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Abstract. When designing adaptive control systems with an identifier (ASI), one faces challenges 

due to the statistical dependence of control signals on input disturbances. This dependence is 

stronger for better-trained systems. (Here, training means the process of model building.) Differ-

ent methods and algorithms are used to identify and control a given plant by finding a trade-off 

between system training and control. The identification and control algorithms proposed in this 

paper solve both identification and disturbance control problems for a linear plant. In the case of 

random input disturbances, the parameter estimates yielded by these algorithms are shown to 

converge in mean square to the plant’s parameters under the following conditions: the correlation 

matrix of the input disturbances is nonsingular; the ratio of the control parameter estimate to its 

real value is less than 2 by magnitude, and this estimate has the same sign as the control parame-

ter. The algorithms can be used to track the time-varying parameters of the plant. The application 

of these algorithms generates a disturbance control system of a new kind. This system has several 

distinctive features: the control signal is not transmitted to the identifier; the control parameter is 

not directly estimated by the identifier (its value affects the estimates of the system parameters at 

the input disturbances); and the controller produces the control signal only based on the estimates 

of the system parameters at the input disturbances. 
 

Keywords: identification, adaptive algorithm, adaptive control system with identifier (ASI), disturbance 

control, stabilization, the degeneracy problem of a correlation matrix.  
 

 

 

INTRODUCTION  

Efficient process control is a fundamental aspect of 

increasing the profitability of industrial enterprises, 

strengthening their competitiveness, and ensuring 

high-quality products. When addressing the above is-

sues, the key role is played by the development and 

implementation of industrial process models based on 

identification theory [1, 2]. These models have 

demonstrated high efficiency in various industrial sec-

tors, such as power supply, mechanical engineering, 

metallurgy, petrochemicals, and fertilizer production, 

as well as in similar problems in biology, physiology, 

and medicine. 

A new kind of control systems, known as adaptive 

systems with an identifier (ASI) [1], was developed to 

control technical systems. The principle of predictive 

control was implemented within ASI. This approach 

optimizes current industrial processes and, moreover, 

considers future changes in the system’s operating 

conditions, significantly enhancing its adaptive capa-

bilities and stability under exogenous disturbances. 

Modern ASIs, with possible application of 

knowledge-based intelligent identification algorithms, 

represent a powerful tool for solving a wide range of 

tasks, from the stabilization of industrial processes to 

their comprehensive optimization according to various 

criteria (maximum productivity, minimum costs, re-

duced resource consumption, etc.). ASIs operate in 

real time, integrating a predictive model of the plant; 

this model is based on experimental data and is con-

tinuously updated during operation. Its accuracy di-

rectly affects control efficiency. 

Various methods and algorithms are used to build 

models: from simple one-step methods to complex 

ones based on artificial intelligence (AI). One-step 

algorithms were analyzed in detail in [3], including 

their application in pipe rolling accuracy control sys-

tems. 
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To identify complex nonlinear dynamic systems, a 

new-generation identification algorithm was proposed 

in [4, 5]. Rather than building a single approximating 

model of a real process for the entire range of observa-

tions, this algorithm creates a new model at each step, 

using data from the process archive and, where possi-

ble, expert knowledge from a knowledge base. The 

data selection algorithm, formalized through a certain 

predicate, was called the associative search algorithm. 

(Note that the corresponding approach has proven ef-

fective in various industries, such as fertilizer produc-

tion, petrochemicals, and power supply [2, 4–7].) 

However, certain challenges arise when applying 

the aforementioned identification algorithms to stabili-

zation systems (actually, the majority of industrial 

plants). The challenges stem from the fact that, in the 

conventional design of adaptive identification systems, 

control is statistically dependent on input disturbances. 

This dependence is stronger for better-trained systems. 

(Here, training means the process of model building.) 

According to [3], for a linear plant, the convergence 

rate of the algorithm slows down significantly; under a 

certain ratio of the estimates of the plant’s parameters 

to their real values, the training process may even halt. 

