there are inequalities,
and the extreme values are reached at the endpoints of
the curve arcs or at the stationary points w,

i,l,m> Wi,l,( :

min {k;,l (M}[,a )a ki (Wi,b )a mink; (Wi,l,m )} <k, (W)

< max {ki,l (Wi,a )’ ki (Wi,b ), max ki (Wi,l,m )} ,

min{ki,Z (Wi,a )’ki,Z (Wi,b ): m[in kia (Wi,Z,[ )} <kiy(w)
< max {ki,Z (Wi,a )’ki,2 (Wi,b ), m[ax ki » (Wi,2,[ )}

Extreme points can be replaced by only minima
(maxima) of the lower (upper, respectively) bounds.

For segments, the intervals are determined by the
endpoints: for example, for &,

min {ki‘1 (W,-,,, ), ki, (Wi,b )}
<k, (W) < max{ki,l (Wi,a )7 ki (Wi’b )} ’

and analogously for the second coordinate k;, (w).

Fig. 4 shows an example of the localization of in-
dividual components of the stability region.

k,
0.2 1 !

0.0
-02 1
~04 1

—0.6 1

-0.8

04 06 08 10 12 14 16 18 20k

Fig. 4. The localization of two stability region components in Example
2 (see Section 5).

Similarly, it is easy to obtain the support function

supp, (d ) = rkré%x d'k and its support element

suppel(d) for the stability region in the direction of

the vector d € R?. For this purpose, the support func-
tion for each arc of the boundary k; (w) is used:

supp,, (d)=maxmaxdk,,(w)+dk, ,(w),

i weW,

suppel(d) =k; (wj ),

W, =argmax dik; (W) +d,k; 5 (w),
J=argmaxdk; (wi ) +dyk; , (wi )

The maximum of a rational function on an interval
where its denominator does not vanish is found by
calculating the roots of the polynomial in the numera-
tor of its derivative. Moreover, a support function can
be built not only for the entire stability region but also
for its individual component, by considering only the
boundaries of this component.

In the general case, we propose a three-stage ap-
proach for the primary analysis of the stability region.

1. Obtain a constructive description of the stability
region boundary.

2. Select a sufficiently large localization region K
to get finite and closed parameterization intervals W,,

also applying the results from subsection 3.2 on the
parameterization change.

3. Localize the stability region by the boundary
arcs inside the set K .

For the initial localization with a large set K,
equations (8), (10), and (11) are used for a rectangle,
equations (27) and (28) for a circle, etc.

14
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In addition, the stability region can be localized
numerically, using a sufficiently uniform grid of fine-
ness p. Assume that, according to subsection 1.1,
such a grid is obtained by applying Algorithm 1 or 2 to
all arcs of the stability region boundary:
K., ={k.,r=1..}. By sequentially connecting the
grid nodes, we get a polygon approximating the stabil-
ity region with an accuracy no worse than p (the grid
parameter). For this polygon, we can also explicitly
express the support function and the support element
through its vertices:

supp,, (d) =maxd'k,,
suppel,, (d)=k,, r=argmaxd'k,.

The above expressions are approximations to the
support function and element, and the stability region
itself surely lies inside the rectangle

[—p +mink,;, maxk, + p}

r,l»

x[—p +mink, ,, maxk, , + p},

r

where p denotes the fineness of a sufficiently uniform
grid.

Analogously, for a set of points, it is possible to
calculate the minimum covering circle with center k,

and radius R. A circle with the same center and radius
R + p will contain the stability region.

4.4. The Distance to the Stability/Instability Region

For a point k, characterizing a stable polynomial
G(s, ko1 ko,z), the natural problem is to find the dis-

tance to the nearest unstable point, i.e., to determine
the circle of maximum radius ||k—k0||£ R lying en-

tirely in the stability region. This radius is called the
stability radius [3].

Given the constructive D-partition, the stability ra-
dius can be calculated exactly or estimated using a
sufficiently uniform grid on the boundary. The exact
solution is determined by a minimization problem

considering all stability region parts k; (w):

R =min min”ki (w)- k0|| .

i weW,
This problem is decomposed into a set of subprob-
lems of minimizing rational functions on the interval

migjluki (w)—kozu. In turn, each of the subproblems is

reduced to calculating the roots of a certain polynomi-
al, similar to the parametric speed (15), and checking
the endpoints of the segments.

