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Abstract. This paper considers a probabilistic approach to obtaining the CES production func-
tion. It consists in calculating the mean and median of the Leontief function (the quantity of
output) as a random variable depending on the capacities of production factors, i.e., the ratios of
the factors to their per-unit values. The type of the cumulative distribution function of the min-
imum from a set of independent random variables is substantiated. Explicit expressions are de-
rived for the mean and median of the quantity of output as CES functions when the factor ca-
pacities have (continuous) Weibull distributions. Discretely distributed production factors are
considered using the example of a geometric law. An attempt is made to derive the CES func-
tion when the factor capacities have discrete Weibull distributions. The difficulties arising in the
analytical use of the mean of the Leontief function are described.

Keywords: production function, CES production function, probabilistic approach, Weibull distribution,
discrete Weibull distribution, geometric distribution, mean, median.

INTRODUCTION

Traditionally, production functions that establish
the relationship between production factors X,,..., X,
and the quantity Q of output by an enterprise (or a
country) are described in terms of the marginal rate of
substitution S;; and the elasticity of substitution c; of

a factor X; by afactor X ; by assumption, the factors

take deterministic values [1]. In particular, for two
factors X, and X,, the property o,, =const is pos-
sessed by the CES (constant elasticity of substitution)
function.

However, starting from the 1950s, a probabilistic
approach to the description of production functions
had stood out and was particularly developed in 1990—
2015; for example, see [2-5]. The most significant
achievement here was the development of a theoretical
apparatus based on the following concepts: technology
(idea), local production function, technology menu,
and global production function [2]. We briefly explain
the essence by the following example [3].

Let X, and X, be two production factors with

some technological parameters X, and X,, respective-
ly. Consider the CES production function

D

Al s |
where A>0, ye(0,1), and 0e (w0, 0)U(0, 1) are
constants.

A pair of parameter values (x;,X,) is called a
technology or idea. The function Y with fixed values
x, and X, is called the local production function cor-
responding to the technology (x;,X,) .

Let a relation (technology menu) be imposed on the
parameter values x, and X, :

Tl(xl)TZ (Xz) =N,

where T,(x,) and T,(x,) are some (unknown) func-

tions of one variable and N is a constant.

In this example, the following problem arises natu-
rally: given the values of the factors X, and X, , find
functions T,(x,) and T,(X,) such that the function Y

will reach the largest values under the technology
menu:

D=

Y = A(\y(f—f)e +(1—\4/)(>X<—22)e) — max
Tl(X1)T2(X2) =N.
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(In this case, Y will be called the global production
function.)

Using Lagrange’s method of multipliers and the
variable separation method, we can show that

F(x)=1-T,(x) and F,(x,)=1-T,(x,) are Weibull
distribution functions. Researchers also studied the
inverse problem [4]: reconstruct the global production
function as a CES function from the parameters X, and
X, distributed according to the Weibull law.

An alternative approach was later proposed by
A.V. Mikheev [6] as follows. Denoting by x; the per-
unit value of a factor X, (its quantity required to
manufacture one product), he introduced the capacity
Q, of X, as the ratio of the quantity of X, to the per-
unit value x;:

Qi Z&-
Xi

With the factor capacities treated as random varia-
bles, the mean of the two-factor Leontief production
function Q =min{Q,,Q,} was found through the dou-

ble integral [6]:

+o0

EQ=[q, j (Pag, (0 G2) + Pog, (qz,ql))dqzldql, (1)

0 G

where Pqq (4,,d,) stands for the joint density of the

random variables Q, and Q,. Based on formula (1),
Mikheev established the following result: if Q, and Q,
are independent and obey Weibull distributions with
the same shape coefficient >0, then EQ is ex-
pressed through the means EQ, and EQ, of Q and
Q, as the CES function

EQ=((EQ) " +(EQ,) ") *.

Formula (1) leads to quite bulky calculations.
However, another solution is possible: find the law
(function or density) of distribution of the random var-
iable Q=min{Q,,Q,} and derive the mean EQ by

definition. If the random variables Q, and Q, were

independent and identically distributed, this problem
would turn into a well-known one of mathematical
statistics: find the law of distribution of the minimum
realization from a random sample with a given uni-
verse [7]. The advantage of this problem is the possi-
bility to work with a random sample of any size n (i.e.,
n capacities Q,,...,Q, can be considered). Some mod-
ification of this problem is of interest for further re-
search.