Thus, in stabilization systems with an identifier, there 

is a contradiction between the stabilization and train-

ing processes.  

A similar contradiction between these processes 

occurs in automatic control systems. A. Feldbaum 

elaborated the theory of dual control under such con-

tradictions [8]. For ASIs, various methods are being 

actively developed to control different plants in feed-

back systems rather efficiently [9–13]. All the works 

cited were devoted, to some extent, to overcoming this 

contradiction. 

The closed-loop system in ASIs is stabilized using 

recurrent estimation methods [14–18] and active iden-

tification methods (with search procedures and test 

signals). However, the implementation of active strat-

egies is associated with limitations of the normal oper-

ation mode [19] and difficulties in estimating search 

losses [20]. Therefore, the issue of choosing between 

active or passive identification, or a combination of 

these methods, has no universal solution and must be 

settled anew for almost every new plant. 

In ASIs with the associative search algorithm in 

the closed loop, an identification problem also arises 

due to the singularity of the correlation matrix, which 

is used to build the model. This problem is partially 

eliminated by solving the system of equations through 

the Moore–Penrose procedure [21–23]. However, a 

knowledge base is required for the associative search 

algorithm to function. For some plants, such a 

knowledge base cannot be constructed. This may be 

due to significant changes in the plant during opera-

tion or its relatively short lifespan (insufficient to ob-

tain the necessary amount of data). 

Therefore, it is topical to develop identification and 

control algorithms that simultaneously solve the joint 

identification and control problem, at least for a lim-

ited class of plants. 

In this paper, we present identification and control 

algorithms simultaneously solving the joint identifica-

tion and control problem for a static linear plant. The 

application of these algorithms generates a new kind 

of ASIs with several distinctive features from the con-

ventional ASIs as follows. First, the control signal is 

not transmitted to the identifier. Second, the control 

parameter is not directly estimated by the identifier (its 

value affects the estimates of the system parameters at 

the input disturbances). And third, the controller pro-

duces the control signal only based on the estimates of 

the system parameters at the input disturbances. 

1. PROBLEM STATEMENT 

Consider a static plant of the form 

T ,N N N N Ny A X b u             
 (1) 

where 
T T

N N NH A b     is the vector of plant’s parame-

ters; 
T

1, 2, ,, ,...,N N N n NA a a a     is the n-dimensional 

vector of unknown plant’s parameters at (observable) 

input disturbances; Nb  is the unknown parameter at 

the control signal (control parameter); N denotes the 

discrete time; 
1, ,[ , ..., ]N N n NX x x  is the n-dimensional 

vector of observable input disturbances (the input vec-

tor); finally, Nu  is the (scalar) control signal. 

Equations (1) describe various industrial plants [1], 

particularly in metallurgy [3] and oil refining [24]. 

It is required to develop an identification algorithm 

for the unknown parameters 
NA  of the plant and a 

control algorithm that will stabilize a given value of 

the plant’s output simultaneously with parameter iden-

tification. 

2. ADAPTIVE AND CONTROL ALGORITHMS  

FOR A PREDICTIVE CONTROL SYSTEM  

OF THE LINEAR PLANT 

For the sake of simplicity, let the desired output of 

system (1) be 
0, 0Ny   (a stabilization system for the 

zero value). 
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We calculate the control signal Nu  in the stabiliza-

tion system by the formula 

T

1

*
,N N

N

K X
u

b


  

        (2) 

where 
T

1, 2, ,, ,...,N N N n NK k k k     is the vector of the 

estimates of the system parameters at the input dis-

turbances; and 
*b  is the control parameter estimate. 

(The choice of this estimate will be discussed in detail 

below.) 

For the stabilization system (1), (2), we use an 

adaptive algorithm of the form 

1 T
.N

N N N

N N

y
K K X

X X
 

              

 (3) 

The application of the adaptive algorithm (3) and 

the controller (2) generates a new kind of ASIs (Fig. 

1), in contrast to the conventional ones (Fig. 2). The 

schemes for designing control systems similar to that 

in Fig. 2 were presented in [1, 25, 26]. 

