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Abstract. The theory of Multi-Input Multi-Output (MIMO) control systems is an effective ap-

proach when dealing with manipulator robots (manipulators) and other objects with a state vector 

characterized by the mutual influence of components. In the case of a manipulator, the torques 

that determine static and dynamic loads on the shafts of the actuator subsystem depend nonlinear-

ly on the values of generalized variables. At the same time, the dynamic model describing this 

dependence often includes several uncertainties related to a specific task being executed, opera-

tional environment conditions, robot design, and changes in system parameters during operation. 

In this regard, it is topical to apply knowledge processing technologies that expand the operation-

al capabilities of control systems under uncertainty. In particular, approximation problems of non-

linear functions of several variables (which include intelligent MIMO control of manipulators) 

are effectively solved by systems based on neuro-fuzzy approaches; among the latter, the Adap-

tive-Network-Based Fuzzy Inference System (ANFIS) technology has become the most wide-

spread. This paper considers a modified ANFIS structure for approximating the solution of the 

manipulator’s inverse dynamics problem as well as its software and algorithmic implementation. 

Experimental studies are conducted to compare the proposed modification with an approximator 

based on a set of conventional ANFIS structures and the corresponding control systems. As 

shown, the proposed approach significantly speeds up the fuzzy inference procedure and, conse-

quently, improves the tracking accuracy of a reference trajectory by a MIMO control system.  
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The complexity of implementing Multi-Input Mul-

ti-Output (MIMO) control systems for manipulator 

robots (further called manipulators for brevity) is due 

to the significant nonlinearity of mutual influences 

between the degrees of freedom, the parametric uncer-

tainty of the dynamic model, and the unpredictability 

of the operational environment and exogenous dis-

turbances [1–3]. These aspects restrict the application 

of classical control methods. At the same time, intelli-

gent approaches expand their capabilities under signif-

icant uncertainty [4]. In particular, a manipulator can 

be effectively regulated by a neuro-fuzzy [5–7] con-

troller. Note that a neuro-fuzzy structure is a fuzzy 

inference system with parameters tuned by common 

neural network training methods (least squares, back-

propagation, etc.). 

This approach is generally reduced to approximat-

ing the solution of the inverse dynamics problem (IDP) 

of a manipulator by a neuro-fuzzy structure and im-

plementing a control algorithm based on the resulting 

structure. For example, within a neuro-fuzzy 

knowledge processing technology, manipulator control 

was implemented by direct dynamic compensation [8–

10], feedback linearization [11, 12], sliding modes 

[13–15], and backstepping [16]. Judging by the cited 

research, this class of intelligent controllers ensures 

high-performance control under uncertainty.  

Among neuro-fuzzy approaches, Adaptive Net-

work-Based Fuzzy Inference System (ANFIS) struc-

tures [7] have become widespread recently. An analy-

sis of their application in control systems [17–24] al-
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lows concluding on the effectiveness of the ANFIS 

technology when approximating multivariable func-

tions. Furthermore, according to the results of [25], the 

ANFIS-based implementation of a MIMO control sys-

tem for manipulators ensures high dynamic accuracy 

during trajectory tracking. At the same time, note that 

hardware and software support for this class of neuro-

fuzzy structures has received little attention: the above 

works were devoted to a general description of the 

control algorithms rather than to the practical issues of 

their implementation. 

Below, we propose a modification of the ANFIS 

architecture to approximate the manipulator’s IDP 

under hardware constraints imposed on the control 

system. Also, we describe the software implementa-

tion of the proposed structure and provide the results 

of hardware-in-the-loop (HIL) simulation of the con-

trol system. (As an example, a system is designed by 

the feedback linearization method, although systems 

of other types can be obtained using a trained ANFIS 

structure.) 

 

In this paper, the controlled object is a manipula-

tor. Its mathematical model represents a complex 

MIMO system characterized by torques and forces of 

various physical natures: gravitational, Coriolis, cen-

trifugal, and inertial. Their combined description in the 

form of a matrix differential equation, known as the 

dynamics problem, is used to design most high-

precision manipulator control systems.  

