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nalysis and Design of Control Systems

CONSTRUCTIVE D-PARTITION FOR TWO PARAMETERS
ENTERING A POLYNOMIAL LINEARLY. PART II:
Approximation of Stability Regions and Robustness Analysis

A. A. Tremba

Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, Moscow, Russia
Moscow Institute of Physics and Technology, Dolgoprudny, Russia

>4 atremba@ipu.ru

Abstract. For a polynomial linearly dependent on two parameters, several methods are proposed
to approximate its stability region with respect to a given root localization region (also called a
root clustering set in the literature). The first method is to apply a sufficiently uniform grid to the
stability region boundary that ensures its complete coverage with a given accuracy. The second
(semi-grid) method yields an internal approximation of the stability region using line segments or
curve arcs bounded by the stability region. The third method is to cover the stability region
boundary with simple sets (cells) in order to obtain piecewise linear internal and external approx-
imations of the stability region. All methods are based on the constructive D-partition (construc-
tive D-decomposition) method, which describes the stability region boundary as a set of line seg-
ments and rational curve arcs. The exact stability radius and its simple estimate are derived in the
parameter plane. Implementation of all methods and algorithms is reduced to finding the real
roots of polynomials.

Keywords: constructive D-partition, rational curves, approximation of the stability region, sufficiently uni-
form grid, grid methods, semi-grid methods, support function, stability radius.

and Schur polynomials corresponding to stable (in the

INTRODUCTION

classical sense) continuous- and discrete-time systems.

We analyze the location of the roots of a polyno- The problem of finding the stability region arises in
mial of degree n with two parameters entering it line- the controller design of linear control systems in the
arly: case when two controller parameters enter the charac-

G(s, ki, k, ) = klP(s) +k2Q(s) + R(s)' (1) teristic polynomial of degree n linearly, or in the sta-

bility analysis of dynamics systems depending on two
For a given root localization region D — C, it is nec-

essary to determine a set, called the stability region, on
the parameter plane (;, k, ), each point of which cor-

responds to a stable polynomial:
D, ={(k, k,) :all n roots 2
of G(s, ky, k,) lie in D}.

Recall that the stability (D-stability') of roots and a
polynomial is defined relative to a given root localiza-
tion region D and generalizes the concept of Hurwitz

! There exists the concept of D-stable matrices with a significantly
different meaning [1].

parameters (or one parameter, see subsection 2.1).

By selecting a root localization region D, it is pos-
sible to ensure a desired stability degree or damping
ratio of a closed-loop system, etc. [2—4]. By assump-
tion, D is a regular open set. In this case, the stability
region is also an open set.

This paper is the second part of the study [5],
where the constructive D-partition was proposed, i.e.,
a description of the stability region boundary using the
D-partition of the parameter plane. Recall the idea of
this method; for details, see [6—10].

The first set is defined by a mapping of the bound-
ary 0D of the root localization region onto the param-
eter plane using the main equation

2
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Kbnd:{(klﬂkz):G(sa kla kz)ZO(C,SEaD}. (3)

The second set is defined by the degree drop condition
for the coefficient at s" :

Kdeg z{(kl’ k2) :Gn (k17 k2):O(C}‘ (4)

The sets (3) and (4) define a D-partition, i.e., a divi-
sion of the parameter plane into simply connected re-
gions, some forming the stability region. In each D-
partition region, the number of stable roots remains the
same when continuously varying the parameters with-
in this region, provided that the coefficients of the
polynomial depend continuously on the parameters.
The equation in formula (3) defines the marginal case
in which at least one of the polynomial roots lies on
the boundary 0D .

Let us present several properties of the D-partition
for the polynomial (1), together with the results from
part I of the study [5].

First, the set K, , consists of the so-called main

curve and a set of (straight) lines, called singular lines,
defined by the equations

ak +bk,+c, =0, i=1,..., M, (5
and K, is a singular line (possibly an empty set)
defined by the equation

Pk +0,k, +R, =0.
The stability region boundary belongs to the union of
these sets:

oD, cK,,, VK,

eg *

Second, if the boundary I'=0D of a root localiza-
tion region consists of a finite set of rational curve
arcs,

qucré, I, ={s6(w)e(C:weWé},
f=1,..,L,

then the main equation in (3) is equivalent to L sys-
tems of two polynomial equations with some polyno-

mials Pm(w), P, (w), Q(’l(w), 05 (w), R(’l(w),
and R,,(w), depending on the initial polynomials

P, O, R and the rational functions s, (w):
kP, (W) +k,0, (w) +R,, (w) =0
0

kP, (w)+ ky O, , (W)+R,,(w)=
weW,, £=1,..., L.

The solution of each system is a rational curve
(main curve) of the form

1
- WC(W)(R[’Z (W) Qi (w)

—Ri (w) Ors (W))’

1
e GG LA

“Rey(w) Py (W))

weW,,

ke (w)

kc’2 (w)

and a set of singular lines of the form (5) correspond-
ing, for each (=1, ..., L, to such real roots (critical

frequencies) of the equation
detT; (w) =P, (w) Q2 (W)
—0y (W)Pc,z (w)=0, weW,,

for which system (6) has a solution. Hereinafter, the
subscript ¢ will be occasionally omitted for brevity.

Third, it has been proven that for a localized D-
partition (bounded to a compact set K ), the above
rational curves are defined (or redefined) on closed
intervals (segments), and singular lines become seg-
ments. Moreover, if the boundary of K consists of a
finite set of rational curve arcs, the D-partition will
also consist of a finite number of rational curve arcs
and segments. The constructive D-partition method
proposed allows determining the parameterization in-
tervals of these rational curve arcs and segments as
sections of singular lines by finding the real roots of
polynomials.

In particular, the boundary of the stability region
(2) within the set K consists of a finite set of rational
functions of the form (7) and segments. It is conven-
ient to represent the segments in parametric form as

k(t): td+p’ te[tlﬁtz]s psdeRza dioa

where the vectors d =(-b, a)T and

p= _(azticbz > :sz are obtained from the equa-
tions of the lines (5); hereinafter, the subscripts are
omitted for brevity.

The parameter and intersection point of the line
initially defined as k(r)=td+p,te (—oo, +00), and

the line (5) are given by

o __ctap, +bp, =_c+(a, b)p
ad, +bd, (a, b)d ~
3
K erdspe SH@ D,
(a, b)d

CONTROL SCIENCES No. 1 e 2026
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We emphasize one feature of constructing a local-
ized D-partition. The rational curve arcs of the bound-
aries of the stability region (7) are defined on closed
intervals, but there may exist an infinite interval, e.g.,

(-0, +00) or [w;, +o). The domain is reduced to a

finite closed interval by an appropriate change of the
parameter, see subsection 1.2.

The Intersection of Main Curves, Lines, and
Localized D-Partition

Recall some results concerning the intersection of
rational curves and lines. In particular, the intersection
of the singular lines (5) and the main curve (7) of the
D-partition is given by the equations

a; (Rz (w)Q (w) =R (w)Q, (W))
+b, (R1 (W)P2 (w) -R, (W)P1 (w))

+¢, (B (w)Q, (w) -0 (w) P, (w)) =0,
i=0,..,K.

)

Here, the subscript 0 corresponds to the singular

line K, . The equations are polynomial with respect

to w, and their real roots w,, m=1,..., can be calcu-

lated explicitly. These roots, together with the critical
frequencies w;, split the interval W into segments

and intervals corresponding to the simple continuous
parts of the D-partition boundaries, the arcs of the
main curve. In fact, these arcs form the curved part of
the D-partition. The intersection points themselves are
determined from equation (7 as

k(w )=(kl(w ), k, (wm)). Together with the limit

m m

points lim k(w) (if any), they divide the main curve
WwoW,

m

into arcs and, moreover, singular lines into segments
or infinite intervals (rays). In the case of a localized D-
partition, there are no infinite intervals. Similarly, one
can find the self-intersection and intersection points of
several main curves; see part I of the study [5].

It is convenient to perform a localized D-partition

in a rectangle K =[l§1, la]x [lgz, 1;2}, whose bounda-

ries are vertical and horizontal segments. For these
segments, equation (9) gets simplified since it suffices
to consider each component of the rational curve (7)
separately:

R, (w)Q, (w) =Ry (w)0, (w)
=x(R(W)Q: (W)= (w)B(w).  (10)
-

x=ki, k;,

R (w)P,(w)=R,(w) B (w)
=y(R(W)&(w)-Q(w)B(w)). (D
y=k,, Ez-

Having solved each of these equations, one should
check that the second coordinate is within the desired
interval (i.e., the main curve intersects a rectangle’s
side). For example, if the roots of equation
(10) are w,,, then only those are selected for which

ky (w,,) € [lgz , Ez] , and vice versa.

In what follows, based on the constructive descrip-
tion of the stability region boundary, we propose sev-
eral approximations for the stability region boundary
or the region itself. In addition, the method proposed is
applied to perform stability region analysis (subsection
4.3) and robust analysis (subsection 4.4). The resulting
parameterization of the stability region boundary can
be used for subsequent optimization within the stabil-
ity region and other problems related to the analysis
and design of controllers with performance character-
istics determined by the root localization region.

1. POINTWISE APPROXIMATION OF
THE D-PARTITION BOUNDARY

Consider a localized D-partition on a bounded set
K, e.g., on a rectangle [lgl, lgl]x[l_cz, 1;2]. After ap-

plying the constructive D-partition algorithm (8), (10),
(11), it is possible to determine the intersection of the
singular lines (5) and main curves (7) of the D-
partition with the boundaries of the set K . The result-
ing stability region D, will be bounded by a finite

number of segments k,(z) and main curve arcs
ko (w):
oD, =, k, (1)U, k,(w).

m-"m

According to Lemmas 1 and 4 from part I of the
study [5], each of the boundary parts k,, (¢), k,(w) is

parameterized by a segment W, =[Wmawg,z] or a

closed infinite interval. Moreover, by Theorem 1 [5], it
is possible to replace an infinite parameterization in-
terval with a segment (or segments). This replacement,
in the context of curve approximation, will be consid-
ered separately in subsection 1.2.

The problem is to select a finite set of points
(nodes) forming a grid K, ={k,, r=1,..} on these

curves and segments in order to approximate the sta-
bility region boundary with a given fineness p>0.

CONTROL SCIENCES No.1 e 2026
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The grid fineness relative to a set is defined by the
Hausdorff distance between the set of nodes and the
given set (in the case under consideration, the stability
region boundary). Let us select the nodes lying on the
boundary: k, € 0D, . They satisfy the condition

disty, (K 6Dn):maxmin||k—kr|| <p. (12)

grid? kedD,

Thus, an appropriate grid is built if and only if cir-
cles of radius p, centered at k,, cover the boundary.
Such an approximation and the corresponding grid
will be called sufficiently uniform.

The boundary is easily approximated for each of its
arcs separately, by explicitly adding nodes at the junc-
tion points of the boundary arcs. For the segments

k,(t)=td, +p,, te [tm’l, tm,Z] , We propose an ob-

vious uniform approximation with N intervals, in-
cluding both endpoints of the segment:

k,, =t

m,1

13
6 — tm,Z - tm,l N — tm,2 - tm,l ( )
s 2p .

+r8)d, +p,, r=0,1,...,N,

The distance between two nodes does not exceed
2p. This grid is optimal among all grids containing
endpoints, in the sense of its uniformity and a mini-
mum number of nodes.

The situation is more complicated for boundary

arcs k,(w) defined on closed intervals. Recall that on
these intervals, the function k,(w) is continuous.

Consider one arc, k(w), weW, omitting the sub-

script.

Formally, a smooth curve arc can be uniformly ap-
proximated, with any given accuracy, by the so-called
natural parameterization of a curve arc using the curve
length function from the point k(wl) in the direction
of increasing the parameter value. The length function
can be defined by the “speed” of a point along the

curve, v(w) =K' (w)]| = (ki (w) + K (w)’ , which will

be called the parametric speed (or simply the speed).
The length function is given by

Ay, (w)= Iv(r)dt, w=w,

w

and (14)

A, (w)= —jv(r)dt, w<w .

For a monotonic function k(w), w=w,, the in-
verse function w(A) is built. Then, the segment
[0, 7»(w2 )] is evenly split by the numbers A, into
segments of a maximum length of 2p, similar to for-
mula (13). The resulting set k, =k(w(2,)) divides

the curve k(w), weW, into arcs of equal length,
each no longer than 2p. Due to the continuity of the

curve and the triangle rule, the distance from each arc
point to one of the neighboring nodes, including the

endpoints k(w;) and k(w, ), does not exceed p. Un-
fortunately, the integral (and then the inverse function)
cannot usually be calculated in analytic form since the
speed vector components k, (w), k,(w) are defined by

rational functions.

1.1. Algorithms for Building a Sufficiently Uniform Grid

We propose two algorithms with an upper estimate
of the speed on subintervals and sequential addition of
grid nodes. A feature of the algorithms is non-uniform
speed estimation for more efficient use of grid nodes.
The resulting grid satisfying condition (12) will be
sufficiently uniform; in the first algorithm, the nodes
on the curve will be located regularly (with respect to
w).

Let us calculate the set of points containing the ex-
tremum values of the speed within the segment W,

using the necessary optimality condition:

Arg extrwewfv(w)
€ Arg e)ctrwew,/\/(w)2 e{w: (v(w)2 )I =0} (15

= {wikgy (w)ky, (w)+ K, (w)ki 5 (w) =0}

According to the last expression, due to the rationality
of the functions, stationary points are found by calcu-
lating the roots of the corresponding polynomial. De-

noting by {ws} the set of stationary points, we define
a function v, (wa , Wb) returning the maximum value
of the speed on an arbitrary segment [wa , wb] eWw,,
w, <w,:
Viax (Was Wy, ) = max{v(wa), v(w,),
max{v(wx ):w, e(w,,w, )}}

(16)

Formula (16) employs Fermat’s theorem, i.e., the
fact that on a segment (closed interval), the maximum
value of a continuous differentiable function is
achieved either at the ends of or within this segment.

CONTROL SCIENCES No. 1 e 2026
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For inner maximum points, the necessary optimality
condition holds, which is valid for the points from the

set {w,}. The function v, (w,, w,) can be calculat-
ed more easily by considering, among the stationary
points, only those of (local) maximum defined by the
second-order optimality condition v"(w,)<0. If the
second derivative is equal to zero, it is necessary to
analyze higher-order derivatives or treat such points as

candidates.
Thus, according to formula (14), on the segment

[w,, w,], the length of the curve from the endpoint
k,(w,) to the intermediate point k,(w) is estimated

as
M (W) Ve (W Wy ) -(w=w, ), we[w,, w,].(17)

A similar estimate is valid for the curve length in
the opposite direction, from w, to w. Based on these
estimates and the triangle rule, for each half of the
curve before and after w, =(w, +w,)/2, the curve

lengths satisfy the following upper and lower bounds:

”k( (w,)—k, (w)" <A, (w)< A, (w,)

w, —w
<V b a

- max(

”kc (w,)—k, (w)" <A, (w)< A, (w,)
W, =W,
2

wa,wb)~ , we[wa,wc],

Svmax(wa,wb)- ,we[wc, Wb].
Therefore, one arrives at the sufficient criterion: if
Vinax (Was Wy )- (W, —w, ) <2p, then the arc of the

curve k,(w), we[wa, Wh], lies in the union of two

circles of radius p with centers at k(w, ) and k(wb) .
We propose the following iterative algorithm for

finding a sufficiently uniform grid K, that covers the

arc of the curve k, (w), weW,, using the function

Vinax (W,» W, ) 0N subintervals.

