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Abstract. This paper considers the multi-sector model of the technological core of an economy, 

mathematical methods for its analysis, and procedures for calculating an indicative plan to re-

structure the core. The productivity of this core is proposed as a formalized criterion (indicator) 

for the effectiveness of structural innovations. The following optimization problem is stated: 

find a balanced state maximizing productivity by planned changes in the output and price indi-

ces. An equivalent transformation method is developed for the model considering the achieved 

values of the indicators. Several propositions concerning the properties of equilibrium and bal-

anced states are proved. As a result, a multistage procedure is constructed to calculate the trajec-

tory bringing the economic system closer to a balanced state. The multi-sector model is ana-

lyzed to compare the uncontrolled and controlled modes of development. The uncontrolled 

mode simulates the state of a market economy: no centralized management of the economy, 

sustainability, and relatively low GDP growth rates. The controlled mode involves the strategic 

planning methodology. As shown below, due to indicative strategic planning, the productivity 

of Russia’s economy can significantly increase even at the first plan implementation stages. The 

proposed indicative planning methodology is mathematically justified. Numerical examples of 

its implementation on real statistical data are given. According to the paper’s results, centralized 

planning institutions should be established for developing the technological infrastructure of 

Russia’s economy. Such institutions are of current importance due to the international economic 

and political situation. 
 
Keywords: the technological core of an economy, controlled development mode, productivity optimum, 

equilibrium state, balanced state, equivalent transformation, indicative strategic planning, plan of restruc-

turing.   
 

 

 

INTRODUCTION  

In the modern world, similar technological pro-

cesses used by countries lead to ambiguous results: the 

per capita GDP of one country may differ significantly 

from that of another country. To some extent, this dif-

ference is due to the structural peculiarities of their 

economies. As noted in [1], there is an increasing 

awareness that the economy’s structure causes the 

main limitations of economic growth in Russia; the 

matter is an ineffective structure of production, an un-

productive structure of incomes, an outdated structure 

of exports, and an irrational regional structure of the 

distribution of productive forces. 

Russia’s economy faces different crisis phenome-

na. At the microlevel, they include unfavorable busi-

ness conditions in the industrial sphere, a bias toward 

trade and services, a short lifespan of small enterpris-

es, and a significant share of bankruptcies. At the mac-

rolevel, they include a low GDP growth rate, the 

economy’s critical dependence on oil and gas exports, 

unstable exchange rates, a small share of the manufac-

turing sector and the high-tech sector, the insufficient 

growth of its basic assets, the economy’s dependence 

on external sanctions, and ineffective management 

mechanisms. At the external level, these are the spe-

cial military operation in Ukraine and international 

economic sanctions.  
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Improving economic management mechanisms is 

the aim of the following official documents: Federal 

Law No. 172-FZ “On Strategic Planning in the Rus-

sian Federation” dated June 28, 2014, Presidential De-

cree No. 474 “On National Development Goals of the 

Russian Federation for the period up to 2030” dated 
July 21, 2020, and Presidential Decree No. 633 “On 

Approving the Basics of State Policy in the Sphere of 

Strategic Planning in the Russian Federation” dated 
November 8, 2021. They envisage “the introduction of 

modern methods of forecasting, modeling, indicative 

planning, balance accounting, and information tech-

nology.”  

The documents also note that: 

 “The main tools of the strategic planning system are 

indicative planning, which forms a set of agreed indi-

cators characterizing the state and goals of socio-

economic development and national security, and bal-

ance accounting with the development of measures to 

achieve the set goals and their resource supply.”  

 “The scientific and methodological support of stra-

tegic planning is carried out by a specialized scientific 

center with the participation of scientific organizations 

and the federal state budgetary institution ‘The Rus-

sian Academy of Sciences.’” 

As a target criterion, the strategic planning meth-

odology uses a performance indicator of the econo-

my’s technological core, further called productivity. 

This methodology includes methods for calculating 

the dynamics of several output and value parameters 

of economic development to increase productivity un-

der the existing technological constraints. 

1. INDICATORS AND PLANS                                          

FOR SUSTAINABLE DEVELOPMENT  

In this paper, we analyze the effective use of the 

existing technological potential of an economic system 

and determine ways of its development. A possible 

approach to accelerate economic growth is finding a 

preferred structure of economic activities and ways to 

implement this structure. According to numerical cal-

culations, such a possibility is justified [2]. 

