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Abstract. Nonlinear filtering algorithms based on sequential Monte Carlo methods are consid-
ered. The scheme of an elementary particle filter is presented, and the main challenge of its im-
plementation—the degeneracy of the algorithm—is explained. The essence of importance
resampling procedures, intended to settle this challenge, is described. The resampling procedures
widely used in navigation data processing and target tracking are reviewed. A criterion for deter-
mining the time point of resampling is given. The above resampling procedures are compared by
analyzing the corresponding pseudocodes. As illustrative examples, two problems are considered:
the estimation of a process representing the sum of a polynomial and the second integral of white
noise, based on nonlinear measurements, and target tracking. For these problems, the resampling
procedures are compared numerically by simulation using the method of statistical trials.
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INTRODUCTION

The peculiarity of navigation data processing,
guidance, and target tracking lies in the need to not
only estimate the vector of unknown parameters but
also to obtain quantitative characteristics of the esti-
mation accuracy. Therefore, the algorithms for solving
these problems are, in most cases, constructed within
the so-called Bayesian stochastic approach [1-7] to
calculate a mean-square optimal estimate and the cor-
responding covariance matrix of estimation errors.
When the calculated covariance matrices match their
actual values, the algorithm is said to be consistent [5].

Many problems in navigation and trajectory data
processing are nonlinear; generally, it is impossible to
construct an algorithm that produces an optimal esti-
mate in real time due to its high computational com-
plexity. Consequently, developers synthesize various
suboptimal algorithms based on certain simplifica-
tions. When constructing suboptimal algorithms, much
effort is applied to make them computationally simple,
consistent, and sufficiently accurate (as close as possi-
ble to the potential accuracy, i.e., the accuracy yielded
by the optimal algorithm).

Traditionally, the most challenging practical prob-
lems are those where the posterior probability density

function (PDF) evolves into a complex, multi-peaked
form [8]. Kalman-type algorithms [4, 9], which are
typically used in navigation and trajectory data pro-
cessing, often prove ineffective in the above problems.
To solve them, the so-called sequential Monte Carlo
methods (MCMs), also known as particle filters (PFs),
and their various modifications have found wide ap-
plication [10-16]. A distinctive feature of PFs is the
ability to analyze the systematic error generated by the
approximation during the estimation process and to
achieve the desired accuracy by tuning the correspond-
ing filter settings [17]. When the PF achieves an al-
most potential accuracy, the algorithm becomes con-
sistent as well.

Despite all their advantages, PFs have several
drawbacks. The main one, known as the degeneracy
problem [18], is that measurement processing inevita-
bly makes a weight close to 1 and the other weights
close to 0; in such a case, the PF turns out inoperable.
The degeneracy problem can be overcome by increas-
ing the number of particles (particle count) used in the
algorithm; however, the computational complexity of
MCMs becomes significant accordingly [19]. This fact
complicates the real-time implementation of PFs and,
in some cases, makes the algorithm inapplicable even
in the offline processing mode.
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In most cases, this drawback of PFs can be elimi-
nated through the so-called importance resampling
procedures [20]. Here, the main idea is to redistribute
particles from the regions of near-zero values of PDFs
to those where the values are non-zero. According to
an analysis of recent publications, PFs are typically
designed using multinomial [21], stratified [22], sys-
tematic [23], residual [24], and residual systematic
[19] resampling. However, neither the differences be-
tween these procedures, nor their advantages and dis-
advantages, are paid thorough attention in the litera-
ture.

Below, we describe the importance resampling
procedures mentioned above, outline the general prin-
ciples for their implementation in the design of PFs,
and provide a comparative analysis of these proce-
dures. The results of this study may be useful to de-
velopers dealing with measurement data processing,
both to analyze the accuracy of suboptimal filtering
algorithms and to construct algorithms for solving
complex nonlinear problems where conventional Kal-
man-type algorithms prove ineffective.