Algorithm 1. A sufficiently uniform grid for a
rational curve arc.

Input: a rational curve k,(w), weW, =[w, w,],

whose denominator does not vanish on the interval
W,, and a fineness parameter p>0.

1. Compute the stationary points {WS} for the

speed by formula (15) (or the local maximum points)

belonging to W, , and determine the upper bound func-
tion v, (W,, W, ).

2. Set the initial list of nodes as a list of two nodes
{k(w, ), k(w, )} . Set the initial list of intervals as a list

containing one element, i.c., the interval [w;, w,].

3. If the list of intervals is empty, terminate the al-
gorithm and return the list of nodes. Otherwise, select
any interval (e.g., the first or leftmost one), and desig-

nate it as [w,, w, |; remove this interval from the list.

4. IF Vo (W w, ) (W, —w, ) < 2p, go to Step 3.

5. Split the interval [w,, w,] in half at the point
w, =(w, +w,)/2e(w,,w,); add k(w,) to the list of
nodes, and add the intervals [w,, w,| and [w,, w,] to
the list of intervals; get back to Step 3.

Output: a set of parameters from the interval
[wi, w,] and the corresponding set of nodes (a suffi-
ciently uniform grid).

Algorithm 1 is finite, as the parametric speed is
bounded above on the entire interval W, ; see the esti-
mate (18) below. By construction, the grid obtained
using Algorithm 1 covers the curve with circles of ra-
dius p and, moreover, divides the curve into arcs of a
maximum length of 2p. Algorithm 1 can be trivially
generalized to any curves with a speed estimate of the
form V(w) Zv(w). In addition, the algorithm is effec-
tively implemented if this speed estimate is a polyno-
mial or other function with simple or precomputed
extrema (maxima). Figure 1 shows the parametric
speed and a sufficiently uniform grid for the arc of the
stability region boundary in Example 1 (see Sec-
tion 5).

In the particular case of using the maximum speed
V(W) =Vpax (W, wy ) =const as the upper estimate,
Algorithm 1 outputs a uniform (binary) grid of the
form

k,=k(w,), w,=w +r38,, 52:W22;4W1’
M:max{(), lrlogz Vmax(Wth)(Wz_Wl)—|_1}’(18)
p
r=0,..,2"

In terms of the number of nodes, the uniform bina-
ry grid is generally worse than (but at most twice as
bad as) the uniform grid based on the maximum speed

6
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v(w)
0.5
0.4

— Parametric speed v(w)
® Nodes

0.3

0.2

0.1

0.0

+

00 01 02 03 04 05 06 07w

(a)

e Sufficiently uniform grid
0.150 { === p-neighborhoods

-0.10 -0.05 0.00 005 0.10 0.15 ky

(b)

Fig. 1. (a) The parametric speed for the curved part of the stability region boundary in Example 1 and (b) the sufficiently uniform grid obtained by

Algorithm 1, together with the set of covering circles.

estimate v, (W, w, ), built similarly to formula (13)
as
w,=w, +rd, r=0,1,...,N, SZM,
N
N = Vmax (Wl’ WZ)(WZ _Wl) )
2p

(19)

In Algorithm 1, the distance between the grid
nodes k, =k(w,) is adapted to the maximum speed in
each subinterval, and this algorithm has higher effi-
ciency in practice (significantly fewer nodes compared
to the uniform grid (19)). The reason consists in that
the speed function is related to rational functions,
therefore being significantly nonuniform (especially at
the edges of the definitional intervals).

Note that the segment is split by taking its middle

point w, = (wa + wb)/ 2, and the intervals yielded by
Algorithm 1 will be multiples of the smallest interval
8, =2""(w,— w,) for the same M. Indeed, the max-

imum speed value is reached on at least one of the
subintervals.

The function v,,,, (w,, w,) in formula (17) is cal-

culated trivially if the interval contains no extrema:

Vinax (W Wy ) = max{v(wa), v(w, )}
if Aw, e(w,, w,).

Using this fact, Algorithm 1 can be simplified by
immediately splitting the interval [wl, wz] by station-
ary points (or maximum points). Then, on each subin-

terval, the maximum speed will be determined exclu-
sively by the speeds at the endpoints of the segment,

and the same applies to the subsequent division into
smaller segments.

Algorithm 2. A sufficiently uniform grid for a
piecewise rational curve arc (the simplified ver-
sion).

Input: a rational curve k,(w), weW, =[w, w,],
whose denominator does not vanish on the interval
W, , and a fineness parameter p>0.

1. Compute the stationary points {w,} for the
speed by formula (15) (or the local maximum points)
belonging to W, ; split the interval [w;, w,] by these

points.
2.Set the initial list of nodes as

{k (w), k(w, )} v {k (w‘Y )} . Set the initial list of inter-
vals obtained by splitting the interval [wl, wz] by the
set {w,}.

3. If the list of intervals is empty, terminate the al-

gorithm and return the list of nodes. Otherwise, select
any interval (e.g., the first or leftmost one), and desig-

nate it as [w,, w, |; remove this interval from the list.
4.1f max{v(wa ), v(w, )} -(w, —w, ) <2p, get back
to Step 3.
5. Split the interval [w,, w,] in half at the point
w, =(w, +w,)/2e(w,,w,); add k(w,) to the list of
nodes, and add the intervals [w,, w,| and [w,, w,] to

the list of intervals; get back to Step 3.
Output: a set of parameters from the interval

[wi, w,] and the corresponding set of nodes (a suffi-

ciently uniform grid). Algorithms 1 and 2 have the
same output.
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Compared to Algorithm 1, Algorithm 2 requires
fewer computations (no need to check the belonging

of the stationary parameters {ws} to the current inter-
val), but the grid turns out to be irregular.

1.2. Infinite Intervals and Reparameterization

Algorithms 1 and 2 are supplemented by the fol-
lowing considerations. First, for a localized D-
partition, the finite (possibly redefined) domain inter-

val of an arc of the rational curve k, (w) (7) within the
set K is always closed; see Lemmas 1-3 in part I of
the study [5]. To apply approximation on infinite in-
tervals with respect to w, a special change of variables
is introduced [11]. Without loss of generality, let a

rational curve k (w) be defined and continuous on
the interval W, =[w, ). We choose an endpoint
w, <w,, 1l.e., some finite value w,=-o, e.g,
w, =w, —1. Since the D-partition is localized, there

exists the limit point k, = lim k, (w) € K ; otherwise,

W—>0
Lemma 3 [5] is valid, and it suffices to consider a fi-
nite interval on which the curve lies inside the set K .
With the change of variable w=w,+1/u,

uelU = (0, 1/(w1 -W, )} C (0, 1], we obtain another

parameterization of the same curve arc

k,(u)=k,(wy+1/u), ueU; the node &k, (0) is

replaced by the same limit point & = lim0 k,, (u) , and
u—>+ ’

the speed value at this point is considered to be zero.
This change allows obtaining a parameterization of the
finite boundary arcs on a finite interval. The case

W, =(—o0, + ) leads to a division into two finite in-
tervals after replacing the parameter.

A similar redefinition of the speed with a zero val-
ue is applied when redefining the rational function at

the endpoint of the interval [w;,...) if w, is a root of

its denominator but the limit point lim k, (w) exists.
w—w

Note that for a nonlocalized D-partition, parts of
the boundary k, (w) may be unbounded due to an un-
bounded or open interval W,, including the cases
where the boundary of the interval W, is zero of the
denominator for one component of k((w). In these
cases, the limit of k (w) does not exist, and an un-

bounded curve cannot be approximated by a finite
number of points with a given accuracy. In such cases,
the rational curve (7) has asymptotes with the ratio

ke (W) tkep (W) =Ry o (w) Oy (W) =Ry (W) Qra (W)
‘R (W) Pa(w)— Ry (w) Py(w)

and a set of points combined with rays can be consid-
ered a set approximating the D-partition. Analysis of
the quality and accuracy of such an approximation is a
separate problem going beyond the scope of this pa-
per.

2. SEMI-GRID METHODS

In addition to the pointwise approximation method
(Section 1), several numerical methods can be pro-
posed for estimating both the boundaries and regions
of a D-partition. They involve two approaches as fol-
lows.

The idea of the first approach is to parameterize
the parameter plane k,, k, using two auxiliary param-

eters and form a discrete grid based on an auxiliary
parameter. Next, it is necessary to take the resulting
set of lines (continuous with respect to the second aux-
iliary parameter, e.g., straight lines or curves) and find
the intersection of the D-partition boundary and this
grid. First, the intersections will provide a pointwise
approximation of the boundary. Second, the stability
intervals determined on these lines (the latter’s parts
falling within the stability region) will provide an in-
ternal approximation of the stability region. The corre-
sponding methods, based on the stratification of the
parameter space, will be called semi-grid ones. The
simplest example is a set of horizontal (or vertical)
lines.

Essentially, the one-dimensional parameterization
(decomposition, slicing, or stratification) of the pa-
rameter plane/space and a grid for this parameteriza-
tion are used. In the case of three or more parameters,
a similar idea is employed to visualize a three-
dimensional D-partition; see subsection 2.5.

The second approach is to divide the parameter
plane into simple cell sets K; and select those inter-

secting the stability region boundary. These sets form
a covering of the stability region boundary, and, there-
fore, the complement to their union contains an inter-
nal approximation of the stability region on the pa-
rameter plane. In this case, an internal approximation
of the stability region is formed on one part of the
boundary of the covering set union, and an external
approximation is formed on the other part (Fig. 3). We
propose more effective checks for the intersection of
the D-partition boundary and the sets K, by selecting

the latter as elements of a regular grid.

8
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Both approaches use the constructive D-partition in
the form of a set of arcs of stability region boundaries
or the one-dimensional D-partition. For the second
approach, the constructive D-partition is necessary not
to “skip” the stability region components lying entirely
in one of the cells.

We will present several semi-grid methods, and
then, in Section 3, several grid methods, preceded by a
description of the one-dimensional D-partition.

2.1. One-Dimensional D-Partition and Its Connection
to Constructive D-Partition

The one-dimensional D-partition refers to a poly-
nomial G(s, t) whose coefficients depend on a scalar

parameter f€R . In this case, the real line of the pa-
rameter is divided, by certain points ¢, into segments
and rays corresponding to the D-partition regions. The
points ¢, defining the boundaries of the one-
dimensional D-partition will be called critical points.
As in the case of two parameters, they are defined by
the main equation

G(s,1)=G,(t)s"+G,_, (t)s" " +...

(20)
+G, (t)s+G0 (t) =0., sel,

and the degree drop condition G, (t)=0. If the

boundary I' of the root localization region is de-
scribed by a piecewise rational curve with respect to
the parameter w, and the polynomial G depends on ¢
polynomially, then the main equation can be reduced
to a system of two polynomial equations with two un-
knowns.

The situation is simplified if the polynomial linear-
ly depends on ¢; then the main equation takes the
form

G(s,t)=tP(s)+R,(s)=0g 21

It can be solved explicitly, assuming the absence of
common roots” of the polynomials P, (s) and R, (s)

on I'. The critical points ¢, splitting the parameter

line into segments (and rays) with a constant number
of stable roots satisfy the equation

R (s(w)

f=—— (22)

B (s(w)

2 Otherwise, the polynomial is obviously unstable since the root on
the boundary does not belong to the open root localization region.
This case is analogous to the case of two parameters with no
common roots for the polynomials P, Q, and R. If we consider
non-open sets D and the common root on the boundary is sup-
posed to be stable, it can be reduced.

In view of the complex-valued right-hand side, we can
eliminate the variable ¢ by solving the equation with
respectto w:

R (s()
B(s(w))

This equation is equivalent to
Im R,( ( ) Re P( )

=ReR,(s(w)) Im B (s(w)), seT, 2

except those points where P (s(w)) =0. Such points
are not the solutions of the original equation (21) since
R,(s(w))#0 at them due to the absence of common

roots. Equation (23) is reduced to a polynomial one
with respect to w for rational functions s(w). Next,
the roots w, found are substituted into equation (22)
to get ¢,. They are supplemented with the root of the

degree drop equation, 7, =R, /F,,, if it is real and

t,n>

P, #0. Finally, for the intervals (¢, t,,,) obtained by

splitting the parameter line division, the number of
stable roots is determined, e.g., by the polynomial’s
roots at the nmidpoints of the intervals,

G(s,(t; +1,,1)/2), and at two points outside the in-

terval [min,z,

if;, max,f; |.

Similar to the two-dimensional D-partition, for a
rational boundary function s(w), one can first reduce
equation (21) to a polynomial dependence on w and
then proceed to the relations (22) and (23). If the
boundary I' of the root localization region consists of
several arcs, equation (21) shall be solved for each arc.

In the general case, for a polynomial linearly de-
pendent on m parameters, the one-dimensional D-
partition allows explicitly finding the intersection of
the stability region and an arbitrary line (or segment)

k(t)=td+p, te[t, 1,], p, deR",

where the boundaries can be either bounded or un-
bounded. In the two-dimensional case, the polynomial
(1) takes the form (21):

G(s,1)=G(s, k (1), ky(1))
= (le(s)+d2Q(s))t + plP(s)+ sz(s)JrR(s).

The critical points #, are the roots of a certain pol-

24)

ynomial according to formula (23). Among them, only
those belonging to the interval [f,1,] are selected.
This method is used to analyze arbitrary lines and
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segments in the parameter space of any dimension,
particularly as an auxiliary method for analyzing im-
plicitly defined sets, i.e., as an oracle determining the
intersection of a line and a stability region [12].

Note that if, for a polynomial depending on two
parameters, the constructive D-partition is used to
characterize the stability region boundaries in the form
of a set of curves and lines, then the intersection of the
stability region and lines in the parameter space can be
easily obtained from the intersection of the D-partition
boundaries and a line. As a result, we get the same
stability segments on the line under consideration as
with the one-dimensional D-partition.

It is difficult to compare the effectiveness of the
two approaches (the intersection with boundary curve
arcs and the one-dimensional D-partition) a priori,
since their complexity depends on the number of arcs
of the stability region boundary and the degrees of the
auxiliary polynomials. One should keep in mind that
the coordinates of the arcs of the stability region
boundary are easily estimated on the plane, see sub-
section 4.3. With the estimated location of the bounda-
ry arcs, the absence of intersection of segments (and
lines) and the D-partition regions can be checked ef-
fectively, e.g., by comparing rectangles containing the
boundary arcs of the D-partition regions. On the other
hand, the one-dimensional D-partition for the polyno-
mial (24), which is linear with respect to the parame-
ter, is implemented by solving equation (21) directly,
without the need to divide the D-partition boundary
into the main curve and singular lines.

2.2, The Semi-Grid Method with Parallel Lines

As mentioned above, it is easiest to apply the
method by fixing one parameter. In the case of two
parameters, the fixed first (second) parameter on the
plane k, k, corresponds to vertical (horizontal, re-
spectively) lines. If a localization region
K=K xK, =[Ig1, E]x[kz, Ez] is defined, it is easi-

est to take a uniform grid, based either on fineness or
on the number of lines N +1; see examples in Figs.
2a and 2b. For instance, vertical lines K, are defined
in explicit and parametric form as

ki =k ; =0, k; =k +ik1 &

0 k; .
_ t+| |, te[01], i=0,...,N.
ky =k, k,

The intersection of the D-partition boundaries is
given by equations (10) and (11) for the main curve
and (8) for lines; alternatively, one can apply the one-
dimensional D-partition of the polynomial (24) with

, i=0,...,N,
(25)

respect to ¢ using the parameterization (25). On each
line, segments are selected for which the polynomial is
stable. The set of such segments on all lines K, corre-
sponding to the stability regions forms an internal ap-
proximation of the stability region.