Note that only continuous models were considered
in [2-6]; in reality, however, production factors or
their capacities may be discrete variables. Here, we are
concerned with the capacities of production factors as
discretely distributed random variables and attempt to
construct production functions on their basis. It is es-
pecially important to try reconstructing the CES func-
tion based on the discrete analog of the Weibull distri-
bution using analytical methods.

According to the above considerations, we high-
light several tasks:

e propose an effective method for finding the dis-
tribution law of the Leontief function from the capaci-
ties of production factors as independent random vari-
ables;

¢ show the possibility of obtaining the CES func-
tion from the means and medians of the capacities of n
independent random production factors representing
independent random variables with continuous
Weibull distributions with the same shape coefficient;

e analyze discretely distributed capacities of pro-
duction factors on the example of a geometric law;

e make an attempt to construct, by analytical meth-
ods, the CES function in the case of independent ran-
dom capacities of production factors with discrete
Weibull distributions with the same shape coefficient.

1. THE GENERAL PROPOSITION

Consider production with n non-fungible factors of
capacities Q,,...,Q,. For such factors, we can apply

Leontief’s production principle: the quantity of output
is equal to the smallest of the capacities of the produc-
tion factors used. In addition, we treat the capacities
Q,,...,Q, as independent random variables.

The analysis below proceeds from the following
result.

Proposition 1. Let Q,,...,Q, be independent ran-
dom variables, each having the distribution function

f.(a), q=b
FQi(q)={ 0. q<b,

where b are some numbers. Then the distribution
function of the random variable

Q=min{Q,,...,Q,}
is
F, (0) =1—_f[(1— F, (q). @)
Proof. i

Fo(@)=P{Q<q}=1-P{Q=q}
=1- P{mln{Ql,,Qn}Z q}:l— P{Ql 2 qv"'!Qn 2 q}
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But P{Q=>q,..Q,=qa} = P{Q 20q}-...- P{Q, =1}

since Q,,...,Q, are independent. Thus,
Fo(a) =1-P{Q >q}-...- P{Q, = a},

which finally gives formula (2). ¢

Remark. In this paper, we also deal with discretely
distributed random variables Q,,...,Q, with integer
values 1, 2, 3, ...or 0, 1, 2, ... For such random varia-
bles, Proposition 1 remains valid. (For the sake of
simplicity, imagine that b, are integers and integers are

selected from the set q>Db;.)

2. THE CASE OF CONTINUOUS VARIABLES

Let us represent Q, and Q, as the capacities of

some production factors. Suppose that they are two
independent continuous random variables obeying the
Weibull laws [8] with the same shape coefficient >0

and coefficients a, >0 and a, >0, respectively:

1-e q=0

F — 1
5 (@) { o aco
1-e q=>0

F — l
2 () { 0, q<0.

Assume that Q (the quantity of output) depends
on the capacities Q, and Q, by Leontief’s production
principle:

Q=min{Q,,Q,}-
Applying Proposition 1 yields
1—eg g=0
FQ(q)—{ N 4<0,
where o=a, +a,. Thus, the random variable Q has a
Weibull distribution. Its mean is given by [8]

EQ= aBF(%HJ =(o, +a, );F(%H], (3)

where T" denotes the gamma function.
We calculate the coefficients o, and «, from

e
EQ=a, "T| =+1]|,
aoe (VJ

e
EQ, =, BF(—HJ
B
(the formulas for the means EQ, and EQ, of the ran-

dom variables Q, and Q,) and substitute the results
into (3), thereby obtaining

EQ=((EQ) " +(EQ,) ") . (4)

This formula defines the CES production function.

In the following, the special case B=1 is also of
interest. In this case, the Weibull distribution (for
Q,,Q,, and Q) turns into the exponential one, and the
expression (4) takes the form

EQ= EQlEQZ . (5)
EQ, + EQ,

These calculations can be generalized to the case
of n factors. In addition, other characteristics of ran-
dom variables (e.g., medians) can be considered in-
stead of means.