The solution of the manipulator’s inverse dynamics 

problem can be written as a matrix equation of the 

form [2] 

       1 2 ,D H H C   ij iiτ q q q q q q q       (1) 

where τ denotes the vector of torques generated by the 

electric actuators; q and    are the vectors of general-

ized coordinates and accelerations, respectively;   ij 

and   ii are the vectors containing the cross-products of 

the distinct and identical generalized velocities, re-

spectively; D(q) is the matrix relating the generalized 

accelerations to the components of the dynamic tor-

ques; H1(q) and H2(q) are the matrices relating the 

products of the generalized velocities to the Coriolis 

torques and the centrifugal torques, respectively; and 

finally, C(q) is the vector of gravitational torques. The 

vectors τ, q,   ,   ii, and C(q) have dimensions nDOF × 1, 

where nDOF is the number of the manipulator’s degrees 

of freedom); the vector   ij has dimensions  

nDOF(nDOF − 1)/2 × 1; and finally, the matrices D(q) 

and H2(q) have dimensions nDOF × nDOF whereas the 

matrix H1(q) dimensions nDOF × nDOF(nDOF − 1)/2. 

We emphasize the significant nonlinearity of equa-

tion (1): the components of the matrices D(q), H1(q), 

and H2(q), as well as those of the vector C(q), depend 

in a complex manner on the values of the generalized 

coordinates q. This aspect considerably complicates 

the control system design. Feedback linearization [26] 

is an effective approach for such controlled objects. 

Consider its application to build a manipulator’s con-

trol law [26].  

Assuming the control action is a torque vector (in 

N·m), we introduce the control vector u (equal to τ) 

into equation (1): 

       1 2 .D H H C   ij iiu q q q q q q q  

Note that the generalized acceleration vector    is 

linearly related to the control vector u: 

        1

1 2 .D H H C   ij iiq q u q q q q q  

Then the control vector for the linearized system 

takes the form  

.v q  

Let the control system error be defined as  

, e g q  

where g denotes the vector of reference signals. Since 

the system has order 2, the error satisfies the condition  

  ,   e e e 0  

where γ is a positive coefficient. Therefore, the control 

vector for the linearized system can be written as 

 .    v q g e e
 

By substituting v and u into equation (1), we ob-

tain the control law  

    

     1 2 .

D

H H C

   

  ij ii

u q g e e

q q q q q
             (2) 

 

One approach to constructing an ANFIS approxi-

mator for the manipulator’s IDP was discussed in [25]; 

see the structural diagram in Fig. 1. It is based on the 

following principles: 

 The components of equation (1) (corresponding 

to different physical moments for a given degree of 

freedom) are approximated using separate ANFIS 

structures. 

 The generalized coordinates q and accelerations 

  , as well as the products of the generalized velocities 

  ij and   ii, are selected as input variables. 
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Fig. 1. The structural diagram of the approximator based on a set of conventional ANFISs. 

 
 The generalized coordinates q, which influence 

the control torque vector τ nonlinearly, are fuzzified 

using Gaussian membership functions; and the gener-

alized accelerations    and the products of the general-

ized velocities   ij and   ii, which influence the vector τ 

linearly, are fuzzified using triangular membership 

functions. 

 At most one acceleration    or product of the ve-

locities   ij and   ii is included in each fuzzy rule. 

Although the proposed approximator architecture 

has demonstrated its effectiveness [25], we note its 

redundancy: the same variables are fuzzified, and the 

identical fuzzy rules are applied, multiple times by 

different ANFIS structures. For instance, a manipula-

tor with nDOF degrees of freedom needs 
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membership functions and  
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fuzzy rules, where 1

_MF Gn  ( 1

_MF Tn ) is the number of 

Gaussian (triangular, respectively) membership func-

tions for a single variable.  