 

 

 
Fig. 1. The new kind of ASIs. 

 

 

 
Fig. 2. Conventional ASIs. 

 

The proposed system fundamentally differs from 

conventional ASIs: the control signal is not transmit-

ted to the identifier; the control parameter is not direct-

ly estimated by the identifier (its value affects the es-

timates of the system parameters at the input disturb-

ances); and the controller produces the control signal 

only based on the estimates of the system parameters 

at the input disturbances.  

Algorithm (3) is a relaxation algorithm for estimat-

ing the parameters 
1

NA


 of the n-dimensional linear 

plant with the input vector NX  and the relaxation fac-

tor 
*

.Nb

b
    

We demonstrate this fact. In view of equations (1) 

and (2), from equation (3) it follows that 

T T

1*

1 T
.

N
N N N N

N N N

N N

b
A X K X

bK K X
X X







   

Letting  

*

Nb

b
                 (4) 

and extracting β from the fraction yield 

T T

1

1 T

1

.
N N N N

N N N

N N

A X K X

K K X
X X








           (5) 

The expression 
T1
N NA X


 in equation (5) is nothing 

but the output of the linear plant with the parameter 

vector 
1

NA


 and the input disturbance vector .NX  

Considering the form of equation (5), we finally arrive 

at the desired result. 

Relaxation algorithms for estimating the parame-

ters of linear plants were discussed in the monograph 

[3]. As shown therein, the estimates provided by re-

laxation algorithms under random input disturbances 

converge in mean square to the plant’s parameters if 

the correlation matrix of the disturbances is nonsingu-

lar and the relaxation factor   satisfies the inequality 

0 2.      
(6) 

Hence, for the convergence of algorithm (3), the 

control parameter estimate 
*b  shall be chosen so that 

the value of   (4) satisfies inequality (6). (This choice 

is based on available a priori data on the value of ,Nb
 

obtained during a preliminary study of the plant.) 

The estimates NK  generated by algorithm (3) con-

verge to the parameter vector 
1

NA


, and this vector 
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ensures the solution of the stabilization problem for 

system (1), (2). Indeed, formula (2) leads to 

*
T

*
,

N N

N
N

b
A X

b
u

b
   

and consequently, 

T

.N N
N

N

A X
u

b
                              (7) 

With the expression (7) substituted into formula 

(1), we cancel like terms to get the identity 

0,Ny   

i.e., the stabilization problem is completely solved. 

The influence of the factor β on the convergence 

rate of relaxation algorithms was studied in the mono-

graph [3].  

The maximum convergence rate is achieved if 

1.    

For 1 2 , an upper relaxation occurs. In addi-

tion, increasing the value of β reduces the convergence 

rate, and the convergence process for individual com-

ponents of the parameter vector becomes more and 

more nonmonotonic.  

In the case 1  , the convergence rate decreases 

for smaller values of β, but the convergence process 

for individual components becomes more and more 

monotonic. 

The authors also analyzed the convergence rate of 

relaxation algorithms of various degrees depending on 

the correlation of the input disturbances, their means 

and variances, as well as the capabilities of relaxation 

algorithms to track time-varying plant’s parameters 

and the influence of β on the tracking process [3]. 

Assume that the system output Ny  is subject to an 

additive noise N  with zero mean and a variance 2 .  

Then the expression (3) takes the form 

1 T
.N N

N N N

N N

y
K K X

X X


 
                     (8) 

By performing the same operations over (8) as 

when deriving (5), we obtain the expression 

T T

1

1 T

1 1

.

N N N N N

N N N

N N

A X K X

K K X
X X





 
   

  
 

 

(9) 

With 

1
,N N NA K  


                       (10) 

equation (9) turns into 

T

1

1 T

1

.
N N N

N N N

N N

X

K K X
X X





  


            (11) 

Due to the expression (11), the effect of the noise on 

algorithm (3) is analogous to that of the noise 
1

N


 on 

the relaxation algorithm for estimating the parameters 

1
NA


 of the linear plant with the input vector .NX  

Now, let the components of the vector NX  obey 

the Gaussian distribution, be mutually uncorrelated, 

and have zero mean and identical variances 2 .X  Then, 

based on the results of [3], we have 

2
2

2

1
lim , 2,

(2 ) ( 2)
N

N
X

M n
n






   

   
     (12) 

where M denotes the expectation operator. 