Proposition 2. Let Q; (i=1...,n) be the capaci-
ties of production factors represented as independent
continuous random variables with Weibull distribu-
tions with the same shape coefficient § >0 and coeffi-

cients a, >0,...,a, >0:
1—ed q>0
Fo (@)= '
N { 0, g<0.
In addition, let the quantity of output Q be determined
by Leontief’s production principle:
Q=min{Q,,....Q.}.
Then the mean EQ and median M of Q are ex-
pressed through the means EQ, and medians M, of
Q;, respectively, as CES production functions:

EQ=((EQ) " +..+(EQ)") *, (6)

M :(Mgﬁ+...+|v|;ﬁ)’%. @)

P r o o f. Utilizing Proposition 1, we obtain the Weibull
distribution function

FQ (@ :{

where o.=o,+...+0,. The mean EQ and median M of
the random variable Q are given by

EQ= aﬁr(%Hj = (0o, +...+a, )_% F(%HJ,

1-e, =0
0, g<0,

1 1

1 1 1 1
M=a"(n2)’ =(a,+..+a,) P (In2)".
By analogy, the means EQ, and medians M, of the
random variables Q, are given by

2
EQ =q BF[—+1],
p
S L
M, =q, "(In2)".
Calculating the coefficients a; from these formulas and

substituting the results into the expressions for EQ and M,
we finally arrive at (6) and (7). ¢
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3. THE CASE OF DISCRETE VARIABLES

Now we attempt to represent the capacities of pro-
duction factors as random variables with discrete dis-
tributions.

3.1. An Example: Geometric Distribution

Let Q, and Q, be the capacities of production factors

described by two independent random variables with geo-
metric distributions with parameters p, and p, , respective-

ly (the probabilities of success in single trials). Here, we
understand the distribution in the following sense: the ran-
dom variable is the trial number with the first success (pos-
sible values are j=1,2,...).

Then the probabilities of failure in single trials are
¢, =1-p; and g, =1-p,, respectively.

The distribution functions of the random variables Q,
and Q, have the form

Fo () =P{Q < }=1-¢/,
Fo, (1) =P{Q, < j}=1-a

Let the quantity of output Q be determined by Leon-
tief’s production principle:

Q=min{Q, Qo}-

Proposition 1 yields
Fo(i)=1-¢™,

where g, =0, . Obviously, the random variable Q has a
geometric distribution with the parameter p, =1-q,. We
express p, through the parameters p; and p,:

Po =1-40, =1- (- p)(A—p,) = P+ P2 — PP
As is well known,
1 .
Ele_, |:1!2! (8)
i
1 1
EQ=—=—"—"—. ©)
Po Pt P2— PP
Calculating p, and p, from (8) and substituting the re-
sults into formula (9), we obtain

EQEQ,
EQ +EQ, -1
Note that, with another definition of the geometric dis-

tribution used, the random variable is the number of failures
before the first success. In this case,

EQEQ,
EQ +EQ, +1

EQ = (10)

EQ= (11)

Here is an elementary example of describing the capaci-
ties Q; and Q, of production factors by geometrically dis-

tributed random variables. Suppose that a trial to manufac-
ture a single indivisible product requires consuming the unit
capacity of either factor 1 or factor 2. A single trial may be
successful (the product passes inspection and testing) or not
(otherwise). Let p, and p, denote the probabilities of suc-

cess when using factors 1 and 2, respectively. By assump-
tion, the trial number does not affect the probability of suc-
Cess.

The number of the first successful trial to manufacture a
single product using the selected factor is the realization of
its capacity as a random variable, and this variable obeys
the geometric distribution by definition. Obviously, it is
advantageous to use the factor with the minimum number of
the first success (a reference to Leontief's principle).

Of interest is some similarity of formulas (10), (11) with
formula (5) obtained for exponentially distributed factors.

As is well known, the geometric distribution is a dis-
crete analog of the exponential distribution. Let some ran-
dom variable Q have an exponential distribution with the

density function

™, gq=0
pQ(q)—{ 0, q<0,
A>0.

Consider the random variable Y =[Q 1, i.e., the ceiling
of the variable Q . For natural numbers j=1,2,..., we have

PY = }=P{j-1<Q< j}= | po(a)da,

implying
P{Y = [}=(-e")e™™.

With denoting g, =e™ =1- p, , it follows that

P{Y = j}=(1—q,)as " = po(1—py)’ ™.

Thus, the variable Y has a geometric distribution with
the parameter p, =1-e™*, being interpreted as the number
of the first successful trial.

Note that the floor of | Q | also obeys a geometric law

with the parameter p, =1-e™, meaning the number of
failures before the first success.