2.3. The Semi-Grid Method with Rays (Angular Grid)

Consider a point k, on the parameter plane, e.g.,
corresponding to a stable polynomial. We select sev-
eral rays passing through this point and analyze the
intersection of these rays and the D-partition bounda-
ries. For construction purposes, it is more convenient
to use lines (rather than rays) whose inclination angle
relative to the axis is uniformly distributed on a semi-
circle. For example, for N lines, a grid is described
by the equation

. ITm in
(k1 — ks )sm N —(k2 - ko,z) Ccos v 0, 26)
i=0,...,N-1,

. . T
. ) it
or, in the parametric form, k, + t(cosﬁ, sin %j . In

contrast to the case of lines parallel to the coordinate
axes, the intersection points with the boundary arcs of
the stability region shall be found using formulas (8)
and (9). An alternative is to use the one-dimensional
D-partition. If the point &, passed by the lines corre-
sponds to a stable polynomial, then the minimum posi-
tive and negative parameters of the line shall be taken:

max,,, of, <t<min,, ., , whereall 7, correspond

to the intersection points with the main curve and sin-
gular curves. In this case, we find the intersection of
the line and the component of the stability region con-
taining the point k,. An example of an angular grid is
shown in Fig. 2c.

Note that when building a grid by angle, a set of
randomly directed lines can be taken as well, and the
point k, does not necessarily correspond to a stable

polynomial.

2.4. The Semi-Grid Method with Concentric Circles
(Radial Grid)

Finally, consider a parameterization using a set of

concentric circles K; = {k : ||k —k0|| = r,-} . The intersec-

l

tion points of the boundaries of the D-partition and the
circles are found explicitly: for singular lines in the
parametric form 7d + p , from the quadratic equation

(tdl + Py ko, )2 "'(tdz + Dy —ko, )2 =i’ 27

10
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Fig. 2. Internal approximations of the stability region on grids: (a) horizontal lines, (b) vertical lines, (c) concentric circles, and (d) an angular grid.

and for the arcs of the main curve k (w), weW,,

from equations reducible to polynomial ones with re-
spectto w:

(k(,l (W) =k, )2 + (k(,z (W) =k, )2 =7, (28)

Fig. 2d presents an example of a radial grid cen-
tered outside the set under study.

2.5, The Semi-Grid Method with Parallel (Hyper-)planes

For a polynomial dependent on three parameters
(arising, in particular, in the analysis of a closed-loop
system with a PID controller), a grid is taken for one
parameter. For each fixed value of this parameter, the
D-partition is constructed for the remaining two pa-
rameters, and the resulting planes are “joined” togeth-
er. Thus, the construction and visualization of a three-
dimensional region is reduced to the construction of a
series of two-dimensional stability regions. This clas-

sical technique is used to design stabilizing control-
lers, H_ -controllers, etc. [3].

In the general case, fixing one parameter reduces
the number of free parameters, and it is possible to
construct (or approximate) a D-partition for the re-
maining parameters.

3. GRID METHODS
(PARAMETER PLANE PARTITION INTO CELLS)

In semi-grid methods, there is no estimate of how
the stability region boundary behaves outside the sets
forming the slicing of the parameter space. Only its
intersection points with the lines (circles, hyperplanes)
that form the slicing boundaries are known. Of course,
if the localization region K 1is defined, the slicing
generate a series of bounded sets (segments or circle
arcs), but their size is comparable to that of the re-
gion K .
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In grid methods, a finer partition of the parameter
space or localization region into sets K; is used, con-

trolled by two grids. Let us emphasize the difference
between the method proposed in this paper and the one
described in [13]. The common idea is to search for
regions for which all polynomials are stable. In this
paper, we determine the stability region boundary ex-
plicitly using the constructive D-partition and then
check its intersection with a finite set of the boundaries
of the sets K. In other words, we explicitly search for

the intersection of cell boundaries and the boundaries
of the stability region.

Also, we use a cellular grid, particularly formed by
a finite set of lines, and explicitly find the cells K,

containing the boundary, based on the intersections of
the stability region boundaries and the lines forming
the grid. These lines are simultaneously the boundaries
of the cells. Clearly, the other cells either entirely be-
long to some D-partition region, including the stability
region, or entirely contain some D-partition region.’ In
this sense, the approach is close to the ideas of adap-
tive partition of the parameter plane: quadtree [14] or
the partition by intersecting arcs [11]. The method
proposed differs from tracking methods along the
boundary of a set using intersecting segments (e.g.,

orthogonal, simplex, caterpillar, and other methods
[2]), as it surely finds all sets covering the boundary.

3.1. An Orthogonal Linear Grid

An obvious combination of one-dimensional grids
for each of the parameters k,,k, (subsection 2.2) sug-

gests itself, leading to the analysis of a set of rectan-
gles. This approach is convenient in the sense that it
suffices to study the intersection of the D-partition
boundary and vertical and horizontal lines (see formu-
las (28) and (29)), and the intersection points of the
grid lines with each other are obvious. And one auto-
matically obtains the rectangular cells K, containing

the stability region boundary; see an example in
Fig. 3a.

3.2. A Polar Grid

A similar approach works when combining angular
and radial grids. The resulting polar grid consists of
concentric circles and radial lines passing through the
center of the circles. The radii of the circles are not
necessarily uniform, as is the case with the grid at the
angles of the lines. If the selected center lies inside the
stability region, the polar grid allows finding a simple

0.6 1

04 1 74

0.3 4

/
0.2'-6
N

0.1 1

NL LT

v

-1.1 -1.0 -09 -08 -0.7 -0.6 0.5 Kk

(2)

0.7 4

0.6 4

0.5 4

0.4 1

0.3 -

0.2 4

0.1 4

0.0 4

-12 -11-10-09-08-07-06 0.5 &
(b)

Fig. 3. The boundary of the stability region component in Example 2, approximated by (a) an orthogonal grid and (b) a triangular grid.

3 In fact, this is the main drawback of the traditional grid approach—it fails to detect explicitly the sets lying inside the cell K;. This fundamen-
tal feature cannot be directly circumvented by reducing the size of cells. However, under the above assumptions, Theorem 1 from part I of the
study [5] is valid, and the stable region boundary consists of a finite number of arcs, all explicitly listed. Thus, it is possible to check the locali-
zation of each of these arcs (see subsection 4.3) as well as their position relative to the cells K.

12

CONTROL SCIENCES No.1 e 2026



ANALYSIS AND DESIGN OF CONTROL SYSTEMS @

sectoral internal (and external) approximation of the
stability region.

3.3. A Triangular Grid

Here is another type of grids formed by
lines—a triangular grid—which requires 1.5 times
more computations but yields a “smoother” approxi-
mation of the boundary. It is necessary to take a series
of horizontal lines and a series of inclined lines; see an
example for uniform triangles in Fig. 3b. A triangular
grid is convenient because the boundary of the set
covering the D-partition boundary has higher “uni-
formity” and “smoothness.” Also, it consists of seg-
ments of multiple lengths (with angles of 60°, 120°,
and 240°) if the triangles are equilateral.

4. APPLICATION OF CONSTRUCTIVE D-PARTITION

Without loss of generality, the results in this sec-
tion are also considered relative to the stability region
D, rather than an arbitrary D-partition region D, .

4.1, Stability Regions on a Curve

Constructive D-partition allows finding stability
regions along a curve in the parameter space. Let a
curve K on the parameter plane be explicitly defined
as

F(k, k) =0. (29)

Its intersection points with the boundaries of the D-
partition regions divide the curve into arcs where the
number of stable roots is constant. In particular, to find
the “stability arcs” corresponding to stable polynomi-
als, it suffices to consider the intersection of the curve

and the stability region boundaries k, (w). These

points satisfy the equations
F(k,;;,l(w), kf,z(W))ZO’ weW, (30)

for the intersection with the boundaries representing
arcs of the main curve k,(w), and the equations

F(djt+ py, dot + p,) =0 31)

for the intersection with the boundaries representing
singular lines defined in the parametric form td+p.

If the curve K is algebraic, i.e., the function
F(k;, k,) is a polynomial, then the solution of both

equations reduces to calculating the roots of a certain
polynomial. This technique has been adopted in sub-

section 2.4 to analyze the intersections of the D-
partition boundary and circles using equations (27)
and (28) instead of the circle representation (26). Note
also that equations (30) and (31) can be treated as
boundary equations for the curve k, (w) [15].
Moreover, for the algebraic curves of the form
(29), we can obtain the parameterization
K :{k(v) :VGR} , and from the intersection points

with the D-partition boundaries, we can restore the
parameters v, [16]. These points split the curve into
arcs with a constant number of roots, and some of the
roots correspond to stability arcs. Also, with a known
curve parameterization K = {k(v) ve R} , the curve
equation can be immediately substituted into the main
equation of the D-partition, G(s, k, (v), k,(v))=0,
s € 0D, and then the one-dimensional D-partition with
respect to the parameter v can be performed. If the
curve parameterization is rational, this partition can be
reduced to the one-dimensional D-partition for a poly-
nomial of the form (20).

The above approach serves to analyze polynomials
with coefficients nonlinearly dependent on one param-

eter, e.g., G(s, t)=f(t)P(s)+g(t)Q(s)+R(s).
First, the constructive D-partition of the polynomial
G(s, f, g)=jP(s)+gQ(s)+R(s) is found with re-
spect to f and g as free parameters. Then, the curve

( f (t), g (t))T is parameterized in the form (29), and

equations (30) and (31) are solved. A similar tech-
nique can be employed to analyze polynomials with
several parameters entering the coefficients nonlinear-

ly.

4.2. The Intersection with Sets
of Additional Constraints

The stability region description as a set of bounda-
ry arcs obtained by the constructive D-partition makes
it easy to consider additional constraints on the coeffi-
cients k,, k,. Let these constraints be defined by sets
K, . In this case, first, the parts of the boundary 0K,
lying inside the stability region are determined, e.g., as
indicated in subsection 4.1. Then the stability region
boundaries are updated by taking these (new) bounda-
ries into account and excluding the arcs of the stability
region boundary outside the sets K, . This procedure is
repeated for all regions of the additional constraints
K. . In essence, each time the main curves and singu-
lar lines are cut off, by analogy with the localized D-
partition.
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4.3. Localization of D-Partition Regions
on the Parameter Plane and the Support Function

Besides limiting the set of parameters of interest a
priori, the term “localization” can be used for the op-
posite purpose, i.e., identifying the position of the sta-
bility region or its components on the plane.

Let a set (in particular, a stability region) be de-
scribed by a set of Dboundary arcs
k. (w), weW, =[Wi,a, wl.’,,], including both main
curve arcs and segments on finite intervals W, . Then it
is not difficult to describe the position of this set. For
instance, endpoints can be found using the fact that
boundary arcs are defined by rational curves. For ex-
ample, the minimum and maximum values of the
components (i.e., the rectangle containing the bounda-

ry arc k; (w)) are determined by the extreme points in
the same way as for the speed in subsection 1.1. To
this end, we find the roots w

il,m>

m=1,...,

Wi £ =1,..., of the two equations

Witm ki,l (W) =0, we |:Wi,a > Wi,b:|7

Wiag tkin (W) =0, we I:Wi,a > Wi,b]'

As for the speed estimate (16), there are inequalities,
and the extreme values are reached at the endpoints of
the curve arcs or at the stationary points w,

i,l,m> Wi,l,( :

min {k;,l (M}[,a )a ki (Wi,b )a mink; (Wi,l,m )} <k, (W)

< max {ki,l (Wi,a )’ ki (Wi,b ), max ki, (Wi,l,m )} ,

min{ki,Z (Wi,a )’ki,Z (Wi,b ): m[in kia (Wi,Z,[ )} <k (w)
< max {ki,Z (Wi,a )’ki,2 (Wi,b ), m[ax ki » (Wi,2,[ )}

Extreme points can be replaced by only minima
(maxima) of the lower (upper, respectively) bounds.

For segments, the intervals are determined by the
endpoints: for example, for &,

min {ki‘1 (W,-,,, ), ki (Wi,b )}
<k, (W) < max{ki,l (Wi,a )7 ki (Wi’b )} ’

and analogously for the second coordinate k;, (w).

Fig. 4 shows an example of the localization of in-
dividual components of the stability region.

k,
0.2 1 !

0.0
-02 1
~04 1

—0.6 1

-0.8

04 06 08 10 12 14 16 18 20k

Fig. 4. The localization of two stability region components in Example
2 (see Section 5).

Similarly, it is easy to obtain the support function

supp, (d ) = rkré%x d'k and its support element

suppel(d) for the stability region in the direction of

the vector d € R. For this purpose, the support func-
tion for each arc of the boundary k; (w) is used:

supp,, (d)=maxmaxdk,, (w)+dk, ,(w),

i weW,

suppel(d) =k; (wj ),

W, =argmax dik; (W) +d,k; 5 (w),
J=argmaxdk; (wi ) +dyk; , (wi )

The maximum of a rational function on an interval
where its denominator does not vanish is found by
calculating the roots of the polynomial in the numera-
tor of its derivative. Moreover, a support function can
be built not only for the entire stability region but also
for its individual component, by considering only the
boundaries of this component.

In the general case, we propose a three-stage ap-
proach for the primary analysis of the stability region.

1. Obtain a constructive description of the stability
region boundary.

2. Select a sufficiently large localization region K
to get finite and closed parameterization intervals W,,

also applying the results from subsection 3.2 on the
parameterization change.

3. Localize the stability region by the boundary
arcs inside the set K .

For the initial localization with a large set K,
equations (8), (10), and (11) are used for a rectangle,
equations (27) and (28) for a circle, etc.

14
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In addition, the stability region can be localized
numerically, using a sufficiently uniform grid of fine-
ness p. Assume that, according to subsection 1.1,
such a grid is obtained by applying Algorithm 1 or 2 to
all arcs of the stability region boundary:
K., ={k.,r=1..}. By sequentially connecting the
grid nodes, we get a polygon approximating the stabil-
ity region with an accuracy no worse than p (the grid
parameter). For this polygon, we can also explicitly
express the support function and the support element
through its vertices:

supp,, (d) =maxd'k,,
suppel,, (d)=k,, r=argmaxd'k,.

The above expressions are approximations to the
support function and element, and the stability region
itself surely lies inside the rectangle

[—p +mink,;, maxk, + p}

r,l»

x[—p +mink, ,, maxk, , + p},

r

where p denotes the fineness of a sufficiently uniform
grid.

Analogously, for a set of points, it is possible to
calculate the minimum covering circle with center k,

and radius R. A circle with the same center and radius
R + p will contain the stability region.

4.4. The Distance to the Stability/Instability Region

For a point k, characterizing a stable polynomial
G(s, ko1 ko,z), the natural problem is to find the dis-

tance to the nearest unstable point, i.e., to determine
the circle of maximum radius ||k—k0||£ R lying en-

tirely in the stability region. This radius is called the
stability radius [3].