As is easily verified, the output Ny  of system (1) 

is given by 

T

1 .N N Ny X                         (13) 

Recall that the input disturbance vector NX  and 

the error vector are statistically independent. Hence, 

by squaring (13), taking its mean, and passing to the 

limit as N  , in view of (12), we obtain 

2 2

2
lim , 2.

(2 ) ( 2)
N

N
My n

n





  

 
        (14) 

Equality (14) characterizes the limit stabilization 

accuracy in system (1), (2) with the adaptive algorithm 

(3) under statistically independent, identically distrib-

uted input disturbances and the output measured with 

additive noise. 

Direct analysis of equation (14) leads to the fol-

lowing conclusions. 

When decreasing the value of β from 1 to 0, the 

convergence rate of algorithm (3) is reduced, but its 

noise immunity is simultaneously improved. Thus, 

when the training process ends, the stabilization error 

can be lowered by decreasing β until the reduction in 

the convergence rate violates the reliable tracking of 

the time-varying plant’s parameters. We discuss the 

transition from one value of β to another below. 
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When increasing β from 1 to 2, the stabilization er-

ror grows to infinity (at 2  ); and the convergence 

rate of the algorithm is reduced. 

Based on these considerations, in real control sys-

tems, the value of β should be chosen below 1. 

To decrease β by a factor of l at the Nth step, the 

vector 
NK  and the value of 

*b  should be changed to 

' 1
N NK K

l
                              (15) 

and 

' * *1
,b b

l
                              (16) 

respectively. 

With the coordinated change of 
NK  (15) and 

*b  

(16), the control signal 1,Nu   calculated according to 

NK  and 
*b  (on the one hand) and according to '

NK  

and 
' *b  (on the other hand), will be identical. The val-

ue of 1Ny   will also remain the same. Changes in the 

algorithm’s operation will occur at the (N + 1)th step 

due to the refinement of the vector 
1NK 
: its magni-

tude varies, while the refinement value remains the 

same as it would have been without changing the val-

ue of β. 

Now, assuming that 0, 0Ny  , we introduce the 

following notation: 
'

0,N N Ny y y   is the difference between the sys-

tem output and the desired output value; 
'T T

0,[ ]N N NX X y  is the augmented (n + 1)-

dimensional input vector; 
'T T

1,[ ]N N n NK K k   is the augmented (n + 1)-

dimensional vector of the estimates of the disturbance 

parameters; 
' T T[ 1]N NA A   is the (n + 1)-dimensional aug-

mented vector of the disturbance parameters. 

We calculate the control signal Nu  by the formula  

'T

1

*
.N N

N

K X
u

b




                          (17) 

The estimates '

NK  are obtained using the algorithm  

0,' ' '

1 'T '
.

N N

N N N

N N

y y
K K X

X X



                 (18) 

Clearly, (1) implies the equality 

' ' T ' .N N N Ny A X bu                        (19) 

In view of equality (19) and the above notation, the 

control system (1), (17) with the adaptive algorithm 

(18) is essentially a system for stabilizing ' .Ny  

For the mean-square convergence of algorithm 

(18) under random input disturbances, just as before, 

their correlation matrix must be nonsingular. In this 

case, 
0,Ny  is required to be statistically independent of 

the input disturbances. This requirement holds, e.g., if 

0, const.Ny   

In this case (no noises), 
1,n Nk 

 converges to 
*

.Nb

b
  

Therefore, 
*

'

1,

,N

n N

b
b

k 

   converging to Nb  as 

N  , can serve as the latter’s estimate. Thus, for 

the stabilization system of a nonzero output value, it is 

possible to estimate the coefficient at the control sig-

nal and, consequently, the coefficients at the disturb-

ances. 