We consider management models and methods 

aimed at the sustainable self-sufficient development of 

the technological core of an economy. For this pur-

pose, we employ the closed input-output model of the 

Leontief type [3]. This model describes the depend-

ence of costs on the output.  

Crisis phenomena and external economic sanctions 

require effective measures to parry them, particularly 

by transforming the internal mechanisms of economic 

activity. The technological core of an economic sys-

tem is a set of economic activities available for obser-

vation and measurement and sufficient to adequately 

represent the system state. According to calculations 

[2], due to the existing potential of the technological 

core, the economy’s productivity can be significantly 

increased compared to the current level. When real-

ized, this potential can overcompensate for the possi-

ble volume of losses from external sanctions.  

The technological core model allows considering 

two methods of organizing reproduction, correspond-

ing to the controlled and uncontrolled modes. In the 

limit, both methods lead to equilibrium states, when 

the structure of prices and outputs is stabilized with 

the same growth shares for all types of products and 

services. In the uncontrolled mode, each sector or ac-

tivity disposes only of the funds constituting a share of 

its own value added. As a result, an equilibrium state 

with the lowest productivity value is implemented. In 

the controlled reproduction mode, an equilibrium state 

with the highest productivity value is implemented. In 

this mode, a stage-by-stage (indicative [4]) plan of 

structural changes in the output and prices is formed 

for each sector or activity. The funds for implementing 

this plan can be redistributed between the sectors. 

The reproduction model [2, 5] of a multiproduct 

system allows defining an economic productivity indi-

cator (the output reproduction index) as a function of 

structural proportions of the output and prices of the 

products and services of different sectors. This index 

reflects the ratio of the output and costs. Maximizing 

it, we calculate a balanced structure of the outputs and 

prices corresponding to an equilibrium reproduction 

mode and a stage-by-stage plan to achieve this goal.  

Different models of an economy have different 

productivity. Hence, the problem is to choose the 

model with the highest productivity value. The plan-

ning problem has the following peculiarity: the maxi-

mum (potential) productivity of the technological core 

of the economic system can be achieved in different 

ways: by changing the output structure of the sectors, 

by changing the price structure, or by changing the 

output and price structures jointly.  

However, the case of joint changes in the output 

and prices is of practical interest: these parameters are 

interconnected through market mechanisms and vary 

jointly: an increase in the output leads to a relative 

decrease in the price and vice versa. 

2. OUTPUT REPRODUCTION CONDITIONS 

Assume that the direct costs Zij of sector j for the 

products or services of type i and the outputs Vj of 

products or services of type j are given. These data are 

used to calculate the specific cost coefficients  

ij ij ja Z / V .                         (1) 
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The input-output model can be described by the re-

lation 

1

( ) ( ),
n

i i ij j

j

V t a V t


   

where i  denotes the reproduction index of sector i.  

Let the total costs of products or services be equal 

to their output in the previous stage. Then the system 

reproduction index   is given by the minimum repro-

duction index over all types of products or services: 

min i
i

   .  

An optimization problem for the output structure 

iV  has the following form: find the maximum repro-

duction index 

,
max



V

                       (2) 

subject to the technological output constraint 

1

( ) ( )
n

i ij j

j

V t a V t


   

with the specific cost coefficients aij . If the matrix A = 

[aij] is nonsingular, the solution of this problem will 

coincide with the eigenvector of the matrix A. Indeed, 

the number of inequalities in the constraint equals the 

dimension of the output vector. Therefore, the solution 

of the bilinear programming problem is reached on the 

equality 

1

( ) ( ),
n

i ij j

j

V t a V t


               (3) 

coinciding with an eigenvector of the matrix A. 

The outputs satisfying condition (3) in natural in-

dicators are equilibrium outputs. 

The constraint on the output dynamics can be writ-

ten as 

( 1) ( ) ( 1), 1,..., ,i i iV t V t V t i n             (4) 

where 0 < μ ≤ 1 < θ.  
The outputs satisfying conditions (3) and (4) are 

called balanced. 