The remainder of this paper is organized as fol-
lows. Section 1 presents the general nonlinear filtering
problem under consideration, as well as the optimal
algorithm for its solution. Section 2 is devoted to the
construction of the elementary PF based on sequential
Monte Carlo methods. In Section 3, we describe vari-
ous importance resampling procedures traditionally
used in PF design; in Section 4, we compare them nu-
merically. The main findings of this paper are provid-
ed in the Conclusions.

1. PROBLEM STATEMENT AND ITS OPTIMAL SOLUTION

1.1. Formulation of the Problem

This paper addresses the nonlinear filtering prob-
lem of an n-dimensional Markov random sequence

% = f (X 1) + Ty W, (1)

with the following notation: k is the discrete time in-
stant; X, is the n, -dimensional random Gaussian vec-

tor with a PDF p(x,) =N(x,; X,, By) (hereinafter,
N(a; a, A) designates a PDF of a Gaussian random

vector a with a mean a and a covariance matrix A);
w, is the n, -dimensional centered discrete Gaussian

white noise with a known covariance matrix Q, of
independent of Xx,; f, () is a
known nonlinear n, -dimensional vector function de-

dimensions n, xn

R

scribing state dynamics; finally, 7”, is a known matrix
of dimensions n, xn,.
It is required to estimate the sequence (1) based on

m, -dimensional discrete measurements of the form
Yk :hk (Xk)+vk’ (2)
where h, (+) is a known nonlinear m, -dimensional

vector function describing the measurement model; v,
is the m -dimensional centered discrete Gaussian

white noise independent of x, and w,, with a known
covariance matrix R, .

1.2. Optimal Solution

As is known, when solving the filtering problem
within the Bayesian approach, the mean-square opti-
mal estimate and the corresponding conditional covar-

iance matrix P (Y, ) are determined as follows [2, 4]:

2 (Ye) = [ %P (% /Y, )dx,, 3)
Pkopt (Yk )

=Eom {(Xk =R (Y, ))(Xk — R (% ))l}

where p(x,/Y,) is the posterior (conditional) PDF of

(4)

the vector x, given the set of measurements

Y. =[y,,Ys,, ¥e]", and E means the expectation
operator, with a subscript indicating the PDF used. We
emphasize that this estimate minimizes the conditional
(4) and unconditional [4]

R™ =E,u v {(Xk -7 (Yk))(xk — & (Yk))T} ©)

covariance matrices of estimation errors.

In the above relations, the conditional covariance
matrix (4) characterizes the current estimation error
corresponding to a particular realization of the meas-
urements Y, while its unconditional counterpart (5)
characterizes the error calculated by probabilistic av-
eraging over the entire possible set of measurements.

Clearly, to find the estimate (3), one needs the pos-
terior PDF p(x, /Y,), which is given by

p(Yk / Xk) p(Xk /Yk—l)
jp(yk / Xk) p(Xk /Yk—l)dxk

where p(y, / X.) is the likelihood function, and
p(x, /Y,) is the forecast density.

p(Xk /Yk) = (6)
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2. PARTICLE FILTERS

2.1. The Simplest Sequential Monte Carlo Method
for Estimation
When solving estimation problems, MCM is inter-

preted as a method for approximating the posterior
PDF; at each step k , it can be represented as [10]
N

N
p(x /Y )= (xk—xﬁn)),ZCO(k”):l, (7
n=1 n=1
where §(+) stands for the multidimensional delta

function; x\" is a set of n=1, N independent realiza-
tions of the random vector, in the elementary case
W ~px / x"Y,.);, " are the normalized
weights defined as

=" Zco(")

and o\ are the unnormalized weights satisfying (due

to the recursive relation for the posterior PDF (6) and
the Markov nature of the sequence (1)) the recursive
relation

(n) =p(y, / X(n))w(kn)ll

where p(y, / x\") is calculated, within a normalizing
constant ¢, by

Py, / X;En))

:(:exp{—O.S((yi —h (xi(n)))T Rfl(yi —h (xi(n))))}.