Analogously, by maximizing the distance from the
point k, to the boundary points, we can find the min-

imum circle containing the stability region, see Fig. 5.

Fig. 5. The circle of maximum radius with a given center contained in
the stability region and the circle of minimum radius containing the
stability region component, in Example 2 (see Section 5).

The distance to the stability region boundary can
also be estimated by the points of a sufficiently uni-
form grid on the boundary as

minmin [k, — ko[ —p < R < min min||k, —k|[+p .
L r

1 r

Here, k, are the nodes of the grid covering the sta-
bility region boundary. It consists of the union of the
grid nodes of each boundary part k (w), weW,

(without repetitions).

4.5. Application to Robust D-Partition

Robust analysis problems involve polynomials de-
pending on not only “control” but also uncertain pa-
rameters, further denoted by ¢ :

G(s, k, ky, q) = klP(s) + sz(s)

+R, (s) + ziqiRi (s), qgeQ.
Here, the uncertainty in the polynomial is character-
ized by a finite set Q . Thus, for each fixed k , a fami-

ly of polynomials is considered. The polynomial for
particular (chosen) parameter values g =g, is called

(32)
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the nominal polynomial. In this case, the polynomial
(32) takes the form (1) with R(s)zRO (s)

+ziCI0,iRi (s).

The problem is to determine robust stability re-
gions, i.e., such k under which all roots of the poly-
nomial are stable for all parameters g€ Q. The con-
struction of such regions, albeit being conceptually the
same as that of a D-partition, is significantly more
complex since the D-partition regions with a constant
(for any g Q) number of stable roots are separated

by two sets instead of one-dimensional lines. These
sets are defined by the zero exclusion principle, which
generalizes equations (3) and (4):

K, ={k1, k, G(s,kl,kz,q):O(c,seaD, qu}
and
Kdeg ={Gn(kl’ k25 q)=0(C? qu}'

Accordingly, the boundaries of these two sets are
the boundaries of robust D-partition regions. The
boundaries of a robust stability region always lie in-
side the stability region of the nominal polynomial.
This follows from the fact that each polynomial of the
family (32) is stable, including the nominal one

G(s, ky, ks, qo). Thus, when describing the bounda-

ries of the robust stability region, it suffices to consid-

er only those boundaries of the sets K, and K,,

that lie inside the stability region of the nominal poly-
nomial.

In addition, one can repeat the constructive D-
partition many times for the polynomials

G(s, ky, k,, q,), r=1, 2,..., where each polynomial is
defined by randomly selected parameters g, € Q . The

robust stability region lies in the intersection of the
stability regions of all selected polynomials.
Let the boundary 0D of a root localization region

have a parameterization s(w), and let the boundary of
the nominal polynomial be parameterized by a set of
curves and lines k;(w), weW,. As it turns out, the
boundary of robust D-partition regions is characterized
similarly: K,,, is the envelope of the family of sets
Ky (W) = {kl, ky: G(s(w), ki, ky, q)=0q, g€,

s(w)eTl} [3,17].
One might expect that the intervals of the sets
K, (w) generating the boundary of the robust stabil-

ity region (with respect to w) are within the intervals
W. of the stability region boundaries without uncer-

tain parameters. Unfortunately, in the general case, the
hypothesis of nested intervals is incorrect, since the

boundary of the set K,,, (w) with wgW, can affect
the final robust stability region. This depends on the
values of the main curve function k(w) for the nomi-
nal D-partition and the size of the set Q. The analysis

and design of the constructive robust D-partition are
an open research problem even for the case of parame-
ters entering the characteristic polynomial linearly.

5. EXAMPLES

The figures use stability regions or their components
from two examples discussed in detail in part I of the
study [5].

Example 1 [18 , p. 77]. Consider a closed-loop continu-
ous-time system with the characteristic polynomial

G(s, ki, k2) = ks (s—l)(s—Z)

(33)
+k, (s—l)(s—2) + s(s+l)(s2 +s+1).

It is required to analyze its stability with respect to the
root localization region D = {s:Res <0.2} with the bound-

ary parameterization s(w):—0.2+ jw. Since the polyno-
mial (33) has real coefficients, it suffices to take the upper
part of the boundary, W=[O, oo).

There is one main curve, We [O, oo) , with the compo-

nents
4.6 w*—7.112 w? +0.62016
kl (W) = 4 7 5
—w* —6.28 w? —6.9696
—w® +8.68 w* — 5.4208 w? —0.230784
k, (W) = .