If the direct cost coefficient a  is given by 

,
min ,

a
a

V
 

1

( ) ( ),
n

i ij j

j

aV t a V t


  

then in the equilibrium mode, we have  

a =1/ . 

The equilibrium outputs corresponding to the ei-

genvector x of the matrix A with the maximum eigen-

value are not optimal for problem (2)–(4). 

3. VALUE REPRODUCTION CONDITIONS 

By assumption, the production technology in prob-

lem (2) remains invariable during one stage. In other 

words, the natural specific cost coefficients are sup-

posed constant. The solution of this problem does not 

depend on the prices of products or services but is dif-

ficult to implement in practice: for large production 

systems, measurements are often performed in value 

terms. 

Let the specific cost coefficients be determined 

based on value indicators rather than the natural ones 

(formula (1)). In other words, 

/ / ( ) /с сc
ij ij i j j ij i jij ja Z V Z P V P a P P   , 

where 
c
jV  denotes the output in value terms and jP  

is the price of products of sector j . Then the output 

structure balancing problem for the production cycle 

takes the form 

,
max ,

c


V

                                (5) 

1

( ) ( ).
n

c c c
i ij j

j

V t a V t


                       (6) 

The outputs in value terms satisfying conditions 

(5) and (6) under fixed prices are equilibrium. For 

such outputs, the sectors have the same reproduction 

indices. 

Assume that both natural volumes and prices can 

be changed. Problems (5), (6) (on the one part) and 

(2), (3) (on the other) are not equivalent: in the former, 

the criterion and the output constraint have a new con-

tent. Moreover, the values of the specific cost indica-

tors can initially be determined only at the previous 

stage (t – 1). But they will change with changing the 

prices. Therefore, to refine these indicators, we should 

find possible price variations. 

Consider the price structure balancing problem for 

the production cycle. The volumes of products or ser-

vices are estimated in natural terms. The total value Vc
i 

of final product or service i is the sum of the values of 

all intermediate products or services in the production 

cycle given the price Pj for intermediate product or 

service j at this stage multiplied by the value increase 

coefficient for the cycle period (profitability) ri : 

( ) ( ) .c
ji ji i

j

V t r Z t P                     (7) 

Using this value relation and formula (1), we ob-

tain  

1

( ) ( ) ( )
n

c
i i i ji i ji

j

V t V t P r a V t P


   . 
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Let the reproduction coefficient be determined by 

the minimum profitability over all products or ser-

vices. In this case, the price structure optimization 

problem is written as  

,
max

r
r

p
,                                 (8) 

1

( ) ( ).
n

i ji j

j

P t r a P t


            (9) 

The prices satisfying conditions (8), (9) under 

fixed outputs are equilibrium prices. For these prices, 

all sectors have the same profitability. The additional 

constraint has the form 

( 1) ( ) ( 1), 1,...,i i iP t P t P t i n.       

Its left-hand side restricts possible price reductions 

and the rate of inflation to the level θ by the types of 

products or services. Such prices, also satisfying con-

dition (9), are called balanced.  

4.  THE JOINT BALANCING OF OUTPUT                       

AND PRICE REPRODUCTION 

Proposition 1. The maximum values of the criteria 
γ and r for problems (2), (3) and (8), (9) coincide. The 
solution vectors V  and P  are ambiguous: they are 
determined within a scalar multiplier. 

This proposition is proved in the Appendix. 

To calculate the eigenvector and eigenvalue of the 

positive Schur matrix A, we employ the iterative pro-

cedure 

x
0
 = (1, 1,..., 1), 

x
k+1

 = Ax
k
 /||x

k
||, k = 0, 1, 2, ...     (10) 

The eigenvalue of the matrix A, calculated as the 

limit of ║x
k║, is the largest one among all its eigen-

values [6]. The process (10) simulates the uncontrolled 

reproduction mode for the technological core of the 

economy when interpreting kx  as the vector of output 

or price indices at stage k.  
Proposition 2. Let A be a nonnegative matrix with 

a, |a| <1, as the maximum eigenvalue by magnitude. 

The eigenvector x of this matrix satisfies the equation 

Ax = ax. 

The eigenvector x with the maximum eigenvalue is 

found using the iterative procedure 

x
k+1 

 = Ax
k/║x

k
 ║, 

where k denotes the iteration number. The stopping 

condition has the form ║x
k+1

 – x
k║ < ε, where ε is a 

given accuracy of calculations (e.g., ε = 0.001). The 

eigenvalue a of the matrix A is 

  lim k

k
a


 x . 