By substituting the approximation (7) into the ex-
pressions (3) and (4), based on the properties of the
delta function, we easily derive the following rough
equalities for the optimal estimate and the correspond-
ing covariance matrix:

)A(Ep[ ( ) % (Y,) = Z(Dﬁn)xlﬁn)v (8)
P (Y ) ~B.(Y,)

— R () (%)

N

z n) (X(n

n=1

An algorithm involving these expressions with the
realizations X" ~ p(x, / x"),Y,_,) is essentially the
elementary particle filter. Its pseudocode can be found,
e.g., in [25].

Note that the realizations x{" in (7) can be formed
using another function n(x,/Y,), different from

p(x, /Y.,), which is called an importance function.

As underlined in [26], the choice of an appropriate
importance function is crucial for PF design, but this
issue goes beyond the scope of our work. The peculi-
arities of applying various importance functions were
discussed in several publications; for example, see
[27].

2.2, The Degeneracy Problem

The main advantage of PFs based on MCMs is that
the computation error of the estimate (3) and the co-
variance matrix (4) vanishes as N —oo. This conver-
gence creates the conditions for achieving any accura-
cy of PFs, up to the potential one corresponding to the
mean-square optimal algorithm. However, despite all
their benefits, PFs also suffer from several drawbacks.
The main one is the so-called degeneracy problem of
the algorithm. We will explain its essence below.

Clearly, when forming a sample x{" at each kth

step of the algorithm, some of its realizations will in-
evitably fall into regions with almost zero values of

the posterior PDF. The weights o{" corresponding to

such realizations will be close to 0 as well. According
to [18], when increasing the number of measurements,

the number of realizations x{ whose weights are sig-

nificantly different from 0 will inevitably decrease
until only one remains, whose normalized weight will
be close to 1. Obviously, the resulting estimate (8) will
have nothing in common with the optimal one.

The degeneracy problem can be overcome by in-
creasing the number of realizations modeled in the PF.
However, the computational complexity of the algo-
rithm will grow significantly, complicating its real-
time implementation and, in some cases, making the
algorithm inapplicable even in the offline processing
mode. (In the latter, there are no strict limitations on
the volume of computations.)

Another recipe here is to use importance
resampling procedures for PF design; they will be dis-
cussed below.

3. IMPORTANCE RESAMPLING PROCEDURES

3.1. The Essence of Importance Resampling

The main idea of importance resampling is to re-
distribute the particles x(™, n=1, N, i.e., “place”
them in regions where the posterior PDF is essentially
non-zero, as determined by the corresponding weights
@™ . This is achieved by simulating a new sample
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(resampling) of particles X™, m=1, M, in accord-
ance with a discrete distribution law specified as a set
of N particles x(",n=1, N, and the corresponding

probabilities (weights) Pr(%™ =x")=&{". We em-

phasize that the resampled set iﬁm), m=1 M, is

formed from the initial set x, n=1, N, which re-
tains the recursive nature of the algorithm.

Note that the sizes N and M of the original and
resulting samples, respectively, generally differ; how-
ever, in most practical cases, M =N . Since the new
sample %™, m=1 M, corresponds by form to the

approximation (7), a new equal-weight approximation
for it can be written as

M

p(% 1Y) = 3 d™(x, ~X™),

m=1

~UM.

n
7\—/—\

We underline that at the initial time (k = 0), the
weights corresponding to the realizations x{" will also
be identical: in fact, the PDF p(x,) is represented by

the approximation (9). Thus, the importance
resampling procedure can be interpreted as a kind of
restart of the PF.

To date, various methods have been proposed to
organize resampling procedures [20]. In PF design, the
most widely used methods are multinomial [21], strati-
fied [22], residual [24], systematic [23], and residual
systematic [19] resampling. According to a detailed
analysis of the key relevant works, these schemes dif-
fer from one another only in the method for obtaining

the realizations %™ . Below, we will describe the

resampling procedures that have become widespread
in navigation and trajectory data processing.