Given the constructive D-partition, the stability ra-
dius can be calculated exactly or estimated using a
sufficiently uniform grid on the boundary. The exact
solution is determined by a minimization problem

considering all stability region parts k; (w):

R =min min”ki (w)- k0|| .

i weW,
This problem is decomposed into a set of subprob-
lems of minimizing rational functions on the interval

migjluki (w)—kozu. In turn, each of the subproblems is

reduced to calculating the roots of a certain polynomi-
al, similar to the parametric speed (15), and checking
the endpoints of the segments.

Analogously, by maximizing the distance from the
point k, to the boundary points, we can find the min-

imum circle containing the stability region, see Fig. 5.

Fig. 5. The circle of maximum radius with a given center contained in
the stability region and the circle of minimum radius containing the
stability region component, in Example 2 (see Section 5).

The distance to the stability region boundary can
also be estimated by the points of a sufficiently uni-
form grid on the boundary as

minmin [k, — ko[ —p < R < min min||k, —k|[+p .
L r

1 r

Here, k, are the nodes of the grid covering the sta-
bility region boundary. It consists of the union of the
grid nodes of each boundary part k (w), weW,

(without repetitions).

4.5. Application to Robust D-Partition

Robust analysis problems involve polynomials de-
pending on not only “control” but also uncertain pa-
rameters, further denoted by ¢ :

G(s, ky, ky, q) = klP(s) + sz(s)

+R, (s) + ziqiRi (s), qgeQ.
Here, the uncertainty in the polynomial is character-
ized by a finite set Q . Thus, for each fixed k , a fami-

ly of polynomials is considered. The polynomial for
particular (chosen) parameter values g =g, is called

(32)
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the nominal polynomial. In this case, the polynomial
(32) takes the form (1) with R(s)zRO (s)

+ziCI0,iRi (s).

The problem is to determine robust stability re-
gions, i.e., such k under which all roots of the poly-
nomial are stable for all parameters g€ Q. The con-
struction of such regions, albeit being conceptually the
same as that of a D-partition, is significantly more
complex since the D-partition regions with a constant
(for any g Q) number of stable roots are separated
by two sets instead of one-dimensional lines. These
sets are defined by the zero exclusion principle, which
generalizes equations (3) and (4):

K, ={k1, k, G(s,kl,kz,q):O(c,seaD, qu}
and
Kdeg ={Gn(kl’ k25 q)=0(C? qu}'

Accordingly, the boundaries of these two sets are
the boundaries of robust D-partition regions. The
boundaries of a robust stability region always lie in-
side the stability region of the nominal polynomial.
This follows from the fact that each polynomial of the
family (32) is stable, including the nominal one

G(s, ky, ks, qo). Thus, when describing the bounda-

ries of the robust stability region, it suffices to consid-

er only those boundaries of the sets K, and K,,

that lie inside the stability region of the nominal poly-
nomial.

In addition, one can repeat the constructive D-
partition many times for the polynomials

G(s, ky, k,, q,), r=1, 2,..., where each polynomial is
defined by randomly selected parameters g, € Q . The

robust stability region lies in the intersection of the
stability regions of all selected polynomials.
Let the boundary 0D of a root localization region

have a parameterization s(w), and let the boundary of
the nominal polynomial be parameterized by a set of
curves and lines k;(w), weW,. As it turns out, the
boundary of robust D-partition regions is characterized
similarly: K,,, is the envelope of the family of sets
Ky (W) = {kl, ky: G(s(w), ki, ky,q)=0q, g€,

s(w)eTl} [3,17].
One might expect that the intervals of the sets
K, (w) generating the boundary of the robust stabil-

ity region (with respect to w) are within the intervals
W. of the stability region boundaries without uncer-

tain parameters. Unfortunately, in the general case, the
hypothesis of nested intervals is incorrect, since the

boundary of the set K,,, (w) with wgW, can affect
the final robust stability region. This depends on the
values of the main curve function k(w) for the nomi-
nal D-partition and the size of the set Q. The analysis

and design of the constructive robust D-partition are
an open research problem even for the case of parame-
ters entering the characteristic polynomial linearly.

5. EXAMPLES

The figures use stability regions or their components
from two examples discussed in detail in part I of the
study [5].

Example 1 [18 , p. 77]. Consider a closed-loop continu-
ous-time system with the characteristic polynomial

G(s, ky, k2) = ks (s—l)(s—Z)

(33)
+k, (s—l)(s—2) + s(s+l)(s2 +s+1).

It is required to analyze its stability with respect to the
root localization region D = {s:Res < 0.2} with the bound-

ary parameterization s(w):—0.2+ jw. Since the polyno-
mial (33) has real coefficients, it suffices to take the upper

part of the boundary, W=[O, oo).

There is one main curve, We [O, oo) , with the compo-

nents
4.6 w*—7.112 w? +0.62016
kl (W) = 4 B 5
—w* —6.28 w? —6.9696
—w® +8.68 w* — 5.4208 w? —0.230784
k, (W) = .

—w* —6.28 w? —6.9696

The critical frequency w, =0 1is associated with
the unique singular line —0.528k; + 2.64k, —0.1344 =0,

with the parameterization p+td, where

p=(—0.00979021;0.04895105)T and al=(—2.64;—0.528)T .
The stability region is bounded by one arc of the main curve
k(w), we[0, 0.70951628], and the segment p+id,
te [—0.06916025, 0.02999640] (Fig. 6).

Figure 2 shows a series of internal approximations of
the stability region by one-dimensional lines. Next, Fig. 3a

presents the parametric speed v(w) of the curve arc speci-

fied and the sufficiently uniform parameter values yielded
by Algorithm 1 for p=0.02; Fig. 3b, the nodes and their

neighborhoods of radius p covering this curve arc.

16
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0.15

0.10 4

0.05 1

0.00 4

—0.05 4

-0.10 -0.05 0.00  0.05 0.10 0.15 kK

Fig. 6. The stability region in Example 1.

Example 2 [19]. Consider the characteristic polynomial
Gy(z, ki, ky)= 2"+ k2" +(1+€) 2" +ky,n=5,=0.1,
of a discrete-time system. Its stability is equivalent to the
Hurwitz property of the polynomial

G(s, ki, ky)=(s+1) +(1+)(s=1)" (s +1)’
+hy (s=1)(s+1)* +k, (s=1).

The boundary of the D-partition regions consists of the
one main curve

kl(W):

-16.6 w® +128.8 w® —221.2 w* +128.8 w? -16.6
S(W8 6wl +6u? —1)

>

02w 08w -12w*-08nw?-02
kz(w): 8 6 2
8(w —6wS+6w —1)

and two singular lines. One of them corresponds to w =0

and has the parameterization td+p, where

p=(1.05,1.05) and d = (l,—l). The other singular line is
defined by the degree drop condition (4) with the parame-
terization  td+p, where p=(-1.05 -1.05) and
d= (—1; 1) )

The stability region consists of four components

(Fig. 7):
1) the segment of the first singular line for

te[1.025,1.45] and the arc of the main curve for
we [O, 0.37796447] R

2) the arc of the main curve for
we [0.42972375, 0.96431209] ;
3) the arc of the main curve for

we [1.03700867, 2.32707640] ;

4) the segment of the second singular line for
1€[1.025,1.45] and the arc of the main curve for

we[2.64575131, o).

1.0

A |
o] & 2 Q

-1.0

-1.5

Fig. 7. The stability region components in Example 2.

The last arc of the curve can be written as
k,(u)=k,(1/u), ue[0,0.37796447] (see subsection

3.2), where the value at u=0 is defined and coincides

166 u®-128.8 u®+221.2 u* ~128.8 u* +16.6
8(u8 —6u’+6u’ —1)

kg (u)

>

02u®+08u’+1.2u*+0.8u>+02
8(148 —6ul+6u’ —1)

ku,2 (M) =

Note that the resulting parameterization coincides with
the original one in w up to the sign, and the interval coin-
cides with the interval of the first component. This is due to
the symmetry of the original root localization region of the
discrete system (the unit circle) and its parameterization.

Figure 3 shows the approximations of the second com-
ponent of the stability region using orthogonal and triangu-
lar grids. In addition, Fig. 4 presents the bounding regions

[1.7706, 2.075]x[0.025, 0.2667] for the first component

and [0.4414, 1.1472] x[-0.6901, —0.09185] for the second

component of the stability region; the third and fourth com-
ponents are symmetric to the second and first, respectively.
Finally, Fig. 5 demonstrates two circles with centers
k; =0.9, k, =—0.3: the smaller lies entirely within the sta-
bility region and determines a stability radius of 0.4417 for
the above controller; the larger circle with radius 0.9538
contains the entire second component of the stability region.

CONCLUSIONS

Based on the constructive D-partition method (see
part I of the study [5]), two algorithms have been pro-
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posed to build a sufficiently uniform grid on a stability
region boundary with a given fineness. The algorithms
involve an estimate of the parametric speed of rational
curves. Several semi-grid internal approximations of a
stability region have been proposed, together with a
regular covering method for the boundary of a stability
region with rectangles and triangles. The above meth-
ods have been applied in stability analysis problems,
including the localization of stability region compo-
nents on a plane, the construction of their support
functions and their approximations, as well as the cal-
culation of the stability radius.
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THE VICTORY FUNCTION AND ITS APPLICATION IN CONFLICT MODELING

V. V. Shumov
Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, Moscow, Russia

>4 v.v.shumov@yandex.ru

Abstract. The victory function (VF) in combat and special operations is a separate class of con-
test success functions (CSFs) describing the probability of a participant’s success in a competition
or conflict. This paper briefly characterizes aggregate functions, which include production func-
tions, utility functions, CSFs, power (might) indices of countries, etc. Substantive (postulates) and
formal (axioms, properties) requirements for the VF are given. Probabilistic (based on A.N. Kol-
mogorov’s law of target destruction and the Weibull distribution) and substantive (based on the
framework of military science and practice) justifications of the VF are presented. Economic
models of conflict and appropriation are overviewed. Using the security model and the VF, three
problems of distributing a disputed resource (territory and population) between countries are for-
mulated. A promising line of further research is to develop conflict theory at several levels, name-
ly, in the theater of military operations, the intercountry, and geopolitical levels.

Keywords: mathematical model, security, combat and special operations, victory function, postulates of

conflict technology, models of conflict and appropriation, military cybernetics.

INTRODUCTION

Aggregate functions are used in many fields. They
represent mathematical relationships between the ex-
pected result (opportunities) and several factors (ef-
forts, resources, technologies, etc.). An aggregate
function maps a vector of quantitative indicators (re-
source types) to a real number. This number character-
izes the potential or latent capability of a system rather
than the result observed.

In computer science and statistics, aggregation
conventionally refers to operations like summation,
averaging, or computing extremal values (minimum,
maximum, median, etc.). In systems analysis, aggrega-
tion—combining several elements into a single
whole—is closely related to the emergence property
(the presence of some properties in a system that are
not inherent in its individual components) [1] and un-
certainty (the category of uncertainty may be sufficient
to consider the factors of complexity and emergent
behavior [2]).

Among the most extensively studied aggregate
functions we note production functions [3], utility
functions [4-6], contest success functions (CSFs, see
the review [7]), the indices (models) of geopolitical
power and might of countries (see the paper [8] and
the comprehensive review in the monograph [9]), etc.

Despite criticism of aggregate production functions
(the so-called “Cambridge debates” [10, 11]), they
remain the foundation of applied statistical studies and
economic growth theories.

In the 1950s, the scope of traditional economics
was expanded: in addition to production and trade,
researchers began considering the problems of appro-
priation (seizure of foreign products or protection of
domestic ones) [12]. In conflict theory, CSFs, which
describe the probability of a participant’s success in a
competition (conflict), are analogous to production
functions in production theory and utility functions in
consumption theory. Conflict was usually considered
to be the result of incomplete and asymmetric infor-
mation or even the result of irrationality. It was shown
that military operations change the strategic positions
of opponents in the long term. In this case, the party
(to conflict) considering short- and long-term effects
may choose war, and this choice will correspond to
rational and far-sighted behavior based on complete
information. If one or more parties consider the future
to be sufficiently important, the outbreak of war
should be expected [7].

The objective of this paper is to study the victory
function (VF) in combat and special operations as a
distinct subclass of CSFs and to formulate problems
related to its application in conflict and appropriation
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1. REQUIREMENTS FOR CONTEST SUCCESS FUNCTIONS

Let us categorize the requirements for the aggre-
gate functions of contest success (victory in combat
and special operations) as substantive (implied by the
postulates of military science and systems analysis)
and formal (axiomatic requirements).

1.1. Substantive Requirements

Figure 1 shows a selection of works that have sig-
nificantly influenced the development of military sci-
ence and its practical application.

J. Bernoulli’s treatise on the art of conjectures [13]
was the first systematic book of probability theory. It
presented combinatorics, binomial distribution, and
the first version of the law of large numbers.

The “classical stage” in the development of proba-
bility theory was completed by P. Laplace’s work on
the analytical theory of probability [14]. The author
examined discrete and continuous random variables',
introduced the concepts of probability density and
characteristic function, gave the formula for total
probability, and proved the convergence of the bino-
mial distribution to the normal distribution (the Moi-
vre—Laplace theorem) as the number of trials tends to
infinity. As often been the case in later periods (e.g.,
the 20th century, with the successes of cybernetics and
disappointment in it [15]), the number of works on
probability theory continued to grow in the 19th centu-
ry, and attempts were undertaken to extend its meth-
ods far beyond reasonable limits: to ethics, psycholo-
gy, law, theology, etc., compromising the science.

C. Clausewitz undoubtedly belongs to the classics
of European and world science of the modern era. His
fundamental Von Krieg [16] had a profound influence
on the development of military science, being still rel-
evant nowadays. This study does not aim to provide a
comprehensive exposition of Clausewitz’s intellectual
legacy—a task better suited to dedicated military his-
torians and practitioners. Instead, following the estab-
lished scholarly tradition [17, 18], we will compara-
tively analyze the perspectives on the role of uncer-

tainty in war and combat as held by C. Clausewitz and
L. Tolstoy [19].

Adhering to the approach described in [20, 2], we
define the uncertainty of military (combat) operations
as the possibility of certain events accompanying these
operations that affect their implementation and result,
but may/may not occur. Due to the uncertainty of mili-
tary operations, it is impossible to predict a priori the
characteristics of its result, as well as the time and ef-
fort (resources) to achieve the result.

The measurable uncertainty of military operations
is defined as the possibility of events described by cer-
tain regularities that may/may not occur. Such events
can be analyzed using quantitative methods (e.g.,
probabilistic and statistical) based on previous meas-
urements or fundamental laws (together with the as-
sumption of invariable conditions and regularities).

The true uncertainty of military operations is the
possibility of unique (or rarely recurring) events that
cannot be explained by known regularities.

The fundamental distinction between true uncer-
tainty and measurable uncertainty is that the former’s
events occur due to unknown factors (a frequent and
important, albeit special, case is the active choice of an
individual), whereas the latter’s events, although un-
predictable, are described by known regularities [2].

As famously observed by Clausewitz [16], war is a
realm of uncertainty; three-quarters of war action’s
foundation lies in the fog of the unknown. His way of
eliminating uncertainty is a subtle, flexible, and pene-
trating mind. The unreliability of information and as-
sumptions leads to the fact that those fighting in reality
face a completely different situation than they ex-
pected. Many reports received during war contradict
each other; there are even more false reports, and the
vast majority of them are unreliable. Another recipe to
eliminate uncertainty at the strategic level is to provide
a decisive numerical superiority (one and a half to two
times) over the enemy in terms of forces and means
and take the moral factor into account. Uncertainty
decreases when passing from the tactical to strategic
level. The third approach to deal with uncertainty is to
have reserves. Reserves are a means to counter

C. Clausewitz, L.N. Tolstoy, VK. Triandafillov, G.K. Zhukov,
1832 1865-1869 1929 1945
>
J. Bernoulli, P. Laplace, N.A. Zabudsky, M.P. Osipov, || J. von Neumann, || N. Wiener,
1713 1812 1898 1915 1944 1948

Fig. 1. Key influential works of military science and practice.