3. NUMERICAL SIMULATION  

As an example, consider a plant with a 10-

dimensional input vector NX . Assume that its  

components belong to a random sequence of  

uniformly distributed numbers on the interval  

[–1, 1]. Let the plant’s parameter vector be 
T (1; 2; 3; 1.5; 1.6; 2.2; 2.5; 2.9; 1; 2),NA     1;Nb   

and let the initial value of the vector NK  be  
T

0 (0.5; 0; 0; 0; 0; 0; 0; 0; 0; 0).K   

The plant’s operation was simulated in MATLAB 

with 1,100N   and averaging over 100 realizations. 

In all the figures below, except Figs. 3 and 15, the data 

are averaged over 100 realizations. 

First, the operation of the plant without control was 

simulated. The plant with the open control loop was 

identified using the Kaczmarz algorithm.  

The simulation results are presented in Figs. 3 

and 4. The mean-square value of the output, i.e., the 

squared difference between the output and zero (the 

given output value, see the beginning of Section 2), for 

a single realization is 14.28. And the mean-square 

identification error of the plant's parameters (the 

squared difference between the estimates of the plant's 

parameters and their real values, averaged over 100 

realizations) rapidly decreases to nearly zero. 

For the closed-loop system, the stabilization algo-

rithm (3) was applied. The operation of the plant was 

simulated under the control parameter estimates  
*b  = 1.33 ( 0.75  ), 

*b  = 1 ( 1  ), and 
*b  = 0.8 

( 1.25) . 
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Fig. 3. The mean-square value of the plant’s output in the open-loop 

system. 

 

 

 
Fig. 4. The mean-square identification error of the plant’s parameters 

in the open-loop system. 

 

According to the simulation results (Figs. 5–7), the 

convergence rate of the identification process in the 

closed-loop system is almost equal to that in the open-

loop one; and the mean-square stabilization error of 

the output (the squared difference between the output 

and its given zero value, averaged over 100 realiza-

tions) rapidly decreases to nearly zero. The estimates 

of the plant’s parameters in Fig. 7 are scaled depend-

ing on the control parameter estimate 
*b .  

 

 

 
Fig. 5. The mean-square stabilization error of the plant’s output  

in the closed-loop system. 

 

 
Fig. 6. The mean-square identification error of the plant’s parameters 

in the closed-loop system. 

 

 
 

Fig. 7. The convergence of one parameter to the plant’s parameter. 

 

Figure 8 shows the correlation matrix obtained by 

the closed-loop system simulation. All 100 realizations 

were used to calculate the matrix. Obviously, the out-

put and control in this system are almost statistically 

uncorrelated. The relationship between the output and 

the input disturbances is very weak. (This relationship 

arose during the system’s training stage.) Thus, the 

output is practically statistically independent of the 

input disturbances and control (a consequence of ap-

propriate output stabilization), and the disturbance 

control system for the plant demonstrates an ideal per-

formance. 

Note the nearly zero value of the matrix determi-

nant (4·10^
−15

): it can be considered singular. Howev-

er, despite this fact, the system is trained effectively 

and controls the plant simultaneously. 

The plant’s operation was simulated in the case of 

increasing the value of a single parameter by a factor 

of 1.5 at the 50th step. (The third component of the 

plant’s parameter vector was selected due to its maxi-

mum absolute value.) The objective was to assess the 

trained system’s capability to track the parameter 

change and quickly stabilize the output again. 

According to Figs. 9 and 10, the system effectively 

handles even a relatively large step change in the 

plant’s parameter: it can work with time-varying 

plants.
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Fig. 8. The correlation matrix. 

 

 

 
Fig. 9. The mean-square stabilization error of the plant’s output when 

increasing a single parameter by a factor of 1.5. 

 

 

 
Fig. 10. The mean-square identification error of the plant’s 

parameters when increasing a single parameter by a factor of 1.5. 