This proposition is proved in the Appendix. 

The outputs and prices yielded by this algorithm 

are equilibrium. 

To obtain the output vector maximizing the 

productivity estimate   for the technological core, we 

apply the gradient descent method.  

We introduce the following notations: I  and E  

are a unit vector and an identity matrix of appropriate 

dimensions, respectively; h  is the step value; 

( ) / .a x Ax x  

On the corresponding rectangular domain, the gra-

dient descent-based procedure to find 

, 1,..

min ( )
ix i n

a
  

x  

has the form 
T1 ( ( ) ) / kk k kh a   x x x E A I x , 

where k is the iteration number. 

On the other hand, the resulting optimal solution 

may be unbalanced.  

Proposition 3. Let 

( ) /a x Ax x . 

It is possible to choose a step h so that the gradient 
projection-based procedure  

1 min( , max( , ), 1,k k
i ix z i n     , 

where 

,( ) 1,k k k
i ij j

j

z a a y i n y , 

T
( ( ) ) / kk k kh a  y x x E A I x , 

will weakly converge to the conditional optimum 

min ( )a
 x

x . 

This proposition is proved in the Appendix. 

The process of optimizing the output structure 

generates a sequence of increasing estimates of the 

technological core productivity, accompanied by a 

sequence of positive output increments for some sec-

tors. At the same time, for some sectors, positive out-

put increments do not lead higher productivity esti-

mates. The rate of convergence depends on the step h : 

initially, the rate grows as the step increases; then, it 

starts decreasing.  

The resulting solution is balanced but not equilib-

rium. 

Note that the specific cost coefficients are meas-

ured at the previous stage of the production cycle. 

Hence, the problem of balancing the price proportions 

in the nonequilibrium mode can be written as 
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,

1
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( ) , 1,...,

r

n
c

i ji j

j

i

r

p t r a p t

p t i n







 

     


P

 

     (11) 

where )1(/)()(  tPtPtp iii  is the price index of prod-

uct i. 
In practice, this approach requires stage-by-stage 

implementation. For each stage, an additional con-

straint should be introduced on the deviation from the 

existing structure. This constraint should agree with 

the admissible rate of socio-economic processes.  

The initial information on the structural balancing 

problem is formed by analyzing economic statistics. In 

several situations (e.g., regional or sectoral planning, 

scenario forecasting), there are no standard methods 

for collecting and processing data. In the case of such 

difficulties, statistical data can be combined with ex-

pert assessments of the cost structure per unit of out-

put. 

Let the solution of the balancing problem (11) be 

used to tune the specific cost coefficients. In this case, 

the repeated solution will give price indices in the 

range [ ,  ]; moreover, the closer the solution is to 

the equilibrium state, the smaller increments the 

growth coefficient r will have. When recalculating the 

specific cost coefficients, the sectors with small mar-

ginal prices may receive the corresponding incre-

ments. In addition, the updated direct cost coefficients 

can be used in the output balancing problem (2), (3). 

5.  THE INDICATIVE PLAN-FORECAST OF ECONOMIC 

DEVELOPMENT IN OUTPUT INDICATORS 

As a rule, it is impossible to implement a change in 

the output structure per saltum, making all outputs 

equilibrium. To determine the most rational plan for 

sectoral development, consider the problem statement 

,
max ,



V

 

1

( ) ( ),
n

i ij j

j

V t a V t


   

( 1) ( ) ( 1), 1,..., .i i iV t V t V t i n       

It includes a technological constraint on the outputs 

and an output growth condition at the rate θ per one 

planning stage. 

We introduce the following notations: D  is a di-

agonal matrix with the diagonal elements nVVV ,.., 21 ; 

C  is a diagonal matrix with the diagonal elements 

1 21/ , 1/ ,..., 1/ nV V V . 

Varying outputs lead to changes in the specific cost 

estimates aij. To fix the results iV  of the previous 

stage, we recalculate the direct cost coefficients:  

/ij ij i ja a V V   or A DAC . 

The following result was established in the paper 

[7]; see Proposition 1 therein.   