3.2, Multinomial, Stratified, and Systematic
Resampling Procedures
Multinomial resampling is one of the first methods

proposed. Sometimes this procedure is also called
simple random resampling. Its main idea is to simulate

a set of M realizations u™, m=1M, of a random
variable u, with the uniform distribution on the inter-

val U =(0,1]. Next, for each realization u{™, the re-
alizations x,(< ), n=1 N, are iterated through until

finding one with a normalized weight oo( ) that satis-
fies

n
S <u™ <M, where S =Y a{". (10)

n=1

Stratified resampling and systematic resampling
are two other common modifications of the im-
portance resampling procedure. As in the multinomial
resampling described above, the expression (10) is
used here to simulate the realizations %{™. The main
difference is the method for generating the realizations
ul™ .

In stratified resampling, the interval U =(0,1] is
divided into M equal half-intervals (strata)

U™ m=1M:
Uu=Uu®uu®@yu..uu™

=0,/M]u(YM, 2/MJu..u(1-1/M,1].

Each realization u™, m=1,M, is generated in-
dependently as a variable uniformly distributed on the
corresponding stratum.

In systematic resampling, u®® is computed by

analogy with stratified resampling, i.e., as a random
variable uniformly distributed on the interval

(0,1/M1], and all other realizations u{™, m=2,M, are
computed deterministically as

Note that in systematic resampling, the random
number generator is called significantly fewer times
than in stratified and multinomial resampling; there-
fore, it has smaller computational intensiveness.

3.3. Residual and Residual Systematic Resampling
Procedures
Residual resampling [24] is another conventional
modification of resampling. It consists of two stages as

follows.
At the first stage of this procedure, each realization

x" n=1 N, is replicated (selected as a realization
™) M) times, where

M = May | (11)

and | « | denotes the floor operator.
Direct analysis of the expression (11) shows that
the particles with weights m <1/M will not be rep-

licated since M} =0. In total, the first stage yields
N

My, = > M particles.

n=1
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The second stage of the residual resampling proce-
dure is based on the so-called residual weights {(b,((")}

such that

(Mo =M - ma| | (12)

By replacing LM&&”)J with M{P and dividing
both sides of (12) by M, we obtain

o i M(n)
{cof()}zcof()— I\jl‘k : (13)

At the second stage of the residual resampling pro-
cedure, the other M,, =M —M,, realizations X"

are generated using any of the above random
resampling methods (multinomial or stratified); for
this purpose, the residual weights (13) are pre-
normalized:

o o0

It is intuitively clear that the two-stage nature of
residual resampling entails additional computational
costs. To overcome this drawback, residual systematic
resampling was proposed.

Residual systematic resampling is a modification
of residual resampling where the random resampling
of the second stage is replaced by systematic
resampling. In this case, the two stages of resampling
can be combined so that each realization

X" n=1'N, is replicated M =M} times ac-

cording to the expression

M (™ :LM (& —Au(”))J+1,

(n-1)
Au(n) :Au(n—l) + I\/Il,k _d)g(n—l)
M Ll

where Au® is computed similarly to ul® in systemat-

ic resampling (i.e., as a random variable uniformly
distributed on the half-interval (0,1/M]).

As noted in [19], the resulting realizations %™

generated by systematic and residual systematic
resampling will coincide exactly, and the differences
between these procedures may manifest only in their

computational load. Indeed, in residual systematic
resampling, inequality (10) is not verified, and the

number of calculated values of Au‘™ is significantly
smaller than that of u™ : therefore, the computational

complexity of such a procedure is expected to be low-
er.