3.2, Discretization of the Weibull Distribution and an
Attempt to Construct the CES Function

Let us discretize the Weibull distribution by analo-
gy. In this case, the density of the random variable Q

has the form

pr1gad >0
P (@) = {“B e a

0, <0,
>0, a>0.
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Consider the random variable Y =|Q]J. For
i=0,12,..., we obtain

j+l

PYY = }=P{i<Q<j+B= [ po(a)dg

and, after straightforward transformations,
P{Y = j}=e —g 0" (12)

Then the distribution function of the random varia-
ble Y is given by

F()=PlY <3=S PEY =k=1-e, (13)

representing the desired discrete Weibull distribution
of type 1 [9, 10].

Let us calculate the median M of the random var-
iable Y . For this purpose, we introduce the quantile
Q, of level v; its unrounded value is the solution of

the equation

K (Qy) =7.
In view of formula (13), this equation becomes
1-e“ = Y.
After trivial transformations we obtain
1
In(1—7v) \s
Q, :(_ ( Y)) |
o
and the unrounded value of the median is
1
o B
M = = — 1 . 14
Q> (Ian (14)

Consider now the mean of the random variable Y
given formula (12):

EY = JPAY = 1= (e e "), (15)
j=0 j=0

This series is often calculated numerically [9]; in this
paper, we endeavor to derive an analytical expression.

Assuming the convergence of the series (15), we
open brackets in the expansion and combine the
neighboring similar terms to get

EV=> ()" (16)
j=1
Here we study the case p>1. Then each term of

the series (16) is smaller than the corresponding term
of the convergent geometric progression series

Y e ; therefore, the series (16) will converge as
j=1
well.

Of theoretical interest is the case =2 (a discrete

analog of the Rayleigh distribution). In the remainder
of the paper, we focus on this case, denoting the series
(16) by u(a):

EY =u(a) = ée’“ an
=)+ +E) +..

For the analysis, it seems reasonable to introduce
the theta function

0

0s)= > (e™)"

j=—

and the function
- —ns\y j° 1
w(s)=> (™)’ =§(9(S)—l)-
j=1

According to [11], the following functional equation is

valid:
1 1) 1( 1
o333

Letting ns=a, we relate the functions u(a) and
w(s) by

u(a) =w(s) = W(E);
T

u(a):\/g-u[%z}r%(\/g—l} (18)

For the scale coefficients 0<a <2, the first term

on the right-hand side of (18) can be neglected. In this
case, we have the approximate equality

hence,

EYz%( 5—1} 0<a<2,

which can be written as

1
EY+%z%a2, 0<a<2  (19)

For a 2 2, the analysis of the expansion (17) can
be restricted to the first term and, consequently,

EY ~e*, a2>2.
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Based on Proposition 1 and the above considera-
tions for the discrete Weibull distribution, we formu-
late the following result.

Proposition 3. Let Q; (i=1...,n) be the capaci-
ties of production factors represented as independent
random variables with discrete Weibull distributions
with the same shape coefficient >0 and coefficients

a, >0,...,0, >0:

F,()=1-e*", j=0,12 ..

In addition, let the quantity of output Q be determined
by Leontief’s production principle:
Q=min{Q,,....Q,}.
Then the unrounded median M (14) of the variable

Q s related to the unrounded medians M, of the var-
iables Q, through a CES function:

M =(M1-ﬁ+...+|v|n-ﬁ)’%.

Moreover, if B=2 and O<a<2, where
a=oa, +..+a,, then the mean EQ of Q can be ap-
proximately related to the means EQ, of Q, through
a CES function:

1 1. 1,2
EQ+E~((EQ1+§) +...+(EQn+2) )

Note to Proposition 3. Under the constraint
O<oa=o,+...+0, S2, the inequalities O<a; S2,
i=1..,n, hold immediately. Hence, the means EQ,
can be expressed in the desired approximate form (19).

median of the quantity of output have been successful-
ly related. However, difficulties arise when establish-
ing a relationship between the means of these varia-
bles.

The main challenge in this study has been to de-
rive, in analytical terms, the mean of a random varia-
ble distributed according to the discrete Weibull law.
In the special case p=2 (the shape coefficient), it is

possible to introduce the theta function and compile a
functional equation. With some restrictions on the val-
ues of the scale coefficient of the distribution, it is
possible to neglect some part of the functional equa-
tion, thereby approximating the required mean (see
formula (19)) and deriving the CES function.

In the general case (no restrictions on the distribu-
tion coefficients), a still open issue is the possibility of
relating the means of the capacities of production fac-
tors represented as random variables with discrete
Weibull distributions with the same shape coefficient.
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