Proposition 4. If all 0, 1,..,iV i n  , then the 

transformed matrix with the coefficients jiijij VVaa /  

has the same eigenvalues as the matrix A, and its ei-
genvector equals the original one up to the defor-
mation D . 

The latter transformation does not affect the spec-

trum of the direct cost (technological) matrix A, and 

its eigenvectors are preserved within the deformation 

D . Repeating the described procedures (finding the 

optimal solution and recalculating the direct cost ma-

trix) stage-by-stage, we obtain an indicative multistage 

plan-forecast of the joint development of different sec-

tors in the technological core of the economy. 

The indicative planning procedure involves abso-

lute and relative outputs. At stage 1, we use the abso-

lute output vector 0V  for passing to the relative out-

puts 1v  by transforming the technological matrix: 

0 00 A D AC , where 0 0diag( )D V  and 0 0 1
.( ) C D  

Then we obtain the relative output vector kv  by 

solving the problem 

max ,

,

1, 2

i

kk k k

k , k ...

 
  
     

v

v A v

I v I

                (12) 

where -1 -1 -1k k k kA D A C , diag( )ii D v , and 
1( )ii C D . 

The relative output vector kv  (the solution of 

problem (12)) at stage k is called a local equilibrium 

under the technological output constraint and the rela-

tion output growth condition with the rate θ, θ 1 , per 

one planning stage. (Recall that I denotes a unit vector 

of an appropriate dimension.) If the problems have a 

solution at stage 1k  , the indicative outputs in abso-

lute terms will be 
1

0diag( )k j

j k

V v V . 

The following result was established in the paper 

[7]; see Proposition 3 therein.  

Proposition 5. The sequence kV  tends to the ei-
genvector of the technological matrix A, and the esti-
mate k  tends to the eigenvalue of this matrix. 
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Remark. When transforming the technological 

matrix A by the deformation diag( *)D v , after 

reaching the output vector *v , further planning be-

comes trivial: cv I , where c  . In other 

words, the output structure will no longer change after 

reaching the technological equilibrium. 

6. THE COMBINED PLAN-FORECAST OF ECONOMIC 

DEVELOPMENT IN OUTPUT AND PRICE INDICATORS 

An isolated indicative change in the prices and 

outputs is of little practical importance: in reality, the-

se parameters vary simultaneously. Equilibrium out-

puts are unstable under fixed non-equilibrium prices, 

like equilibrium prices under fixed outputs. A concert-

ed equilibrium pair of the prices and outputs is stable: 

in this case, the profitability r and the reproduction 

indices γ have the same values for all sectors, leading 

to the sustainable development of the economic sys-

tem in the long run. However, at the initial stages of 

eliminating the disproportions, the sectoral indicators 

change very unevenly. 

Consider the process of calculating the indicative 

dynamics of output and price indicators leading to a 

joint equilibrium of the output and prices.  

The transformation procedures 

-1 -1 -1k k k kA D A C  

for the matrices A and A
Т
 and the solution procedures 

for problems (10), (11) are performed sequentially 

under a given upper bound 1   for the profitability 

r  and the reproduction index  . Note that: 

diag( )ii D v  and 1( )ii C D  

in the output problem;  

diag( )ii D p  and 1( )ii C D  

in the price problem. 

At stage k, the intermediate cost deflator for the 

price index vector p  is calculated as 

, ,

/ .k k k
ij i ij

i j i j

d a p a   

At stage k, the intermediate cost index for the out-

put index vector v  is calculated as 

, ,

/k k k
ij j ij

i j i j

w a v a  . 

The productivity π of the economic system (the 

value added divided by the intermediate costs) has the 

simple relation 

π = γ – 1 

to the output reproduction coefficient γ; for details, see 

the paper [7]. 

The same relation holds for the profitability r:  

π = r – 1. 

Due to Proposition 1, both values coincide in the 

equilibrium mode. 