3.4. Criterion for Resampling

Resampling at each kth step, first, increases the ini-
tially significant computational complexity of PFs;
second, it may yield a sample where the same element
with weight 1/N is repeated N times. This problem is
known as sample impoverishment [20]; in practice,
special criteria are calculated to determine the timing
of resampling. The most widely used criterion is the
so-called effective sample size

N -1
Ng {Z(cﬁ&“)f} .
n=1

The resampling procedure is executed when the
criterion NF is below a given threshold N™. Accord-
ing to the paper [20], this criterion takes values
I<SNESN. If NJ"=N, resampling will be per-
formed at each step. On the other hand, in the case
N," <1, the resampling procedure will never be exe-

cuted. The criterion N characterizes the number of

sample elements with significant weights (they cannot
be ignored when constructing the estimates).

4. COMPARATIVE ANALYSIS
OF RESAMPLING PROCEDURES

4.1, Analytical Comparison

Next, let us compare the importance resampling
procedures described above. We begin with an analyt-
ical comparison by examining their pseudocodes,
which can be found, e.g., in [20]. The main differences
identified between the procedures are presented in the
table below.

According to the table, the smallest number of
calls to the random number generator is observed for
the systematic and residual systematic procedures. In
addition, such schemes are the simplest in terms of the
number of computations.
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Differences in importance resampling procedures

Importance resampling procedure
Comparison criteria Multinomial Stratified Systematic Residual Residual system-
atic
The number of stages 1 1 1 2 1
The number of calls to
the random number M M 1 M. 1
generator
Asymptotic computa- O(N)+O(M
tional complexity O(MN) OM) OM) (N)+O(M,) O(N)
The minimum number If & >1/M
of replications of any i ’ ~(n) ~(n) ~ (n)
particle 0 then LM@)E( )J—l; LMOJk J Ll\/loak J LMmk J+1
otherwise, 0.
The maximum number
of replications of any N LM d)(k”)J+2 LM ”(k”)J+l LM Ga(k”)J+M2Yk LM Ga(k")JJrl
particle

4.2, A Methodological Example

In this subsection, we compare the PFs constructed
using various resampling procedures for the estimation
problem of a process representing the sum of a first-
degree polynomial and the second integral of centered
white noise, based on nonlinear measurements.

Let the sequence (1) under estimation be described
by

X, = DX, +Tw,, (14)

with the matrices @, I', and the covariance matrix Q
of the centered Gaussian white noise w, having the
form

At

1 At 3 0 10
o3 3 e g o lh

2 2

where qg*> denotes the power spectral density of the

initial white noise, and At is the sampling interval. In
particular, such a model is often used to describe
measurement errors, e.g., errors in a navigation dead
reckoning system for each coordinate [28], and ap-
proximate gravity anomaly (GA) deviations [29].

Let the nonlinear discrete measurements have the
form

Yo =h(x)+v, =a +a,x, +83ka +a4X13,k Vi

where a, a,, a,, and a, are known numbers.

We perform simulations under the parameters
% =[-5 0.5, P, =diag[c}, o3 ,1, Gy, = 2.5,
6,, =005 =005, At=1, k=130, r=01
a, =0.0875, a,=-0.1825, a, =0.01, and a, =0.01.

We implement the following algorithms:
e the PF without resampling for N =10 000 (pn=1,
hereinafter referred to as Algorithm 1);
e the PF with various resampling procedures for
N =1000 and N;"=N™=0.2-N:
—the PF (n =2, Algorithm 2) with multinomial
resampling;
— the PF (n=3, Algorithm 3) with stratified
resampling;
— the PF (n=4, Algorithm 4) with systematic
resampling;
— the PF (pn=5, Algorithm 5) with residual
resampling;
—the PF (u =6, Algorithm 6) with residual sys-

tematic resampling.
The algorithms are compared using the method of
statistical trials [30]. For each pth algorithm, we cal-

culate the actual G;' and estimated G covariance ma-
trices:

Gl ~ %i(xﬁj) — e (Yk“)))(xﬁ"’ —RO (Yk(”))T, (15)

j=1

L1 & .