"'The concepts of a “random variable” and “distribution function” appeared in the 20th century in the works of the Russian probability school.
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the enemy’s unforeseen actions and, moreover, to cor-
rect the unpredictable outcome of a battle under an
unfavorable turn of events.

The moral factor decisively influences on the out-
come of a battle. At the tactical level, morale gradually
recovers. The moral influence of victory grows expo-
nentially depending on the scale of military opera-
tions. This may also indicate a lesser degree of uncer-
tainty at the strategic level. Another condition deter-
mining the moral weight of victory is the numerical
ratio of the forces fighting each other. Defeating the
enemy with small forces is evidence of overall superi-
ority over it. However, in reality, the actual ratio of
forces at the tactical level is usually unknown (with
rare exceptions when the battlefield is clearly defined),
and at the strategic level, it becomes known many
years later. Therefore, such information about the
moral ratio of the parties has no effect on current
events.

In conclusion, Clausewitz argued that the bravery
and spirit of armed forces have always increased their
physical strength, and this will continue to be the case.
However, in some periods in history, a sharp superi-
ority in the organization and armament of forces gave
a significant moral advantage; in other periods, supe-
riority was provided by the mobility of forces'; later
on, newly introduced tactical systems had an impact,
then the art of war was dominated by the desire to use
the terrain skillfully, etc. Nowadays, armies have be-
come so similar in terms of weapons, equipment, and
training that there is no noticeable difference between
the best and worst of them in this respect. The degree
of the development of scientific forces still significant-
ly differs between armies, but this difference only
makes some armies the initiators and inventors of var-
ious improvements and the others their quick imita-
tors. As the above factors tend to equilibrium,
Clausewitz concluded, the numerical preponderance of
forces regains its status as the most decisive element in
strategic calculations.

Tolstoy considered wars from a broader perspec-
tive (philosophical, civilizational, political, cultural,
ethical, etc.) and highlighted the true uncertainty of
military activity: “Napoleon, who seems to us to have
been the leader of all this movement (as the figurehead
on the prow of a ship may seem to a savage to guide
the vessel), Napoleon during all that time of his activi-
ty was like a child who, holding on to the straps inside
a carriage, imagines that he is driving it.” [19]. Count-

! Superiority in mobility was observed in the 1930s—1950s (the
transition of armies to continuous motorization of forces, the crea-
tion of motorized rifle and mechanized units and formations): mo-
torized groups (divisions) were created for deep operations and
deep encirclement of enemy’s infantry units and formations.

less free forces (for nowhere is a person freer than in a
battle, where it is a matter of life and death) influence
the direction of the battle, and this direction can never
be known in advance and never coincides with the
direction of any force. Historians write after the fact:
chance created the situation, and genius took ad-
vantage of it. But the words ‘“chance” and ‘“‘genius”
mean nothing that really exists and therefore cannot be
defined. The officers—the heroes of Tolstoy’s novel—
wander across the battlefield, blinded by gun smoke,
without the slightest idea of what is happening. The
author explained the true uncertainty of war by the fact
that the human mind cannot comprehend the causes of
events in their entirety, but the desire to find them is
inherent in the human soul.

Today, Tolstoy’s ideas are particularly relevant and
significant for military experts and researchers, partic-
ularly in connection with the adoption of artificial in-
telligence (AI) systems. Undoubtedly, Al will be used
to solve simple and typical tasks (machine vision, sen-
sor data processing in near real time, etc.). According
to T. Lipsky (the United States Military Academy,
West Point) , given its interest in adopting Al the ar-
my risks forgetting the importance of keeping the
boundary between man and machine, not only for eth-
ical reasons but also because, as Tolstoy showed’, a
commander cannot obey algorithms and templates in a
battle. Command remains an “artistic and psychologi-
cal” task [18]. Al is ill-suited to rapidly changing situ-
ations, where actions depend largely on context and
require human judgment. This is how any war can be
characterized. Therefore, it is important to include
healthy skepticism about Al in army command in-
structions. Military personnel must learn to make
plans and manage their implementation without exter-
nal assistance before incorporating Al into the process,
and they must undergo regular recertification in this
area throughout their military careers [18]. As shown
in the paper [21], machine learning does not lead to
general Al, and the myth of Al weakens belief in hu-
man potential. O.P. Kuznetsov noted that understand-
ing is interpretation in terms of a person’s worldview;
our brain constructs a worldview, and it is structured
through the categorization of human experience;
meanings (senses) are formed earlier than conceptual
structures; meanings are based on biological and social

2 In War and Peace, the role of M.I. Kutuzov was described as
follows: “By long years of military experience he knew, and with
the wisdom of age understood, that it is impossible for one man to
direct hundreds of thousands of others struggling with death, and
he knew that the result of a battle is decided not by the orders of a
commander in chief, nor the place where the troops are stationed,
nor by the number of cannon or of slaughtered men, but by that
intangible force called the spirit of the army, and he watched this
force and guided it in as far as that was in his power.” [19].
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goals; cognitive processes involve not only the brain
but also the body, and understanding is connected with
actions in the environment, and knowledge of the lat-
ter is contained in the worldview.

Starting from the second half of the 19th century,
in Russia and European countries, the achievements of
natural science and probability theory were actively
adopted in the theory and practice of artillery and fir-
ing control [22]. During World War 1, the first works
on modeling military and combat operations were pub-
lished (the Osipov—Lanchester models [23, 24]).

Based on military statistics on the largest battles of
regular armies, M.P. Osipov developed the so-called
quadratic model of a battle, laid the foundations of the
theory of combat potential, and quantitatively assessed
the role of the moral factor and the art of command.
(According to his approach, victory depends not on the
duration of a battle but mainly on the losses suffered
by the parties; therefore, it would be more accurate to
assume that a battle lasts until the losses of one party
reach a certain percentage. This percentage can be
considered to be 20% on average [23].)

V. K. Triandafilov’s book on the nature of opera-
tions of modern armies is noteworthy in two respects.
First, the author developed a new branch of military
art, i.e., operational art (in addition to tactics and strat-
egy); second, the book gives every reason to consider
Triandafilov the founder of systems analysis. In the
preface to the first edition of the book, the author out-
lined the methodology of his research as follows. First,
the material basis of military operations is examined—
the armament of forces, their number, organization,
and other important data about the situation affecting
the nature of military operations. Then, based on all
the data above, the issues of modern tactics, individual
operations, and a series of consecutive operations are
examined. All postulates are expressed in terms of
particular numbers as well as tactical and operational
norms. This is the only way to show the difference
between the present and the past and the direction in
which military science is evolving. Moreover, all the
numerical data are indicative; norms may change for
each particular situation. The task of a commander
(practical leader) is to determine the nature and extent
of such changes [25, pp. 13, 14]. Triandafilov’s con-
tribution to military science and systems analysis (as a
branch of cybernetics) was analyzed in the monograph
[9].

In the 1930s—1940s, there was a rare case in history
when both game theory (a branch of operations re-
search) and military practice solved the same problem
in parallel: increasing efficiency by eliminating pat-
terns (using the so-called “mixed strategies”). In 1944,
the seminal work Game Theory and Economic Behav-
ior was published [5]. The cornerstone of modern non-

cooperative game theory is the concept of Nash equi-
librium, which exists for all finite games [26]. Game-
theoretic problem statements were reviewed in [9].

In the legacy of outstanding Soviet commander
G.K. Zhukov, we mention only two results (see the
publication [27]). First, Zhukov identified the same
factors affecting the success of any battle (combat and
military operation), i.e., those valid for all levels: tac-
tical, operational, and strategic (operational-strategic).
Second, starting from 1943, he utilized the ideas of
“mixed strategies” when planning strategic offensive
operations (breaking through the enemy’s prepared
defense).

Operations research, as an applied mathematical
discipline, appeared during World War Il. Its purpose
was defined as providing commanders with quantita-
tive grounds for decision-making. Subsequently, this
discipline became a branch of cybernetics [28], which
is now understood as the science of organizing and
managing systems [15]. Today, the network-centric
approach is extremely fashionable and productive. It
includes the principles of organizing and analyzing
any networks in general and, in particular, those “as-
sembled” for a combat mission, at the right time and in
the right place [15].

Based on the above considerations, we draw the
following conclusions (substantive requirements for
the VF).

e Zhukov’s postulate: the VF shall have the same
form for describing military operations at all levels
(tactical, operational, and operational-strategic), in-
cluding special operations (guerrilla, anti-guerrilla,
sabotage, reconnaissance and diversion, counterterror-
ism, etc.);

o Clausewitz —Tolstoy’s postulate: the VF shall re-
flect both true and measurable uncertainty;

e Osipov—Triandafilov’s postulate: the VF shall
consider the number of armed forces of each party,
their morale and technological characteristics, situa-
tional specifics, and the existing and prospective
weapon systems.

1.2. Formal Requirements

Historically, the first VF stems from Osipov’s bat-
tle model. In the absence of operational losses and re-
serves, a typical battle is described by the system of
differential equations

) _

—a x(1),
” X(1)

dy(r)
—a y(t), —==
W) "
where x(7) and y(#) denote the number of armed forces
of the first and second parties, respectively, at a time
instant #; a, and a, are their striking efficiencies. From
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the equal forces condition y, =x,,/a,/ a, , we obtain
Osipov’s indicator VF (the probability of the first par-

ty’s victory):
1, x\/a_x > y\/z,

p.(x,y)=40.5, x\/a_xzy a, (D
0, x\/a_x< y\/a_y.

One model of a guerrilla war [29] has the form

) 0y

—a, y(t), —=
dt 2 dt Yo

where x(f) is the number of regular armed forces, and
y(¢) is the number of guerrillas. From the equal forces

condition Y, /Zay = xow/ax , we obtain S. Deitchman’s

VF
R e
p.(x )=105, xfa, =y\2a,,

0, x\/z<y@.

(As a matter of fact, it follows from the guerrilla war
model [29].)

In other words, ceteris paribus, parity is achieved if
the number of regular armed forces exceeds, by
V2 ~ 1.4 times, that of guerrillas (cf. the expression
(1).

The following class of VFs (those of success in a
competition or auction) has been fairly well investi-
gated by now:

f.(x)
)+ f,(0)

where f,(-) and f(-) are nonnegative strictly increasing
functions. Here are some of the most common func-
tional forms of model (2) [7, 9].

G. Tullock’s model

p.(x, y)= )

X (x/y)
x4+t 1+(x/y)“’

p.(x, y)= 3)

where 0 < p <1 is the determination parameter of the
parties, belongs to the class of models based on the
ratio of the forces (power) of the parties involved.
The model proposed by D. McFadden and J. Hirsh-
leifer,
e 1

e +e B [+ 7

p.(x, y)= “4)

belongs to the class of models based on the difference
in the forces of the parties. The probit model

px, y) = ®(x — y), where @ indicates the Laplace
function, is another representative of this class.

The probabilistic justification of conflict functions
proceeds from an analysis of the influence of neglect-
ed factors (random errors) on the result. In the general
case, regression functions are of the form Y, = h(x, ¢,)
and Y, = h(y, €,), where the error functions ¢, and ¢,
have zero mean. Then the probability of the first par-
ty’s victory in a conflict is given by

p.(x, y)=P(Y, >Y,)=P(h(x,£,)> h(y. €,)).

Conlflict functions have been axiomatized, in par-
ticular, by R. Luce [30] and S. Skaperdas [31]. The
axiomatic system is based on the Independence of Ir-
relevant Alternatives: in the context of conflict, this
property requires that the outcome of a conflict be-
tween any two parties depends only on the amount of
armaments possessed by them, and not on the amount
of armaments possessed by third parties. The next im-
portant requirement for conflict functions is zero-
degree homogeneity, i.e., p.(tx, ty) = p.(x, y) for all ¢ >
0. Models (3) and (4) have symmetry or anonymity: if
the efforts of the parties interchange places, the proba-
bilities of their victory will also do so.

Skaperdas et al. noted that despite the rich litera-
ture on the modeling of conflicts, contests, and auc-
tions, only a small number of publications have ad-
dressed the verification of conflict functions based on
real data [32].

2. PROBABILISTIC AND SUBSTANTIVE JUSTIFICATION
OF THE VICTORY FUNCTION

2.1, Probabilistic Justification of the Victory Function

In 1945, A.N. Kolmogorov proposed a firing effi-
ciency criterion based on the law of target destruction,
i.e., the probability of destroying a single or group tar-
get (the expected number of targets destroyed) de-
pending on the number of shots fired at this target. The
probability of destroying a target (event A) with x hits
is given by [33]

P(A|x)=1-¢"™, 5)

where o > 0 is a parameter. The expression (5) de-
scribes the exponential distribution, a special case of
the Weibull distribution. It has a wide range of appli-
cations (the reliability of technical systems, queuing
systems, etc.) and is closely related to the concept of a
Poisson process. For such a process, the intervals be-
tween successive events are independent random vari-
ables with the exponential distribution, and o is the
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Let the random variables X and Y be the numbers
of hits required to destroy the enemy’s targets by the
first and second parties, respectively. Using the
Weibull distribution, we find the probabilities of suc-
cessful task completion (destroying the enemy’s tar-
gets) by the parties:

F@)=1-e“" o, =pr,
a
Ev(y):l_e aay_ByryJ

where m > 0 is the scale parameter of combat opera-
tions; r, and r, are the numbers of combat units at the
disposal of the first and second parties, respectively;
finally, B, > 0 and 3, > 0 are the combat efficiencies of
the units of the parties.

The densities of the random variables X and Y are

[0 =a,mlox)"" e,
fi=a,mo,y) e

The first party will defeat the opponent in combat
and special operations with the probability

P =P(x<y)=1-P(x>Yy)

=1—fo(X)ﬁfy(y)dy}dX- ©

(The fewer hits are required for a victory, the more
efficient the combat units will be.)

With intermediate calculations omitted, formula (6)
yields

o Br
TR B

A similar approach was used in the paper [34], but
with a different interpretation of the model parameters
and without the specifics of combat operations.

By denoting x = r,, y = ry, and 3 = 3,/B,, we obtain
the following VF in combat and special operations:

(Bx)"
(Bx)" + ()"

where B is the combat superiority parameter of the
first party over the second; ¢ is the moral superiority
parameter; finally, p is the technological superiority
parameter (superiority in coordination of actions, re-
connaissance, firepower, and maneuverability; for de-
tails, see the paper [35]).

Let g = Bx/y be the ratio of the forces of the parties.
Then

p(x,y)= B=0p, (7)

D, = =l-s", 5" =qg"+1, s>1, (8)

which is the Pareto distribution. A random variable

with the distribution function (8) has the density
fl)=ms™", s>1,

and the mean

1-m

ms

M[S]=|ms"ds= )
'! I=m 1

If m < 1, the mean of the distribution (8) is infinite.
Consequently, the VF (8) with m < 1 reflects true un-
certainty whereas the VF (8) with m > 1 measurable
uncertainty.