Furthermore, this approach involves sequential 

training for each ANFIS structure. Therefore, to gen-

erate a training dataset, it is required either to solve 

equation (1) explicitly or to identify its components by 

processing the measurements obtained during system 

operation. The entire approximator can be trained 

simultaneously, albeit with a more complex training 

algorithm.  

In this paper, we modify the above approximator 

by combining ANFIS structures into a single fuzzy 

inference topology with multiple outputs (Fig. 2). It is 

based on the following principles:   
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Fig. 2. The structural diagram of the approximator based on the proposed ANFIS modification. 

 Fuzzification and processing of fuzzy rules 

(layers 1 and 2) are the same for the entire ANFIS ap-

proximator. 

 The normalization of fuzzy rules and partial and 

overall defuzzifications (layers 3, 4, and 5) are sepa-

rated with respect to the components of the IDP (1), 

being identical to the original approach. 

 The additional (sixth) layer sums the IDP com-

ponents according to their degrees of freedom. (A sep-

arate component can be derived if necessary.) 

 The method for selecting input variables, the 

principles of fuzzification, and the formation of fuzzy 

rules are identical to the original approach; however, 

triangular membership functions are not considered 

adaptive (their parameters are non-tunable) since fuzz-

ification affects only the variables entering equation 

(1) linearly. 

 Training is executed both on individual compo-

nents and on the entire structure simultaneously. 

The proposed architecture needs 
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membership functions and  
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fuzzy rules. 

The comparative graphs in Figs. 3 and 4 show how 

the number of membership functions and fuzzy rules, 

respectively, depends on the number of degrees of 

freedom (see formulas (3)–(6)). Based on the above 

description, we emphasize the following potential ad-

vantages of the proposed modification:  

 a significant reduction in the computational cost 

of the fuzzy inference procedure, due to fewer mem-

bership functions and fuzzy rules; 

 higher training flexibility, with potential opportu-

nities for retraining and self-learning;  

 a reduction in the computational cost of the train-

ing procedure, due to a significant decrease in the 

number of variable parameters of the fuzzification lay-

er. However, note that the total number of variable 

parameters will change slightly since their number in 

the partial defuzzification layer (layer 4) remains the 

same.  
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Fig. 3. The number of membership functions depending on the number of degrees of freedom for both approaches. 

 

 
 

Fig. 4. The number of fuzzy rules depending on the number of degrees of freedom for both approaches. 

 

To compare the described approaches objectively, 

we identify three key criteria: the speed of inference 

and training procedures, as well as approximation ac-

curacy. The software implementation of the approxi-

mators and experimental studies are required to assess 

these criteria thoroughly. 

 

For experimental studies of the ANFIS approxima-

tors above, software in Python was developed. Its key 

functionality, implemented as a library, concerns 

fuzzy inference and training procedures. The corre-

sponding algorithms for the modified ANFIS structure 

are described below.  

 

3.1. Fuzzy Inference Algorithm 

The flowchart in Fig. 5 presents the fuzzy infer-

ence algorithm of the ANFIS modification. Consider 

its operation step by step. The vector of input variables 

(the generalized coordinates q, accelerations   , and the 

products of the generalized velocities   ij and   ii) is 

supplied to the fuzzification layer (layer 1 in Fig. 2); 

and the resulting membership grades of the general-

ized coordinates q are processed by the first set of 

fuzzy rules (rules 1, see layer 2.1 in Fig. 2) corre-

sponding to the vector of the gravitational torques 

C(q) in equation (1). The rules associated with the 

other components of the solution of the IDP (1) (rules 

2, see layer 2.2 in Fig. 2) are applied by multiplying 

the weights from the previous block (rules 1) by the 

membership grades of the generalized accelerations    

and the products of the generalized velocities   ij and 

  ii. Thus, this stage of the algorithm yields four vec-

tors of the weights corresponding to all components of 

the solution of the IDP (1). Two of them, associated 

with the approximation of C(q) and D(q)   (1), are 

immediately normalized (layer 3 in Fig. 2), since the 

sets of corresponding fuzzy rules are identical for the 

fuzzy inference of the IDP for all manipulator joints. 