7. INDICATIVE PLANNING OF OUTPUT PROPORTIONS 

In calculations, the values iV  are interpreted as 

proportions of the volume of transport services; under 

the assumed nondecrease property, the constraints im-

posed on them have the form 

( ) 1, 1,..., .iV t i n   

The equilibrium output proportions may signifi-

cantly differ from the existing ones. Therefore, we 

solve a series of optimization problems with θ close to 
unity (θ = 1.2). In other words, the proportions can 

grow at most by 20%. Consider the statistical data on 

Russia’s multisector economy [8]: the supply and use 

tables for 2019. For these data, the curves of indicative 

dynamics of 61 output indices were obtained under 

fixed prices. In several stages, the curves lead to a bal-

anced price structure. We present a few curves below 

for demonstration purposes. (These are the first dozen 

of non-constant curves in succession.)  

 

 

 
Fig. 1. Indicative dynamics of output indices with an upper bound of 

1.2 for different sectors:  
      Products of forestry, logging and related services;  

      Products of textiles, clothing, and leather;  

      Paper and paper products;  
      Printing and recording services;   

      Basic pharmaceutical products and pharmaceutical preparations;   

      Rubber and plastic products;   
      Other non-metallic mineral products;   

      Electrical equipment;   

      Machinery and equipment n.e.c.;   

      Repair and installation services of machinery and equipment. 
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The indicative productivity dynamics are shown 

below. Figure 2 shows the productivity graph when 

repeatedly solving problem (7) for Russia’s economy 
data. (The upper bound of the price indices is 1.2, and 

productivity is measured in percent.)  

 

 

 
Fig. 2. Productivity under repeated output balancing. 

 

This graph gives an idea of how far the initial state 

of the economy (the solution at stage 1) is from the 

equilibrium state (the asymptote for the repeated solu-

tion). In addition, the slope of the curve can be used to 

judge the sustainability of the economy. The closer the 

economic structure is to the equilibrium state, the 

higher its tolerance will be to price changes. Accord-

ing to Figs. 1 and 2, the closer the price structure is to 

the balanced one, the less the prices and productivity 

index will change in one stage.  

Note that the output indices are stabilized at the 

upper bound of 1.2. This result qualitatively differs 

from the calculations [7] for 2016, where the output 

indices were stabilized at a level of 1. The reason lies 

in the nonunique equilibrium state and changes in the 

optimization algorithm. In the latter (second) case, the 

minimum index value was chosen. Due to the non-

uniqueness of the optimal solution, both algorithms 

yield the same optimal value of the objective function. 

However, the index values of the second algorithm are 

preferable from the implementation point of view. 

Moreover, in the first case, the productivity index dy-

namics reach the target at a lower level (112% vs. 

153%). This can be explained as follows: the problem 

dimension (the number of activities) was 95 (the se-

cond case) vs. 61 (the first case), which obviously re-

duces the choice space of planning. 

8. THE JOINT DEVELOPMENT STRATEGY                       

OF THE TECHNOLOGICAL CORE 

Several constrained optimization problems with 

given admissible ranges of the indices are solved to 

obtain an indicative plan considering the joint change 

in the outputs and prices. If the stage duration is 1 

year, the variation limits of the output indices are cho-

sen depending on the possibility to invest in the stock 

formation in the current planning year. The variation 

limits of the price indices are determined by the allow-

able inflation or deflation requirements. The lower 

limit of the indices is set equal to 1: according to the 

plan, the output and prices for the sectors should not 

decrease. 

Consider an example of joint planning of the out-

puts and prices. Below we present the calculation re-

sults for 10 products according to the All-Russian 

Classification of Products by Economic Activities 

(OKPD) with index values differing from 1. 

For the data [8] on Russia’s multisector economy, 

we applied the method described above to obtain in-

dicative dynamics curves for 60 output indices and 60 

price indices. These curves lead to a balanced structure 

in several stages, which agrees with the highway prop-

erty of optimization models of economic dynamics 

[9]. The standard software package for mathematical 

programming problems [10–13] gives similar results. 

The plan was calculated under the interval constraint 

[1, 1.2] for the output indices (Fig. 3) and the price 

indices (Fig. 4). For demonstration purposes, only the 

first dozen of non-constant curves in succession is 

provided for each group of indices. 