From formula (8), we find the required ratio of
forces to achieve victory with a given probability:

=L )

In the paper [36], the scale parameter was statisti-
cally evaluated, and the hypothesis on the conformity
of model (7) to statistical data was verified using Pear-
son’s i’ test. Based on a sufficiently large volume of
statistical data for the 19th-20th centuries, it was
shown that the parameter m has the following values:

— for special operations, m = 0.5;

— for battles (the tactical level), m ~ 1;

— for combat operations (the operational level),
m=2;

— for military operations (the strategic level), m = 3.

In applied sciences, the most important question is:
at what probability may an event be considered almost
true?

There are four levels of combat readiness for for-
mations, units, and subunits’: combat-ready (at least
75% of organizational structures are combat-ready);
boundedly combat-ready (50—75%); partially combat-
ready (30-50%); and non-combat-ready (less than
30% of organizational structures are combat-ready).

Concerning preparation for combat and special op-
erations, the following confidence degrees of the first
party’s victory can be assigned:

— an almost confident victory (the probability of
victory ranges from 0.85 to 0.95);

— a sufficient confidence degree of victory (the cor-
responding probability ranges from 0.80 to 0.85);

— an acceptable confidence degree of victory (the
corresponding probability ranges from 0.7 to 0.8).

The confidence degrees are assigned considering
the current situation. Assigning high confidence de-
grees of victory is not always advisable, as this re-

* Combat readiness. URL: https://encyclopedia.mil.ru/
encyclopedia/dictionary/details.htm?id=3465@morfDictionary
(Accessed August 10, 2023.)
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quires a sufficiently great concentration of armed forc-
es and, consequently, increases the risk of group de-
feat by the enemy forces.

According to the results of computations by formu-
las (8) and (9), as the scale of combat operations in-
creases, uncertainty shifts, more and more, from true
to measurable. For instance, at the strategic level, an
almost confident victory is achieved with a twofold
superiority over the enemy. The greatest uncertainty is
characteristic of special operations, where even an ac-
ceptable confidence degree of victory over the enemy
(guerrillas, sabotage and reconnaissance groups, and
terrorist groups) requires nine-fold superiority.

2.2, Substantive Justification of the Victory Function

Based on the experience of the Great Patriotic War,
the combat order of a Soviet rifle division was built in
two echelons, in a strip 8—12 km wide and 8-10 km
deep over the front. The defense strips of the army and
the front were relatively narrow but covered a large
area. In other words, at the operational and strategic
levels of defense, a relatively small share of the front
(army) forces could be deployed in a timely manner to
hold the strip and launch a counterattack against the
invading enemy; see [9, subsection 3.2.3]. This corre-
sponds to a higher value of the scale parameter m of
model (7).

After World War II, several generations of weap-
ons changed, and the motorization of armed forces
was almost completed; moreover, unmanned systems,
high-precision weapons, and automated control sys-
tems for forces and weapons appeared. The capabili-
ties of divisions and brigades to defeat the enemy in
the tactical and operational depth grew significantly.

The impact of modern weapon systems (and, con-
sequently, new tactical tricks and action methods for
armed forces) on the significance of the scale parame-
ter of the VF at the operational and strategic levels
was assessed in [9]. Due to the greater effective range
of enemy reconnaissance and the defeat of its combat
units, the values of the scale parameter at the opera-
tional and strategic levels decreased to m = 1.5-2 for
the operational level and m ~ 2-3 for the strategic lev-
el. Estimating the value of the parameter m for various
theaters and conditions of warfare is a topical scien-
tific problem.

3. MODELS OF CONFLICT AND APPROPRIATION:
A REVIEW

In conventional economics, appropriation is under-
stood as a nonviolent process guaranteed by perfect
property rights and their unimpeded enforcement.

Conflict economics is based on a model of competi-
tion between two or more players (agents), each
choosing between producing resources (consumer
goods) and producing weapons (tools intended to ap-
propriate the resources produced by other players, in-
dividually or jointly). Recall the well-known free rider
problem: individual consumers of public goods con-
tribute nothing to their provision, hoping that others
will do so for them. In view of this problem, it has
been established that group structures are less stable
the more participants they have; see the reviews in [7,
37].

The following environment was considered in [7].
There are two identical and risk-neutral agents (coun-
tries) competing for R units of a resource that can be
consumed directly. Due to the imperfection of govern-
ance and enforcement institutions, the dispute may be
resolved by a conflict (threat of conflict). The objec-
tive functions of the parties are

‘/i(Gl’ Gz) = pi(Gl’ Gz)R_Gia

G"
(G, G)=—2 i=1,2,
pl( 1 2) GIH-I—G;

where 0 < p <1 is the determination parameter; G; is
the amount of resources spent by the ith party on
weapons production.
The optimal values of the objective functions are
. « 1l=—p/2

veH=v =—t

R, i=1,2.

Since p < 1, the players benefit by allocating funds
for armaments. Next, the authors of [7] considered the
costs of conflict and two-stage games: at the first
stage, the parties simultaneously and independently
allocate resources for weapons production; at the se-
cond stage, the parties start negotiations on the distri-
bution of the disputed resource. If they reach an
agreement, the resource will be distributed between
the parties. Otherwise, the negotiations end in conflict,
and the winner will take all of the disputed resource.

A. Alesina and E. Spolaore studied a more general
problem, i.e., the relationship between a conflict and
the distribution of country sizes in a model where both
peaceful negotiations and military conflicts are possi-
ble [8]. As is known, when the size of a country and
its population grow, the costs of public goods (de-
fense, security, education, etc.) for its citizens de-
crease; however, the costs of coordinating the interests
and preferences of different ethnic and social groups
increase accordingly. In the case of high heterogeneity
of these groups and attempts to impose certain actions
on all groups, the costs may manifest themselves in
the form of interethnic conflicts and civil wars. The
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authors demonstrated the existence of optimal sizes for
countries, which can be established through negotia-
tions or conflicts.

4. APPLICATION OF THE VICTORY FUNCTION
IN CONFLICT MODELING

Consider two countries, i = 1, 2. (Without loss of
generality, these can be two blocs of countries gov-
erned by two centers.) For the sake of clarity, assume
that there is a disputed territory (i = 3), e.g., previously
under the joint control of the first and second countries

(Fig. 2).

Disputed

Country 1 ;
territory

Country 2

Fig. 2. Two countries and a disputed resource.

Let us introduce the following notation: s; is the ar-
ea of country/disputed territory i; z; is the population
of country i; p; > 1 is the parameter of ethnic diversity
between the populations of countries i and j; J; is the
parameter of attraction of country i; finally, A; is the
socio-technological development index of country i.
Suppose that A| =A, =A3;=A and 7, > 2, > 2.

Following the established tradition (see the paper
[8]), we will assign each country an analog of a pro-
duction function, i.e., a security function of the form

[38]
o) 1-o
u, =wgqg,, w, :A[ij (L] >
ZmaX Sl"ﬂﬂx

g+ (5-&)

) 8,z
A
Z:

where Zy.x is the population of the country with the
largest population (currently India); s, is the area of
the country with the largest territory (Russia); @ =~ 0.5
is the population elasticity parameter; ; is the popula-
tion of the main ethnic group in country i; y; is the
parameter of ethnic diversity in country i (between the
main ethnic group and the others); J; is the parameter
of attraction of the main ethnic group in country i; w;
is the sovereignty function of country i; finally, g; is
the preservation function of country i.

If w; = 1, there are no ethnic differences in the
country (in terms of the participation of ethnic groups
in socially significant activities). As the value of
increases, these differences grow. If 6; > 1, an ethnic
group is capable of effectively integrating other na-
tionalities into society. Small values of the parameter

(8; < 0.5-0.6) are characteristic of peoples without es-
tablished statehood [38].

The entry of new countries (regions, territories) in-
to a country (union, bloc) increases the value of the
sovereignty function (and, consequently, reduces the
costs of individuals for the production of public
goods), but at the same time reduces the value of the
preservation function (an increase in costs associated
with interethnic conflicts).* Figure 3 shows an exam-
ple of the dynamics of the functions of sovereignty,
preservation, and security.

—W o -] =1

1.0 ~

0.9

0.8

0.7 S =
0.6 L —

0.5 e

0.4 o ~
03
0.2

0.1

0.0
100 120 140 160 180 200 220 240 260 280 300 320 340
Population, in millions

Fig. 3. The functions of sovereignty (w), preservation (¢g), and security

(n).

At the first stage (negotiations), we calculate the
security functions of the new unions of countries (ter-
ritories). The security function of country 1 and the
disputed territory is

Mz tH333

[0) -0 EJ ﬁ
Al BT S +85 1 At
v, _A( |
Zmax Smax Z1 + Z}

The security function of country 2 and the disputed
territory is

HaZp +Ho3%3

0] 1-o =
U —A£Z2+Z3J [524'53} { & Jbz(zzm)
23 T .
Zmax smax ZZ + Z3

The security function of countries 1 and 2 and the
disputed territory is

® I-o
z,+2,+2Z s+, +s
U123 — A[ 1 2 3 j ( 1 2 3 j
Znax S max
M2 2 323
(&

S (z+2+23)
* The ethnic composition of a country (hence, the value of its secu-
rity function) can change as a result of uncontrolled migration.
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In the absence of conflict, the following equilibria
(payoffs from negotiations) are possible depending on
the values of the security functions of individual coun-
tries and their unions:

— The disputed territory declares sovereignty.

— Country 1 and the disputed territory unite.

— Country 2 and the disputed territory unite.

— Countries 1, 2, and the disputed territory unite.

In the event of disagreement by one or more agents
(countries, governments), the second stage (conflict,
combat operations) may begin. The subject of the con-
flict may be the struggle between countries 1 and 2 for
the disputed territory. We define the payoff functions
of these countries as follows:

Hi :‘/ini _Cixi > Ty = (E),XI) o
(Bx)" +(x,)
.+ 2,)0.
B B VL R )
Mz

where V; is the value of the disputed territory for coun-
try i; m; is the probability of country i’s victory; x; (x»)
is the resource allocated by the first (second, respec-
tively) country for combat operations; [ is the parame-
ter of the combat superiority of the first country’s
armed forces over those of the second country; finally,
C; is the cost of acquiring and maintaining the re-
sources of country i. The parameter ;3 of the ethnic
diversity between country i and the disputed territory
reflects the former’s costs of conducting combat oper-
ations in the disputed territory, and the attraction pa-
rameter O; reflects the capability to reduce these costs.
Thus, the object’s value is proportional to the degree
of increase in the country’s population and the attrac-
tion parameter and inversely proportional to the diver-
sity parameter.

Let C,= C,= C. To find the Nash equilibrium, we
apply the first-order necessary optimality conditions.
Omitting the intermediate calculations of the partial
derivatives, we obtain

= m(V\V,)" & = m(V\V,)"
AW + W) T BT V) + W) T

In this conflict, the probability of the first country’s
victory over the opponent is

v 1

Tl:l = m m m "
V)" +(V,) 1+£82(l+z3/z2)u13J
O, (1423 / 2 )My

Having determined the expected outcomes of the
conflict, the parties proceed to the third stage—
estimating the costs of integrating the disputed territo-

ry. We define the objective functions of individuals
(citizens) in the first and second countries as follows:

;23

G, =Y =T —(n; =S,

1

7i:172’

i

where Y; is the citizen’s income in country i; T; is the
citizen’s taxes; finally, S; is the citizen’s costs due to
counterterrorism and special operations.

The last expression shows that the citizen’s costs
depend significantly on the parameter of the ethnic
diversity between the country and the population of
the disputed territory. These costs also depend on the
ratio of the population of the disputed territory to the
population of the country.

Based on the security indicator, conflict costs, and
the impact of integrating a new population into the
country on the citizens’ welfare, the government can
make well-grounded decisions and gain public sup-
port.

CONCLUSIONS

In this study, we have formulated a comprehensive
set of substantive and formal requirements for the vic-
tory function (VF) in combat and special operations as
a variation of contest success functions (CSFs).

Using A.N. Kolmogorov’s law of target destruction
and the Weibull distribution, a particular type of VFs
has been justified in probabilistic terms. Also, the
function and its parameters have been substantively
justified based on the postulates of military science
and operational practice. With the above justification,
the VF in combat and special operations should be
treated as a separate class of CSFs.

In recent decades, the scope of political economy
and economics has expanded. In addition to the con-
ventional problems of production and distribution of
goods, the issues of appropriation as a result of con-
flict between agents (countries) and the establishment
of optimal boundaries between countries have begun
to be investigated. Using a security model and the VF,
three tasks (stages) have been set for the distribution
of disputed resources (territory and population) be-
tween countries. At the first stage, to justify its negoti-
ating position, each country calculates the security
function under the condition that the disputed territory
will become part of it. If the issue is not resolved
peacefully, the governments of the countries threaten
conflict (combat operations), allocating the appropri-
ate resources to the armed forces. The second stage is
to determine the expected outcome of the conflict. At
the third stage, the costs of integrating the disputed
territory into one of the countries are estimated. As a
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result, the government can gain the support of the pub-
lic during negotiations or in the course of the conflict.

A promising line of further research is to develop
conflict theory at several levels, namely, in the theater
of military operations, the intercountry, and geopoliti-
cal levels.
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DESIGN OF SELF-CHECKING DISCRETE DEVICES
BASED ON BOOLEAN SIGNALS CORRECTION AND COMPOSITION OF
CONSTANT-WEIGHT CODES OF THE “1-OUT-OF-4” AND “3-OUT-OF-4” TYPES.

PART I: The Design Method with Conversion
of All Signals from the Object under Diagnosis

D. V. Efanov*and Y. I. Yelina**

***Peter the Great Saint Petersburg Polytechnic University, St. Petersburg, Russia

*Solomenko Institute of Transport Problems, Russian Academy of Sciences, St. Petersburg, Russia

“ TrES-4b@yandex.ru, **I< eseniya-elina@mail.ru

Abstract. It is proposed to use the composition of constant-weight codes of the “l-out-of-4” and
“3-out-of-4” types in the design of self-checking discrete devices based on Boolean signals cor-
rection. For this composition of constant-weight codes, a simple and compact self-checking
checker can be implemented, requiring only four test combinations for a complete check. The
structure of a self-checking discrete device is described. The conversion of all four signals from
an object under diagnosis is considered when designing a concurrent error-detection circuit for
the object. The simplest algorithm for building a self-checking concurrent error-detection circuit
based on the Boolean signals correction and the composition of 1-out-of-4 and 3-out-of-4 codes is
developed. The results of experiments with combinational benchmarks are provided. They
demonstrate the advantage of the proposed approach over the well-known duplication method and
the one involving the 1-out-of-4 code together with Boolean signals correction, in terms of struc-
tural redundancy of the final self-checking discrete device. The method developed in this paper is
promising for self-checking discrete device design with different element bases in various fields
of application.

Keywords: self-checking discrete device, concurrent error-detection circuit, Boolean signals correction,
composition of constant-weight codes, 1-out-of-4 and 3-out-of-4 codes, structural redundancy, controllable

structure.

INTRODUCTION

When designing self-checking discrete devices,
common methods are based on introducing redundan-
cy not into the original object itself (the object under
diagnosis) but into a special concurrent error-detection
(CED) circuit [1-3]. Such a circuit is built taking into
account the characteristics of the object under diagno-
sis and the selected diagnostic attribute for detecting
faults and errors in computations. In essence, a work-
ing diagnosis system is implemented for a given ob-
ject: based on the results of computing its functions,
this system indirectly identifies the presence/absence
of faults [4]. CED circuits are implemented as self-

checking, which eliminates the problem of “watch
dog” when the developer intends to ensure operability
control for the CED circuit itself. Totally self-
checking CED circuits are self-testing and protected
from faults [5]. According to the first property, for all
faults of a CED circuit from a given class, there exists
at least one set of argument values applied to its inputs
to identify a control error signal. The second property
states that when any fault occurs in a CED circuit from
a given class, either correct values are computed at its
outputs, or an error signal is identified.