Also, the plant’s operation was simulated in the 

case of increasing the value of the control parameter 

by a factor of 1.2 at the 50th step. 

Based on the simulation results (Figs. 11 and 12), 

the system effectively handles a relatively large step 

change in the plant’s control parameter. 

Finally, the plant’s operation was simulated under 

measurement noise at the plant’s output. An additive 

noise N  was supplied to the plant’s output, consisting 

of a random sequence of uniformly distributed num-

bers in the closed interval [–2, 2]. The variance of the 

noise was set to 1.33. The variance of the open-loop 

plant’s output was 15: an 8% noise component affect-

ed the plant’s output. 
 

 

 
Fig. 11. The mean-square stabilization error of the plant’s output 

when increasing the control parameter by a factor of 1.2. 
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Fig. 12. The mean-square identification error of the plant’s 

parameters when increasing the control parameter by a factor of 1.2. 

 

Figures 13 and 14 demonstrate the effective opera-

tion of the plant in noise conditions. The best perfor-

mance of the stabilization system is achieved at the 

lowest value of β (in the case under consideration,  

β = 0.5); see the discussion in Section 2. In addition, 

the output’s variance after system training is approxi-

mately half the noise variance: the system has good 

performance under the noise affecting the plant’s out-

put.  

 

 

 
Fig. 13. The mean-square stabilization error of the plant’s output 

under noise. 

 

 

 
Fig. 14. The mean-square identification error of the plant’s 

parameters under noise. 

According to Figs. 13 and 14, by varying β, one 

can tune the algorithm’s properties, choosing between 

convergence rate and noise immunity. The change of β 

during operation at an arbitrary step has been de-

scribed in Section 2. 

For a single realization with β = 0.5, Fig. 15 also 

illustrates the high effectiveness of the algorithm. 

 

 

 
Fig. 15. The squared value of the plant’s output under noise and 

.β = 0 5  in a realization. 

 

CONCLUSIONS 

According to the analysis of the methods and algo-

rithms for building modern ASIs, the statistical de-

pendence of control on input disturbances leads to 

challenges in the operation of the systems. Moreover, 

this dependence is stronger for better-trained systems; 

therefore, it is necessary to find a trade-off between 

system training and control. Various algorithms and 

methods of control and plant identification are used 

here. 

The identification and control algorithms proposed 

above solve both identification and disturbance control 

problems for a linear static plant. (Within this ap-

proach, control of dynamic plants will be considered 

in future work.) In the case of random input disturb-

ances, the parameter estimates yielded by these algo-

rithms have been shown to converge in mean square to 

the plant’s parameters under the following conditions: 

the correlation matrix of the input disturbances is 

nonsingular; the ratio of the control parameter estimate 

to its real value is less than 2 by magnitude, and this 

estimate has the same sign as the control parameter. 

Furthermore, these algorithms can be applied to track 

time-varying plant’s parameters. The limit stabiliza-

tion accuracy in the system has been estimated under 

statistically independent, identically distributed input 

disturbances and the output measured with additive 

noise. 

Numerical simulations have been conducted. Ac-

cording to the simulation results, the system based on 
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these algorithms is trained quickly and maintains a 

given output value effectively; even step changes in 

the plant’s parameters, including the control parame-

ter, are properly handled. We emphasize the good per-

formance of the system under an additive noise at the 

plant’s output. 

The application of the adaptive algorithm and con-

troller proposed generates a disturbance control sys-

tem of a new kind. This system has several distinctive 

features: the control signal is not transmitted to the 

identifier; the control parameter is not directly esti-

mated by the identifier (its value affects the estimates 

of the system parameters at the input disturbances); 

and the controller produces the control signal only 

based on the estimates of the system parameters at the 

input disturbances. 

The application of these algorithms in ASIs for in-

dustrial plants will significantly increase their perfor-

mance by reducing system training losses: in this case, 

no special control is required for training. According 

to the authors’ experience of work with industrial 

plants, such algorithms can be used in the petrochemi-

cal industry and the production of mineral fertilizers.  
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