 

 

 
Fig. 3. Dynamics of output indices on range [1, 1. 2] for different sec-

tors:  

      Products of forestry, logging and related services;  

      Products of textiles, clothing, and leather;  
      Paper and paper products;  

      Printing and recording services;   

      Basic pharmaceutical products and pharmaceutical preparations;   
      Rubber and plastic products;   

      Other non-metallic mineral products;   

      Electrical equipment;   
      Machinery and equipment n.e.c.;   

      Repair and installation services of machinery and equipment. 
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Fig. 4. Dynamics of price indices on range [1, 1.2] for different sectors:  

      Products of forestry, logging and related services;  
      Products of textiles, clothing, and leather;  

      Paper and paper products;  

      Printing and recording services;   
      Basic pharmaceutical products and pharmaceutical preparations;   

      Rubber and plastic products;   

      Other non-metallic mineral products;   
      Electrical equipment;   

      Machinery and equipment n.e.c.;   

      Repair and installation services of machinery and equipment. 

 

According to the figures, the prices rose in the sec-

tors with nonincreasing output plans. In other words, 

market pricing holds considering the allowable infla-

tion. 

Figure 5 shows the productivity curve when solv-

ing the stage-by-stage planning problem for Russia’s 
economy data. (Productivity was measured in per-

cent.)  

 

 

 
Fig. 5. Productivity under multistage output and price balancing.  

 

The graph gives an idea of how far the initial state 

of the economy (the solution at the initial step was 

90%) from the equilibrium state (the asymptote for the 

repeated solution is close to 190%). In addition, the 

slope of the curve can be used to judge the sustainabil-

ity of the economy.  

This graph gives an idea of how far the initial state 

of the economy (the solution at the initial stage, 90%) 

is from the equilibrium state (the asymptote for the 

repeated solution, close to 190%). In addition, the 

slope of the curve can be used to judge the sustainabil-

ity of the economy. 

According to Fig. 5, the closer the price structure is 

to the equilibrium state, the higher tolerance the econ-

omy will have to price changes. Also, see Fig. 5, the 

first few stages of the indicative plan are the most ef-

fective. Let us compare these results with the produc-

tivity dynamics for the isolated output changes 

(Fig. 2). Obviously, the marginal level of productivity 

is higher in the case of joint changes in the prices and 

output. This can be explained as follows: the marginal 

level of productivity under output variations only cor-

responds to the optimum on the smaller-dimension 

admissible set of the parameter space; a larger value of 

the optimum is obtained when passing to the addition-

al variation of prices. 

Price changes cause inflation. Figure 6 shows the 

deflator dynamics for the entire list of products and 

services. 

 

 

 
Fig. 6. The deflator under multistage output and price balancing.   

 

The price growth constraint in the initial stages can 

be toughened to reduce the deflator peak. As a result, 

the growth of productivity at these stages will de-

crease. 

 

CONCLUSIONS 

This paper has considered analysis methods for 

control mechanisms of developing systems in crisis 

situations. Methods for assessing productivity indica-

tors in natural and value terms have been developed 

within the economic system operation model in the 

autonomous mode. The procedure for calculating the 
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indicative dynamics of price and output proportions in 

the autonomous mode has been described. An illustra-

tive example has been given: calculation results for the 

structure of Russia’s intersectoral balance. 

Despite the existing high potential for development, 

Russia’s economy faces crisis phenomena. These factors 

cause the incomplete realization of the potential of its 

technological core [5]. The results of this paper demon-

strate the possibilities of increasing the efficiency of the 

economy through the systematic structural modification 

of the technological core. Proceeding from the Rosstat 

data, the possible growth of productivity of the economy 

can be exceeded more than 2 times. Such possibilities 

should be implemented by elaborating strategic econom-

ic development plans. Along with choosing priority di-

rections of development of the technological core, it is 

necessary to apply adequate forecasting methods for 

multisectoral dynamics considering the main aspects of 

economic activity: asset formation, accumulation, final 

consumption of the state and households, and export-

import flows [14, 15]. New-level planning also involves 

appropriate organizational and institutional mechanisms 

[16].  

Unlike a directive plan, an indicative plan is non-

binding. If any sectors deviate from the plan, it will be 

recalculated to reflect the changed circumstances. The 

new plan and estimates of under-received benefits are 

reported to economic agents. Within fixed technologi-

cal outputs, the stage of controlled (indicative plan-

based) restructuring takes a limited time. The addi-

tional funding for asset formation and wages can be 

provided either by the sectors’ own value added or by 

redistributing the funds between different sectors. In 

the latter case, the restructuring period may be shorter. 