There are two main approaches to building CED
circuits, each generating a variety of methods. The
first (classical) approach has been known since the
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middle of the last century [6]. Within this approach,
data signals are formed at the parallel outputs of an
object under diagnosis; when applying each set of ar-
gument values to the inputs, these signals are supple-
mented by check signals in the CED circuit to estab-
lish a certain correspondence between the data and
check signals if the object is operable. This is often
done using the diagnostic attribute of the belonging of
codewords, formed by data and check signals, to a
given uniform block code [7-9]. Object’s faults during
its operation cause errors in computations, which vio-
late the correspondence between the values of the data
and check signals and, in turn, are identified by the
CED circuit. The second approach has been known
since the 1990s—2000s [10—13]. In contrast to supple-
menting data signals with check signals, this approach
converts all or part of the signals so that the required
codeword with specified diagnostic properties is iden-
tified for each set of argument values.

Both approaches have advantages and drawbacks.
For example, the approach based on signal supplemen-
tation directly considers the error detection properties
of uniform block codes and makes it possible to use
special circuitry methods surely detect certain types of
errors in CED circuits [14, 15]. However, for a given
element basis and method for building CED circuit
components, its structure is unique, and the developer
cannot regulate the performance characteristics of the
final self-checking discrete device (e.g., structural re-
dundancy, controllability, power consumption, etc.).
For each set of argument values, the second approach
(based on Boolean signals correction, BSC) allows
selecting a codeword from a certain set to convert the
binary vector from the outputs of an object under di-
agnosis; this feature provides wide possibilities for
building various CED circuits even for a given ele-
ment base and implementation methods [16]. In addi-
tion, optimization problems can be solved for a partic-
ular performance indicator of CED circuits. However,
due to BSC for the vector at the object’s outputs, well-
known circuit engineering techniques cannot be ap-
plied to cover certain types of errors in CED circuits.
Alternative approaches are required, such as the selec-
tion of subsets of outputs with special control proper-
ties (e.g., those on which errors with a given multiplic-
ity d (single, double, triple, etc.) cannot occur) [17]. In
all these cases, there are two options for building CED
circuits: the first is the complete coverage of errors at
the object’s outputs, caused by its internal structure
faults; and the second is the manifestation of faults at
least on one set of argument values [18, 19].

The simplest way to implement CED circuits using
the second approach is based on the use of inseparable
block codes. They include constant-weight codes [20],
Plotkin (Hadamard) codes [21], Borden codes [22],

and various other compositions of constant-weight
codes [23]. A distinctive feature of methods with such
codes is that when organizing CED circuits, it is easy
to use circuit engineering techniques to eliminate cer-
tain types of errors in codewords, whereas for separa-
ble codes, it is also necessary to consider potential
simultaneous distortions of both data and check sym-
bols [24].

Research by the authors has shown that, in addition
to traditional constant-weight codes, there is a special
composition of these codes formed by combining
codewords belonging to the “l-out-of-4” and “3-out-
of-4” types [23] (further referred to as 1-out-of-4 and
3-out-of-4 codes, respectively). A checker with a sim-
ple and compact structure can be built for it, requiring
only four test combinations for a complete check. This
is the minimum cardinality of the set of codewords
forming a test for self-checking checkers [5].

This study is devoted to describing CED circuit de-
sign methods based on BSC with compositions of 1-
out-of-4 and 3-out-of-4 codes. It consists of two parts:
in the first, we present the CED circuit structure based
on BSC with conversion of signals from all outputs of
an object under diagnosis and the simplest algorithm
for building a self-checking CED circuit; the second
part will provide methods for reducing structural re-
dundancy by utilizing the properties of the composi-
tion of 1-out-of-4 and 3-out-of-4 codes and decreasing
the number of conversion elements in the CED circuit.

1. CED CIRCUIT BASED ON THE COMPOSITION
OF 1-OUT-OF-4 AND 3-OUT-OF-4 CODES

The structure of a CED circuit based on the com-
position of 1-out-of-4 and 3-out-of-4 codes is shown
in Fig. 1. It is built for a set of four outputs of an ob-
ject under diagnosis. The output set of cardinality 4 is
chosen due to the length of the code vector of the
composition of 1-out-of-4 and 3-out-of-4 codes.

An object under diagnosis is the combinational
part of a discrete device, or simply a combinational
discrete device F(X) that computes the values of Bool-
ean functions fi(X), f2(X), f3(X), and f(X) under a given
set <X> = <x, x,1... X, x;> of argument values sup-
plied to the inputs. (Hereinafter, this set is supposed
to be complete.) Thus, a Boolean vector
<u(X) (X)) LX) fi(X)> is formed for each set of ar-
gument values. A special CED circuit is organized to
check the correctness of computations. It consists of
three functional blocks: the block G(X) for computing
the values of correction functions, the signal correc-
tion block (SCB) itself, and a rotally self-checking
checker (TSC) for the composition of 1-out-of-4 and
3-out-of-4 codes.
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[ 82X) | XORN PN ha(X) 0 ~ 2
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| 940 XORNPN | ha(X) | =
L SCB block “md |
Fig. 1. The structural diagram of a CED circuit.
The block G(X) is intended to compute the values F——— === 1

of the functions g;(X), g2(X), g3(X), and g4(X) for cor-
recting signals from the object F(X) when identical

sets of argument values are supplied to the inputs of
both blocks. Each signal correction function imple-
ments the following conversion in the CED circuit:

h(X)=f(X)®g(X),i=14, (1)

where h(X) is the corrected value at the SCB output
obtained under a particular set of argument values
supplied to the inputs.

Two-input XORs are used to correct signals. They
allow any value 0 (1) to be converted to any of the
values 0 (1).! Thus, for each set of argument values,
the code vector <fy(X) f3(X) fo(X) fi(X)> can be con-
verted into the code vector <hy(X) hsy(X) hy(X) h(X)>
with specified diagnostic properties. The structure
shown in Fig. 1 performs conversion to a codeword
belonging to the composition of 1-out-of-4 and
3-out-of-4 codes. The TSC block is installed
to verify the belonging of the codeword
<hy(X) h3(X) hy(X) l(X)> to the given composition. It
is equipped with two outputs, z°(X) and z'(X), which
operate in two-rail logic: the combinations <01> and
<10> indicate the absence of errors in computations
whereas the combinations <00> and <11> the pres-
ence of an error (and, indirectly, the occurrence of a
fault in the object under diagnosis).

Figure 2 demonstrates the structure of the simplest
checker for the composition of 1-out-of-4 and 3-out-
of-4 codes.

' The equivalence function implemented by an XNOR gate has a
similar property. It could also be used in the CED circuit design
based on BSC. Other elementary Boolean functions can be applied
to BSC only with several restrictions.

| |

| |
hy(X) : 3—;7 (X
h(X) |

| 1 :
ha(X) Z'(X)
ha(X) — I

Fig. 2. The structural diagram of a checker for the composition of
1-out-of-4 and 3-out-of-4 codes.

The checking test T, for the checker in Fig. 2 con-
tains combinations from the following set:

T,. = {1000,0010,1101,0111}

w{0001,1011,0100,1110}. @
When designing CED circuits, it suffices to form at
least one subset of the set (2). In this case, a complete
check of TSC can be performed during the operation
of the self-checking device.
Thus, the structure in Fig. 1 is self-checking.

2. THE SIMPLEST ALGORITHM FOR BUILDING A CED
CIRCUIT BASED ON THE COMPOSITION OF 1-OUT-OF-4
AND 3-0UT-OF-4 CODES

The conversion (1) is performed on each set of ar-

gument values. The vector <fy(X) £5(X) (X)) fi(X)>

can be converted into the code vector
<hy(X) h3(X) hy(X) hi(X)> in eight different variants
since the set of codewords for the composition of the
l-out-of-4 and 3-out-of-4 codes has cardinality

C, +C, =8. Hence, for ¢ arguments, the conversion

(1) can be performed in 87 variants. Due to the need
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to form the set 7., for the checker, we have 8% -3
variants. Even in the case ¢=3, this gives
16 777 213 variants to design self-checking CED cir-
cuits. Among them, the best variant can be selected,
e.g., by the minimum structural redundancy criterion
of a self-checking discrete device.

Meanwhile, let us propose a simple algorithm for
building a CED circuit based on BSC and the compo-
sition of 1-out-of-4 and 3-out-of-4 codes, which forms
the set T, for the checker, but requires post-
verification of the test combinations formed for XOR
gates. Assume that all functions of an object under
diagnosis are completely defined, and all 2’ sets of ar-
gument values are supplied to the inputs. Note also
that at the initial stage, the structures of the BSC and
TSC blocks are known, and the logic of F(X) is speci-
fied; however, the values of the functions implement-
ed by the block G(X) are not set. The main goal of de-
sign is to obtain the values of these functions for each
set of argument values and to form checking tests for
the BSC and TSC blocks.

Algorithm 1. CED circuit design for four outputs

of the object under diagnosis:

1. Determine 6 = 2— =27 which is the number of

each of the words used in the composition of constant-
weight codes <hy(X) hi(X) ha(X) hi(X)>. As a result,
one builds a CED circuit in which the codewords of
the composition of 1-out-of-4 and 3-out-of-4 codes
will be formed uniformly at the TSC inputs.

2. Consider the sets of argument values in lexico-
graphic order, from the set with decimal equivalent 0
to the set with decimal equivalent 2’ — 1. On the sets of
argument values with  decimal equivalents
0...27=1), redefine the bits of the vectors
<hy(X) h3(X) ho(X) hi(X)> to the codeword <0001>; on
the sets with numbers 2"°...(2-2"> — 1), to the code-
word <0010>; on the sets with numbers
2:277..(3:277 = 1), to the codeword <0100>; on the
sets with numbers 3-2"°...(4:2"> — 1), to the codeword
<1000>; on the sets with numbers 4-2>...(5-:27 — 1),
to the codeword <1110>; on the sets with numbers
5:2'3...(627° — 1), to the codeword <1101>; on the
sets with numbers 6-2>...(7-2"> — 1), to the codeword
<1011>; finally, on the sets with numbers
7-2"3...(8:2"° — 1), the codeword <0111>. This step of
the algorithm forms each of the codewords for the
composition of 1-out-of-4 and 3-out-of-4 codes at the
TSC inputs exactly 6 times.

3. Determine the values of the functions gi(X)
based on the known values of the functions /(X) for
each set of argument values:

& (%)= f,(X)®h(X) N
1 (X)=£(X)®g,(X), i=T, 4

4. Verify the formation of the checking test for
each XOR gate in the CED circuit: under the canonical
realization of XOR, the checking test includes all four
working combinations {00, 01, 10, 11} [25], and each
of them shall be formed on at least one set of argument
values. If tests are formed for all SCB gates, proceed
to Step 5 of the algorithm; otherwise, redefine the bit
values in the vector <hy(X) h3(X) h(X) hi(X)> on a
selected number of the sets of argument values in ac-
cordance with the method described in [26].

5. Optimize the functions g4(X), g3(X), g2(X), and
g1(X) [27].

6. Design a self-checking discrete device in the se-
lected element basis.

We pay the reader’s attention to Step 2 of the algo-
rithm, which involves all eight codewords belonging
to the given composition. However, in view of the ex-
pression (2), this step can be changed: the vectors
<hy(X) h3(X) h(X) hi(X)> can be redefined to only
four codewords of the given composition, which will
ensure the complete check of the checker.

Example 1. Let us build a CED circuit for a device
whose operating logic is described by the first nine columns
of Table 1.

Following Step 1 of Algorithm 1, we determine the

number &=2*" =2, characterizing the number of each of

the words used in the composition of 1-out-of-4 and 3-out-
of-4 codes. Then, according to Step 2 of Algorithm 1,
we sequentially consider the sets of argument values and
fix the following codewords of the composition of
l-out-of-4 and 3-out-of-4 codes in the vector
<hg(X) h3(X) hy(X) hy(X)>: on sets 0 and 1, the word
<0001>; on sets 2 and 3, the word <0010>; on sets 4 and 5,
the word <0100>; on sets 6 and 7, the word <1000>; on sets
8 and 9, the word <1110>; on sets 10 and 11, the word
<1101>; on sets 12 and 13, the word <1011>; finally, on
sets 14 and 15, the word <0111> (see the columns corre-
sponding to the bits of the vector
<hy(X) h3(X) hy(X) h(X)> in Table 1). Using Step 3 of Al-
gorithm 1 and formula (3), we obtain the values of the func-
tions implemented at the outputs of the block G(X) for each
set of argument values (see the columns corresponding to
the bits of the vector <g4(X) g3(X) g2(X) g1(X)> in Table 1).
Following Step 4 of Algorithm 1, we determine whether
checking tests are formed for each of the gates XOR,4, XOR;,
XOR,, and XOR,. All combinations formed at their inputs
are given in the corresponding columns of Table 1. Analysis
of the combinations arriving at the inputs of each correction
element shows that a checking test is formed for each of
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Table 1

The operation of a device with four outputs and the CED circuit for it

The sets of argument a;rtllllee \;ﬂtl;eusts The values at the outputs at?li \cl)ftl;lilsts Test combinations

“ values S e ) of the SCB block of the block G(X) of the SCB block
EaSN SO N S (S CE R ey S| S| S| Sof < | < | X | X
0 0 0 0 0 1 1 0|0 0 0 0 | 1 1 0 1| 11| 11 | 00 | 01
1 0 0 0 1 010 1 0 0 0 0 1 010 1 1 || 00| 00| 11 | Ol
2 0 0 1 0 1 0 1 0 0 0 1 0 010 1 0 10 | 00 | 11 | 00
3 0 0 1 1 0101070 0 0 | 0 1 0| 0] O0fOL |00/ O00/| 00
4 0 1 0 01 o0 | 0|0 0 1 0 0 0|0 ] O] O0]O00| 10|00 O
5 0 1 0 1 010 1 0 0 1 0 0 0 1 1 0|l 00| 01 |11 | 00
6 0 1 1 01 o 1 010 1 0 0 0 0 1 1 0|l 00 | 11 | O1 | 00
7 0 1 1 1 0]01]O0 1 | 0 0 0 0|0 | L [ 00] 00| Ol | 11
8 1 0 0 0 1 0 1 0 | 1 1 0 1 1 | O 11 | o1 | 11 | 00
9 1 0 0 1 1 00| O 1 1 1 0 1 1 OO0 11|01 | 00| 00
10| 1 0 1 01 o0 | 1 0 | 1 0 1 1 1 | 0 f o1 | 11 | 11 | 00
11 1 0 1 1 0]01]O0 1 | 1 0 1 1 1 0| 0101 |O0L]|O00]| 10
12 | 1 1 0 0 1 0 1 1 1 0 1 1 00O O 10]00]| 10|10
13 | 1 1 0 1 1 0 1 0 1 0 1 1 01010 1 || 10 | 00 | 10 | O1
4|1 1 1 0 1 | 1 1 0 1 | | 1 0|0 O 1L ]| 10 10 | 10
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Next, Steps 5 and 6 of Algorithm 1 should be carried
out, but they appear to be trivial: the functions g4(X), g3(X),
2>(X), and g{(X) are optimized, and a self-checking discrete
device is implemented in the selected element basis. ¢

A CED circuit for a device with n > 4 outputs is
built as follows.