Gy :EZPkH(Yk(J))I (16)
=1

where x7, Y, j=1 L, are the realizations of the
random sequences obtained by simulation using the
expressions (1) and (2), respectively; L is the total
number of realizations; %'(Y”) and P*(Y”) are the
estimates and the corresponding covariance matrices
for the pth algorithm.

To assess the computational costs of the algo-
rithms, we calculate the coefficient
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™ -1 1¢ . 1S
AT = ™~ ,TH:EZt?, T :Iztj,

T

where t¥ is the computer time for solving the estima-
tion problem by the uth algorithm, and t; is the same
time characteristic for a reference algorithm.

Figure 1 shows the actual [GHM (15) (solid

lines) and calculated [ G} | (16) (dashed lines) root-

mean-square errors (RMSE) of estimating the first
component of the vector x, for each algorithm with L

= 1000. Hereinafter, [A]. means the ith diagonal ele-
ment of a matrix A. Red corresponds to Algorithm 1,
black to Algorithm 2, blue to Algorithm 3, magenta to
Algorithm 4, green to Algorithm 5, and orange to Al-

gorithm 6.

[6t],- L]

3- 11

other, exceeding by nearly 5% those of the PFs based
on systematic resampling.

Note that the difference in computational load may
change when increasing the problem dimension and
the simulation time. In this regard, we will perform a
similar comparison for another problem, i.e., target
tracking in the simplest setting; for example, see
[5, 31].

4.3. Application of the PF to Target Tracking

Consider a right-handed 3D local Cartesian frame
(Fig. 2) with the origin O, the perpendicular OX and
OY axes in the horizontal plane, and the orthogonal
OZ axis directed upward. By assumption, a radar is
located at the origin of this frame; at discrete time in-
stants k, it measures the range d, to moving objects

(targets), their elevation angle v, , and azimuth ©, .

Fig. 2. The radar and target in the frame OXYZ .

Fig. 1. The actual and calculated RMSEs.

According to the simulation results, the PFs con-
structed using various resampling procedures with
* = 1000 ensure the required accuracy and are con-
sistent. When decreasing the particle count, all algo-
rithms lose consistency, and their accuracy drops. And
the PFs based on resampling procedures with
N > N* particles demonstrate the same performance,
confirming the achievement of their potential accura-
cy.
Even for N = 10 000, the PF constructed without
resampling is less accurate than the PFs with
resampling and has no consistency.

Based on an analysis of computational costs, Algo-
rithms 4 and 6 are the simplest among the PFs con-
structed using importance resampling procedures; their
computational load is comparable. The computational
loads of Algorithms 2, 3, and 5 are also close to each

At the initial time instant (k =0), the radar detects
a certain target with unknown coordinates
XYoo, 25, the target’s dynamics can be described

[31] by equation (14), where

ar ar ar T
X% = XEYE ZIVIVI VT

2

I, At ATy

o=\ =2 A7)
s b Atl,

Q = |3(Ga)21

v, V), and V. are the projections of the unknown

velocity vector of the target onto the OX, QY, and OZ
axes, respectively; 1, and 0, denote an identity ma-

trix and a zero matrix of order 3, respectively; and &*
is a known number.

Given the radar’s location at the origin, the meas-
urements y, are written as
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d,
Yo =] 0 [=h (X)+v,
]

k

JOXEY2 + ()2 +(2) )

= arctan(Y,™ /X +V,.

Zlar
arctan| ——%———
’(Xiar)z_i_(thar)z
It is required to estimate the target’s coordinates

X', Yo¥, and Z;” (the components of the vector x,
(14), (17)) from the measurements (18).