The strategic plan is considered fulfilled after the re-

structuring period. However, the emergence of new 

technologies and refined data, as well as the adjust-

ment of structural constraints on the outputs and pric-

es, may require elaborating a new strategic plan. 

Therefore, the indicative plan should be corrected on a 

regular basis.  

Adequate assessments of the socio-economic state 

of national and global systems and the consequences 

of control impacts are required at the strategic decision 

level (the state and interstate affairs). The following 

elements should be assessed:  

– the imbalance of the national economy,  

– the current and potential state of intersectoral inter-

action,  

– strategic decision-making under instability, 

– structural innovation planning. 

The results above illustrate the specifics of the 

proposed methodology with relevant calculation and 

analysis tools. This class of problems has several pe-

culiarities. Here, high-dimensional models are of real 

interest. (The analysis may cover hundreds of econom-

ic activities.) Besides, the practical application of 

technological core models requires effective algo-

rithms for solving mathematical programming prob-

lems [10, 12, 17] and linguistic calculation manage-

ment means, particularly their integration into the 

working environment [11, 13]. Free access is needed 

to actual verified data and modern information tech-

nology, including an appropriate computing environ-

ment and interface devices. The paper [18] described 

the application of a similar open-access toolkit 

(Thread Pool Executor of Akka) for the processing of 

high-dimensional problems. 

APPENDIX  

P r o o f of Proposition 1. 

Indeed, the maximum values of the criteria   and r are 

the eigenvalues of the matrices A and A
Т
, respectively. Let 

V and P  be the solutions of problems (2) and (8) with con-

straints (3) and (9), respectively. Since these constraints are 

homogeneous, the solutions under consideration are deter-

mined within the multiplier and, hence, are ambiguous. 

The characteristic polynomials for both matrices coin-

cide: 

11 22

12 21 33 13 31 22

( ) (1 )(1 )...(1 )

(1 )... (1 ) ...,

nnL a a a

a a a a a a

        
     

 

11 22

12 21 33 13 31 22

( ) (1 )(1 )...(1 )

(1 )... (1 ) ...,

nnL r ra ra ra

a a ra a a ra

    
   

 

where γ is the eigenvalue of the matrix A and r is the eigen-

value of the matrix A
Т. ♦ 

P r o o f of Proposition 2. 

Indeed, consider the transformation  /y Ax x . We 

decompose the vector x with respect to the eigenvectors 

, 1,..,i i ns , of the matrix A corresponding to the eigen-

values i : 

1

.
n

i
i

i

b


x s  

Then 

1 1

n n
i i

i i i
i i

b b
 

   Ax As s  

and 

1

1

/

n
i

i i
i

n
i

i
i

b

b











s

Ax x

s

. 

By assumption, the matrix spectrum satisfies the condi-

tion 1, 1,...,i i n   . Hence, this transformation is a con-

traction, and 
1s  is a fixed attraction point of this transfor-

mation. 

If the initial approximation has nonnegative compo-

nents, all subsequent iterations will give the same result as 

the obtained eigenvector. The eigenvectors 
is  correspond-
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ing to the other eigenvalues , 1i i  , contain negative 

components because they are orthogonal to 
1s . Therefore, 

due to the nonnegativity of the matrix A, 

1 1

1  / / , 1i i
i i     As s As s . 

Thus, deviations from the equilibrium vector 
1s  will de-

crease the estimate /Ax x  for 
1x s ; due to the contrac-

tion property of the operator, this estimate will increase at 

the subsequent iterations. Therefore, the iterative process 

will converge to the vector 
1s  and the value 

1 . ♦ 

P r o o f of Proposition 3.  

Indeed, the gradient of ( )a x  has the form 

T
( ) ( ( )I ) /k k k

xa a   x x A I x , 

kz  is the projection of the point ky  on the technological 

constraint  
k kay Ay , 

and 
1k x  is the projection of the point 

kz  on the constraint 

, 1,..., .ix i n      

Since ( ) 0k
xa x , the projection operators are mono-

tonic, and there exists a step 0h   such that the sequence 

( )ka x  will monotonically decrease. Moreover, because the 

admissible domain is a compact set, the limit point ( *)a x  

will be bounded and represent a constrained optimum. ♦ 
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