—w* —6.28 w? —6.9696

The critical frequency w, =0 1is associated with
the unique singular line —0.528k; + 2.64k, —0.1344 =0,

with the parameterization p+td, where

p=(—0.00979021;0.04895105)T and al=(—2.64;—0.528)T .
The stability region is bounded by one arc of the main curve
k(w), we[0, 0.70951628], and the segment p+id,
te [—0.06916025, 0.02999640] (Fig. 6).

Figure 2 shows a series of internal approximations of
the stability region by one-dimensional lines. Next, Fig. 3a

presents the parametric speed v(w) of the curve arc speci-

fied and the sufficiently uniform parameter values yielded
by Algorithm 1 for p=0.02; Fig. 3b, the nodes and their

neighborhoods of radius p covering this curve arc.
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-0.10 -0.05 0.00  0.05 0.10 0.15 kK

Fig. 6. The stability region in Example 1.

Example 2 [19]. Consider the characteristic polynomial
Go(z, ki, ky)= 2"+ k2" +(1+€) 2" +ky,n=5=0.1,
of a discrete-time system. Its stability is equivalent to the
Hurwitz property of the polynomial

G(s, ki, ky)=(s+1) +(1+)(s=1)" (s +1)’
+hy (s=1)(s+1)* +k, (s=1).

The boundary of the D-partition regions consists of the
one main curve

kl(W):

-16.6 w® +128.8 w® —221.2 w* +128.8 w? -16.6
S(W8 6wl +6u? —1)

>

02w 08w -12w*-08nw?-02
kz(w): 8 6 2
8(w —6wS+6w —1)

and two singular lines. One of them corresponds to w =0

and has the parameterization td+p, where

p=(1.05,1.05) and d = (l,—l). The other singular line is
defined by the degree drop condition (4) with the parame-
terization  td+p, where p=(-1.05 -1.05) and
d= (—1; 1) )

The stability region consists of four components

(Fig. 7):
1) the segment of the first singular line for

te[1.025,1.45] and the arc of the main curve for
we [O, 0.37796447] R

2) the arc of the main curve for
we [0.42972375, 0.96431209] ;
3) the arc of the main curve for

we [1.03700867, 2.32707640] ;

4) the segment of the second singular line for
1€[1.025,1.45] and the arc of the main curve for

we[2.64575131, o).

1.0

A |
o] & 2 Q

-1.0

-1.5

Fig. 7. The stability region components in Example 2.

The last arc of the curve can be written as
k,(u)=k,(1/u), ue[0,0.37796447] (see subsection

3.2), where the value at u=0 is defined and coincides

166 u®-128.8 u® +221.2 u* ~128.8 u® +16.6
8(u8 -6u’+6u’ —1)

kg (u)

>

C02u*+0.8u’+1.2u* +0.8 4> +0.2
8(148 —6u’+6u’ —1)

k> (u)

Note that the resulting parameterization coincides with
the original one in w up to the sign, and the interval coin-
cides with the interval of the first component. This is due to
the symmetry of the original root localization region of the
discrete system (the unit circle) and its parameterization.

Figure 3 shows the approximations of the second com-
ponent of the stability region using orthogonal and triangu-
lar grids. In addition, Fig. 4 presents the bounding regions

[1.7706, 2.075]x[0.025, 0.2667] for the first component

and [0.4414, 1.1472] x[-0.6901, —0.09185] for the second

component of the stability region; the third and fourth com-
ponents are symmetric to the second and first, respectively.
Finally, Fig. 5 demonstrates two circles with centers
k; =0.9, k, =—0.3: the smaller lies entirely within the sta-
bility region and determines a stability radius of 0.4417 for
the above controller; the larger circle with radius 0.9538
contains the entire second component of the stability region.

CONCLUSIONS

Based on the constructive D-partition method (see
part I of the study [5]), two algorithms have been pro-

CONTROL SCIENCES No. 1 e 2026
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posed to build a sufficiently uniform grid on a stability
region boundary with a given fineness. The algorithms
involve an estimate of the parametric speed of rational
curves. Several semi-grid internal approximations of a
stability region have been proposed, together with a
regular covering method for the boundary of a stability
region with rectangles and triangles. The above meth-
ods have been applied in stability analysis problems,
including the localization of stability region compo-
nents on a plane, the construction of their support
functions and their approximations, as well as the cal-
culation of the stability radius.
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