(Normalization reduces all weights to a common scale, 

which is needed for the correct functioning of the 

fuzzy rules.) Next, the following sequence of steps is 

executed iteratively (in a loop) for each degree of 

freedom: 

1) The necessary subsets of the products of the 

generalized velocities   ij and   ii and the weights of the 

fuzzy rules associated with the approximations of 

H1(q)  ij and H2(q)  ii (1) are identified. 
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Fig. 5. The flowchart of the fuzzy inference algorithm. 

 

2) The selected subset of the weights is normal-

ized (normalization 2, see layer 3 in Fig. 2).  

3) Each component is defuzzified using the Tak-

agi–Sugeno model (layer 4 in Fig. 2). 

4) The individual components of the approximat-

ed torque are summed (layers 5 and 6 in Fig. 2).  

Upon completion of the loop, the algorithm outputs 

the vector of the manipulator’s approximated torques.  
 

3.2. Hybrid Training Algorithm 

Similar to conventional ANFIS structures, the pro-

posed modification is trained using the so-called hy-

brid method; see the original paper on ANFIS [7]. The 

flowchart in Fig. 6 shows the corresponding algorithm. 

A given number of epochs (nepoch) is taken as the ter-

mination condition. A training dataset matrix with  

ndataset examples is supplied to the input; it can be 

formed from the data representing either the complete 

solution of the IDP (1) for the nth degree of freedom 

of a manipulator (n = 1,…, nDOF) or its individual 

components. Next, over a specified number of epochs, 

the least squares method and backpropagation are ap-

plied alternately to update the Takagi–Sugeno poly-

nomial coefficients and to tune the parameters of the 

membership functions of the generalized coordinates, 

respectively. Let us briefly describe the mathematics 

of the training algorithms.  
 

3.2.1. Tuning Defuzzification Parameters by  

the Least Squares Method 

The parametric tuning problem of the Takagi–

Sugeno polynomials can be described by a system of 

linear algebraic equations. We write this system in 

matrix form:  

,AX B  

where A, X, and B are the system matrix and the vec-

tors of unknowns and output parameters, respectively. 

When tuning an ANFIS structure (including the pro-

posed modification), A, X, and B become 

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1

1 1 1 1 1

,

k m k m m
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k m k m m
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          
      

 

 

T
1 1

1 1 1 1

T
1

,     

,

m m

k k

p

X

B

        
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where x
i
j is the value of the jth input variable from the 

ith record of the training dataset; w
i
j is the weight of the 

jth rule for the ith record of the training dataset; α
i
j is 

the jth coefficient of the Takagi–Sugeno polynomial 

for the ith rule; and finally, τ
i
 is the torque for the ith 

record of the training dataset. 

The implemented least squares procedure is de-

scribed as follows [7]:  
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where ai denotes the ith row of the state matrix A; 

nepoch is the number of records in the training dataset; 

Si is the covariance matrix for the ith iteration of the 

algorithm. For the first training epoch,  
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Fig. 6. The flowchart of the hybrid training algorithm. 

 
1S I  , 

where I stands for an identity matrix of dimensions  

(k + 1)m × (k + 1)m; γ is a positive number. 

 

3.2.2. Tuning the Fuzzification Parameters by 

Backpropagation 

We also mathematically describe the software im-

plementation of the backpropagation method. To in-

crease the convergence rate, Nesterov’s accelerated 

gradient is used [27]: 
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where X is the adaptive parameters of the fuzzification 

layer (the centers cj and variances σj of the Gaussian 

membership functions, j = 1,…, nMF_G, with nMF_G 

specifying the number of Gaussian membership func-

tions in the fuzzification layer); ΔXi is the increment of 

the vector X for the ith epoch; Ei is the loss function; γ 

is the accumulation coefficient; and finally, η is the 

convergence rate coefficient. Note that adaptive pa-

rameters are those tuned during the training process. 