We perform simulations under the following pa-
rameters: X =Y, =50 km, and z;* =5 km as the
target’s true initial coordinates; V"™ =V,"™ =250m/s
and V> =0m/s as the projections of the true veloci-
ty onto the OX, OY, and OZ axes at the initial time
instant; the projections V,*, V,", and V,* of the target’s
velocity vector are independent and uniformly distrib-
uted random variables with p(Vv,*°) ~U[150, 350] m/s,
p(V,°) ~U[150, 350] m/s, and p(V,°) ~U[O0, 40] m/s,
where p(V) ~Ul[a, b] denotes the uniform distribution

on the interval [a, b];c® =15 m/s’; At=0.1s; a simu-
lation time of T=30s, i.e, k=1 300; finally,
R =diag[(c’)? (c”)? (c¥)?], where o°=25m and
o’ =0"=0.3°.

When constructing the FP to generate the realiza-
tions X2 ™ y>® and z*™, we employ the meas-
urements y, of the range, elevation angle, and azi-

muth taken at the initial time instant (upon target de-
tection). To this end, we first generate a set of realiza-

. T
tions %™ =[d{” 6w |, x" ~y,+v*™, where
ve™  N(v*;0,2R) are the errors of the measurements

(18) obtained by simulations with the doubled root-
mean-square deviations to take the error v~ N(v;0,R)

of y, into account.

Next, we form a set of realizations corresponding
to the target’s position in the Cartesian frame:

X5 4 cos(y™) cos(O),
Y™ = d ™ cos(y{”)sin(0"),
Z(;ar'(n) _ d((,n) Sin(\llg”))'

Obviously, the realizations X™,Y,*®™  and
z2™ will not completely match the actual PDF for

the coordinates, but taken in the aggregate, they cover
the region of coordinate uncertainty.

We perform simulations by the methodology de-
scribed in [30], with averaging over L = 1000 realiza-
tions. Using the covariance matrices (15), (16), we

calculate the actual /G and the estimated {/G*
radial RMSEs of estimating the coordinates

o= el [e], e, (9
= al el el @

We implement the same algorithms as in the meth-
odological example, with the same particle count:
N =10000 and N;" =N™ =0.6N . Figure 3 shows the

radial actual (19) and estimated (20) RMSEs (the solid
and dashed lines, respectively) for each algorithm un-
der consideration. The color-algorithm correspond-
ence here is the same as in subsection 4.2.

JGE, JGE m

1200 ¢

1000

800 H 5% G

600 F

400 F

200

------- A A en o o R S

0 A " " " " i
S 10 15 20 25 T.s

Fig. 3. The actual and estimated radial RMSEs.

The simulation results are similar to those obtained
for the methodological example: the PFs based on var-
ious resampling procedures, with identical settings
(particle count and N™), provide similar levels of ac-

curacy and consistency. However, to achieve the po-
tential accuracy and ensure consistency, a PF con-
structed without resampling requires much more parti-
cles than its counterpart with resampling.

An analysis of computational costs also confirms
the conclusions of subsection 4.2. Among the FPs
constructed using resampling procedures, Algorithms
4 and 6 are the simplest, with comparable computa-
tional loads. However, unlike the previous results of
the methodological example, their advantage over Al-
gorithms 2, 3, and 5, in terms of computational inten-
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siveness, turns out to be insignificant in target track-
ing, amounting to nearly 0.5%. This situation can be
explained as follows: when increasing the dimension
of the estimated vector, the computational load of the
PF (without resampling) grows significantly. The costs
of the resampling procedures, although also increas-
ing, become inconsiderable against this background.

CONCLUSIONS

In this paper, we have compared several im-
portance resampling schemes used in particle filter
design. According to the results, all the resampling
procedures under consideration noticeably reduce the
number of particles (particle count) compared to the
conventional Monte Carlo method. No significant ad-
vantages, in terms of the achieved accuracy or con-
sistency of PFs, can be obtained by choosing a particu-
lar resampling scheme for PF design. From a computa-
tional complexity standpoint, systematic and residual
systematic resampling are somewhat simpler than the
other schemes considered; however, these benefits are
more pronounced when solving problems with the
state vector of a small dimension.

The results of this study may be useful to develop-
ers of filtering algorithms for complex nonlinear
measurement data processing tasks arising in modern
control, navigation, and target tracking systems.
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