The partial derivatives of the loss function with re-

spect to the parameters of the fuzzification layer are 

given by  
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where O
k
n,p  denotes the output of the nth node of the 

kth layer (the output of the fuzzy inference structure) 

for approximating the pth set of the input variables of 

the training dataset; xm is the mth component of the 

vector X; and finally, fi(X) is the output of the ith Tak-

agi–Sugeno polynomial.  

 

4.1. Performance Comparison of the Approximators  

This section addresses the problem of approximat-

ing the manipulator’s dynamic model. The studies are 

intended to compare the accuracy and speed of the 

fuzzy inference procedure, as well as the training time 

for the above fuzzy inference approximators (their 

software and algorithmic implementations). In this 

context, the speed of the fuzzy inference procedure is 

critical from the perspective of implementing a control 



 

 
 

 

 
 

●

system, which is essentially a real-time system. Note 

that this example considers supervised offline training.  

Within this stage of experimental studies, all com-

putations were carried out on a Raspberry Pi 5 single-

board computer. This device is widely used in robotics 

applications due to its affordability and high perfor-

mance (a quad-core Broadcom BCM2712 2.4 GHz 

CPU). 

The solution of the IDP for a three-link PUMA-

type manipulator [28] was taken for approximation. 

The training and test datasets were generated analyti-

cally from all combinations of the generalized varia-

bles (Table 1). Component-wise training was applied 

for both structures to approximate the individual com-

ponents of the IDP (1).  

Since the generalized accelerations    and the prod-

ucts of the generalized velocities   ij and   ii are linear 

variables, they can be effectively fuzzified using two 

membership functions, as confirmed in [25]. At the 

same time, a trade-off between the speed of the fuzzy 

inference procedure and the potentially achievable 

approximation accuracy is required when choosing the 

number of membership functions for the fuzzification 

of the generalized coordinates q. Therefore, we con-

ducted experimental studies by varying the number of 

membership functions from three to six.  

The graphs in Figs. 7 and 8 show the time costs of 

the fuzzy inference and training procedures to achieve 

a given accuracy (10% and 5%, respectively) for both 

approximator structures. The error was computed by  

dataset

2

out

1dataset

1
/ ,

n

i

i

e e
n 

   

where ndataset specifies the dataset size; ei is the abso-

lute error for the ith dataset record; and finally, Δout is

the output value range of the training dataset. 

Based on the results obtained, we draw the follow-

ing conclusions regarding the advantages and draw-

backs of the proposed modification of the ANFIS ap-

proximator: 

 Depending on the number of membership func-

tions used for the fuzzification of the generalized co-

ordinates q, the modification provides a performance 

gain of up to 750%. 

 In some cases, the modification requires more 

training time to achieve the specified accuracy. 

 For both structures, the relationship between the 

training time and the number of membership functions 

used to fuzzify the generalized coordinates q is non-

monotonic. Thus, the minimum possible number of 

membership functions is not always optimal in terms 

of training speed. 

 In one case, achieving the specified accuracy 

with the modified structure required more membership 

functions to fuzzify the generalized coordinates q. 

 
4.2. HIL Simulation of the Control System 

This section presents the results of the second stage 

of the experimental studies, i.e., an assessment of the 

tracking accuracy of a reference trajectory by the ma-

nipulator’s control systems with the control law (2) 

based on the above approximators. For the fuzzy in-

ference structures of both approximators, the target 

training accuracy was set to 5%. According to the re-

sults of subsection 4.1, the number of membership 

functions to fuzzify the generalized coordinates q was 

set to 4 and 5 for the approximators based on conven-

tional and modified ANFIS structures, respectively 

(the smallest number ensuring the specified accuracy). 

 
Table 1 

Training and test datasets 

No. q2, ° q3, °   1,   2, and   3, rad/s   1,   2, and   3, rad/s
2
 

Training 

dataset  

Test  

dataset 

Training 

dataset  

Test  

dataset 

Training 

dataset 

Test  

dataset 

Training 

dataset  

Test  

dataset 

1 –225  –205 –45 25 –5 –4 –100 –50 

2 –185 –165 –5 15 –2.5 –1 0 50 

3 –145 –125 35 55 0 1 100 – 

4 –105 –90 75 90 2.5 4 – – 

5 –75 –55 104 125 5 – – – 

6 –35 –15 145 165 – – – – 

7 5 25 185 205 – – – – 

8 45 – 225 – – – – – 
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Fig. 7. The fuzzy inference time depending on the number of membership functions used to fuzzify generalized coordinates. 

 

 

 
Fig. 8. The training time depending on the number of membership functions used to fuzzify generalized coordinates. 

 

The controlled object was a three-link manipulator 

with PUMA-type kinematics; its dynamic model was 

used to generate the training and test data (subsection 

4.1). During the studies, the object was simulated on a 

personal computer in real time. The computations as-

sociated with the operation of the neuro-fuzzy control-

ler were executed on a Raspberry Pi 5 single-board 

computer. A serial interface was used for data ex-

change. The control system model is demonstrated in 

Fig. 9. Let us briefly describe the blocks:  

 The serial port block sends the current general-

ized coordinates to the single-board computer and re-

ceives control signals. 

 The manipulator is modeled as a rigid-body robot 

with PUMA-type kinematics. 

 The error calculation block evaluates the tracking 

accuracy of a reference trajectory. 

 The trajectory generator outputs a polynomial 

curve in Cartesian coordinates connecting the start and 

end points of the trajectory and solves the inverse kin-

ematic problem for the current time instant. (A trajec-

tory identical to this curve is stored in the single-board 

computer software as an array and is used to generate 

control system setpoints.) 

 

 

 
Fig. 9. The control system model. 

 

During the simulation, the specified test trajectory 

in generalized coordinates (Fig. 10) was traced. Ta-

ble 2 summarizes the maximum absolute tracking er-

rors for each degree of freedom of the control systems 

with both types of approximators. According to the 

simulation results, the control system based on the 

ANFIS modification improves the tracking accuracy 

by up to a factor of two. 
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Fig. 10. The test trajectory in generalized coordinates. 

 

Table 2 

Simulation results 

Approximator |e1|max, rad |e2|max, rad |e3|max, rad 

Based on conventional ANFIS structures 0.0071 0.0060 0.0063 

Based on the modified ANFIS structure 0.0027 0.0045 0.0049 

In this paper, we have investigated a control sys-

tem for a multi-link manipulator robot based on a 

modified ANFIS architecture intended to approximate 

the robot’s dynamic model. The software implementa-

tion of the proposed neuro-fuzzy inference system and 

approximator based on conventional ANFIS architec-

tures has been considered. Experimental studies have 

been conducted to assess the approximation quality 

and the speed of the fuzzy inference and learning pro-

cedures. According to the results, the proposed modi-

fication allows speeding up the fuzzy inference proce-

dure by up to 750% (depending on the number of 

membership functions used to fuzzify the generalized 

coordinates). HIL simulations have also been conduct-

ed to study trajectory tracking by a MIMO control sys-

tem with both the proposed approximator and an ap-

proximator based on conventional ANFIS structures. 

The proposed modification ensures up to a twofold 

increase in tracking accuracy, due to its higher speed 

and, consequently, lower delay. The above results 

open up prospects for designing special-purpose mi-

croprocessor hardware and software control systems 

based on the modified ANFIS structure. Owing to 

higher speed and lower memory requirements, such 

systems could potentially be built using domestic 

components. Further development of the approach––

the solution of the self-learning problem––opens up 

prospects for building a high-precision MIMO control 

system for a manipulator operating under uncertainty.  
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