Algorithm 2. CED circuit design for an object un-
der diagnosis with n > 4 outputs:

1. Order the device outputs and divide them into

q= [%—‘ subsets. (The symbol [] denotes the ceiling

of a corresponding value.) If n(mod4) = 0, each
of the g subsets will contain unique outputs; other-
wise, the last subset will contain n(mod4) unique out-
puts and 4 — n(mod4) ones already used in g — 1 sub-
sets.

2. Design the CED circuit according to Algo-
rithm 1 for each of the g subsets of outputs. To reduce
redundancy, the individual blocks G(X) of each CED
circuit shall be built together.

3. Connect the outputs of ¢ CED circuits to the in-
puts of the self-checking comparator gTRC1, which
compresses g two-rail signals into one and is based on
q — 1 elementary two-rail checkers (TRC) [28-30].

Example 2. Provide the structure of a self-checking dis-
crete device for organizing a CED circuit for the initial de-
vice with n = 10 outputs.

According to Step 1 of Algorithm 2, we order
the outputs and divide them into the following number

1
of subsets: q=[?0—‘=3. The first two subsets

are disjoint: 1 — {fi(X), AX), AX), fi(X)}, and
I — {fs (X), f6s(X), /+(X), s(X)}. Since 10(mod4) = 2, the last
subset includes two outputs from the second subset and two
previously unused outputs: IIT — {f7(X), f3(X), fo(X), fio(X)}.

Figure 3 shows the structure of a self-checking discrete
device in Example 2. To implement it, three CED circuits
are allocated with separate SCB blocks and checkers. The
check outputs of individual CED circuits are connected to
the inputs of a self-checking comparator implemented on
two TRC blocks. Since the outputs f7(X) and fy(X) are used
twice, the corresponding functions in the CED circuit are
marked by “*” and “**,” respectively. ¢

The main advantage is that Algorithms 1 and 2
provide the simplest possible design of CED circuits
for initial objects under diagnosis, and the procedures
implemented in these algorithms can be easily auto-
mated for further use in computer-aided design sys-
tems for self-checking discrete devices.
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Fig. 3. The structural diagram of the self-checking discrete device in Example 2.

3. EXPERIMENTAL RESULTS

An important task of this study is to confirm exper-
imentally the efficiency of the structure proposed
(Fig. 1), as well as Algorithms 1 and 2, in the design
of self-checking discrete devices for test combination-
al circuits (benchmarks) from MCNC Benchmarks
[31, 32]. During the experiments, structural redundan-
cy indicators were estimated for self-checking discrete
devices designed for each benchmark. For compari-
son, two methods were also used with the same total
number of outputs for the blocks G(X) as for the object
under diagnosis. The first method was classical dupli-
cation: all blocks G(X) were actually replaced by a
single copy of the object or by a device computing
equivalent Boolean functions [6]. (Nowadays, this
method is widely used to build self-checking imple-
mentations of discrete devices [33].) The second
method was the one based on BSC and the use of the
1-out-of-4 code with correction of all signals from the
object [34].

CED circuits were designed for the selected
benchmarks by three methods. Combinational bench-
marks in the *.pla format were taken. In this format, a
circuit is specified by an interval description of Boole-
an functions (as a compressed truth table representing

a ternary matrix with elementary conjunctions) [35].
The processing techniques for benchmarks, as well as
the algorithms developed, were automated and real-
ized in DM Coding® to obtain descriptions in the *.pla
format for the functional blocks of CED circuits. Next,
the well-known SIS interpreter [36,37] and the
stdcell2_2.genlib library of functional elements were
used to design self-checking devices and determine
some of their parameters. During the design, the
Sfull_simplify optimization procedure was applied for
the blocks G(X). (The other blocks of CED circuits
were typical.) This procedure serves to optimize a sys-
tem of Boolean functions using binary decision dia-
grams (BDDs) [38]. Then, the map -s procedure was
carried out to perform the structural synthesis of de-
vices in the given library of functional elements and
obtain their main parameters. For comparison, an addi-
tional parameter—the area occupied by the device on
a chip—was considered to characterize the implemen-

2 DM Coding is a software module developed by the authors of
this paper jointly with Cand Sci. (Eng.) V.V. Dmitriev. This mod-
ule is expandable and intended for setting up experiments with
novel fault diagnosis methods. Written in C#, it implements certain
functions for analyzing benchmarks with the algorithms being
developed, including the functional description of CED circuit
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tation complexity of a device (in conditional units of
the element library). For each CED circuit component,
the implementation complexity indicators were deter-
mined, including the final values of the implementa-
tion complexity indicator of a self-checking device (by
analogy with the method described in [39]). For dupli-
cation, this indicator is denoted by Lp; for the method
based on BSC and the 1-out-of-4 code, by L,,4; for the
novel method (proposed above), by Lj;.34. The fol-
lowing relative indicators were calculated for compar-
ing the three methods with each other:

uzm.loo%,

D

(4)

n — Ll/4+3/4 . 100%

/4

)

The indicators (4) and (5) characterize the self-
checking device designed by the novel method in
comparison with those designed by duplication and
BSC with the 1l-out-of-4 code. If p>100%
(n > 100%), then the novel method is more efficient
than duplication (BSC with the 1-out-of-4 code, re-
spectively). Also, for a convenient efficiency analysis
of the novel method, the following indicators (the rela-
tive gain in its complexity) were calculated:

Auz(l—%j-loo%,

D

An:[l—m]-IOO%.

/4

A value Ap > 0% (An > 0%) indicates a gain in the
complexity of the novel method compared to duplica-
tion (BSC with the 1-out-of-4 code, respectively).

Table 2 summarizes the results of experiments for
several benchmarks. For each benchmark, the values
of the implementation complexity indicators Lgx), Lp,
Ly, and Lyj34 are provided. For the methods based
on BSC, the values of the implementation complexity
indicator L, of the block G(X) are also given. For
circuits with n > 5 outputs, the block G(X) was ob-
tained by combining separate blocks for computing the
values of signal correction functions for each of the
check and design subcircuits into a single circuit. The-
se indicators can be compared for different methods
based on BSC in order to assess the impact of the
complexity indicator of the block for computing cor-
rection functions on the final value of the complexity
indicator of the self-checking discrete device. Sepa-
rately, the bar charts in Fig. 4 show the values of Ap
and An.

40

30

20

Ap, An, %

-20

-30

-40

-50

rd84
sqrt8
sao2
dist
newcwp
root
max512
del
decoder
wim
newapla2
dc2
newbyte

Benchmark

Ap

mlp4
f51m

inc
dk27
p82
m2
m3
m4
tms

newcpla2
sqré

m
newcplal
newxcplal
max128

An

Fig. 4. The values of Ap and An for different benchmarks.
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According to Table 2 and Fig. 4, we draw the fol-
lowing conclusions. For 9 of the 28 benchmarks, du-
plication is more efficient. However, for most bench-
marks (19, approximately 68%), the novel method
yields self-checking discrete devices with smaller im-
plementation complexity. Moreover, the gain for some
benchmarks is Ap > 20%. Compared to the method
described in [34], the novel one is more effective for
16 benchmarks (approximately 57%). The improve-
ment in the indicator An does not exceed 10% for
most benchmarks. This is explained by the similarity
between the novel method and the one from [34] in
terms of the number of signals corrected. The effect is
achieved mainly due to the gain in the indicator Lgyx,
when applying one or another method. For three
benchmarks (see Fig. 4), a significant loss is obtained
in the implementation complexity indicator: over 20%
for both Ap and Am. This result is due to the complexi-
ty of the Boolean functions implemented by the blocks
F(X) and G(X) [40]. In some cases, the complexity of
Boolean functions implemented by the block G(X) is
significantly higher than that of the ones implemented
by the block F(X). (The reader can compare the data in
the columns Lgx, and Ly, row by row.) Nevertheless,
for most benchmarks, the novel method demonstrates
a positive effect, which suggests its practical applica-
bility.

mine the features and characteristics of the novel
method.

The advantage of using BSC and the composition
of 1-out-of-4 and 3-out-of-4 codes is a large number of
variants to design CED circuits: one can solve related
optimization problems and build self-checking discrete
devices, e.g., with the lowest hardware cost. A draw-
back of the novel method is the need to consider the
number of combinations of distortions at the outputs
of an object under diagnosis when selecting quadru-
ples among them. There are two approaches for build-
ing a CED circuit: the classical one with full coverage
of any errors at the object’s outputs, and the one with
coverage of faults occurring at least on one set of ar-
gument values. Also, it is possible to use the first ap-
proach for implementing a CED circuit by covering
any errors at the object’s outputs with an increased
number of the checked subsets of outputs (as com-
pared to the minimum required for the novel method),
but with an advantage over other methods in terms of
implementation complexity. The possibility of such an
implementation has been demonstrated by some ex-
perimental results, particularly by the above analysis
of the gains in complexity indicators.
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APPLICATION OF LARGE LANGUAGE MODELS
IN DECISION SUPPORT SYSTEMS.
PART I: Explanation Models and Large Language Models

A. A. Kulinich

Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, Moscow, Russia

D< alexkul@rambler.ru

Abstract. Large language models (LLMs) significantly influence many spheres of life: education, creativi-
ty, science, and business. This paper considers the use of LLMs to explain alternative solutions obtained by a
decision support system under uncertainty. Classical and pragmatic models of explanation proposed by phi-
losophers are discussed. The goals and tasks of explanation in decision support processes under uncertainty
are formulated. The operation of LLMs is conceptually analyzed, and their current capabilities in solving
typical test tasks are assessed. The main techniques of prompting (a system of queries to a language model)
are considered; with these techniques, a language model can be tuned to generate explanations for alternative
solutions to particular tasks in a subject area. Finally, prompt techniques for supporting pragmatic and clas-
sical theories of explaining alternative solutions are considered.

Keywords: decision support, explanation models, explanation goal, explanation tasks, large language model

(LLM), prompt techniques.

INTRODUCTION

To support decision-making in social, political,
economic, and organizational systems under uncer-
tainty, “soft” system analysis is used. It is based on the
principle of bounded rationality [1]: due to the limited
cognitive resources of human model developers, an
object’s simplified system model can be formed with a
hypothetical structure, and its parameters may have
linguistic values [2]. Within soft system analysis,
model building involves literature examination and
expert assessments, i.e., the source data are unstruc-
tured data (free text). A model describes an object in a
limited natural language proposed by an expert.

Cognitive maps are a well-known mathematical
tool of soft system analysis [3, 4]. The results of such
a model are presented in an expert’s limited natural
language and interpreted by an expert in terms of
his/her knowledge, which may be insufficient to ob-
tain a new solution. An interpretation should include
relevant knowledge of a subject area that, however,
lies outside the expert’s limited language and a simpli-
fied model of the situation. By interpreting the results
of modeling, an expert attempts to explain and link the

model processes with real-world ones. In a situation
model, causal chains of inference can be formally con-
structed to explain the result [S]. However, these
chains of reasoning are expressed in a limited natural
language and can ensure the rigor of inference within
the accepted assumptions and restrictions, but not the
practical applicability of the solution. The real world is
much more diverse and richer.

In psychology, decision-making is believed to be
carried out by human intelligence in a psychological
environment called a mental space. A mental space
reflects the knowledge and life experience of an expert
gained throughout his/her life. All mental operations—
reasoning, generalization, interpretation, explanation,
and assessment of possible solutions—take place in a
mental space. These operations of decision-making
under uncertainty can be supported by artificial intelli-
gence (Al) systems, particularly large language mod-
els (LLMs).

Nowadays, both the number and variety of LLMs
are growing rapidly. LLMs GPT-2 [6], GPT-3 [7],
InstructGPT [8], and GPT-4 [9] from OpenAl, as well
as BERT [10], RoBERTa, and ALBERT [11] from
Google DeepMind, have become widespread and are
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intensively used. Developments from Meta AI’, such
as LLaMA (Large Language Model Meta Al) [12], are
also actively applied. DeepSeek [13], the Chinese lan-
guage model, is very popular. In Russia, LLMs Gi-
gaChat-2 from Sber [14] and Yandex GPT 5.1 from
Yandex [15] are widely used. The state-of-the-art ad-
vances in the field of LLMs were comprehensively
reviewed in [16].

LLMs are applied to solve various tasks in eco-
nomics, the social sphere, medicine, education, public
administration (at the federal, regional, and municipal
levels), etc. We mention some reviews of the applica-
tion of such models: in scientific research [17], for
forecasting complex economic systems in modern
conditions [18], in public administration [19], in
healthcare [20], in organizations and the banking sec-
tor [21, 22], as digital assistants [23], and in business
analytics and decision-making [24].

A methodology for using LLMs to reference and
generate texts in public administration tasks was pro-
posed in [25]. According to the strategic direction in
the field of digital transformation of public administra-
tion in the Russian Federation [26], it is necessary to
introduce Al systems, big data, and the Internet of
Things into the sphere of public administration.

Within the Strategic Foresight Session on Funda-
mental Research in the Field of Al [27], the following
priority areas in this field were identified: machine
learning architectures and algorithms, computing and
data for Al, fundamental and generative models, hu-
man—Al interaction, and applied research for science,
education, and the social sphere.

This multi-part study is focused on current issues
of human-Al interaction in decision-making under
uncertainty.

The goal of this study is to develop methods and
approaches (models and algorithms) to support deci-
sion-making under uncertainty using LLMs.

The main tasks to be solved for achieving this goal
are as follows.

First, it is necessary to understand whether the ex-
planatory texts generated by a language model are ex-
planations in the sense of philosophical theories of
explanation, which form the fundamental basis of re-
search methodology. To do this, we will analyze the
existing explanation models and reveal their core es-
sence.

The second task is to tune an LLM to generate ac-
curate explanations of situations for decision support
tasks under uncertainty in tandem with a decision-
maker (DM).

Meta Platforms, Inc. has been recognized as extremist in Russia,
and its activities are prohibited within the Russian Federation.

The third task is to assess the quality of a decision
support system (DSS) that includes a DM and an LLM
as an assistant.

The study consists of two parts. In part I, we de-
scribe the first two tasks. In particular, three classes of
philosophical explanation models accepted in research
methodology are identified. With these classes of ex-
planation models, it is possible to understand whether
the text generated by an LLM represents an explana-
tion from a scientific viewpoint and to attribute the
text to one of the classes. The role, purpose, and tasks
of explanation in decision processes under uncertainty
are also defined here. Information on the current per-
formance of LLMs from leading companies is provid-
ed. Based on this information, it is possible to judge
the applicability of language models as assistants to
DMs in decision processes. The possibilities of tuning
an LLM using the techniques of prompting (a system
of queries to a language model) to generate explana-
tions in terms of the selected classes of explanation
models and explanation tasks solved under conditions
are determined.

Part I of the study presents the basic concepts and
definitions that will be used in part 1. The former will
also be helpful for those trying to apply an LLM in a
DSS for the first time.

Part II of the study will deal with measuring the
quality of a cognitive DSS composed of a human
(DM) and a language model. To determine the quality
of such a system, it is necessary to measure a latent
variable, i.e., the DM’s satisfaction with an explana-
tion given by a language model. Criteria for assessing
the DM’s satisfaction degree when solving the expla-
nation tasks outlined in part [ of the study will be for-
mulated. A reasonable respondent model will be pro-
posed. An example will be provided where the reason-
able respondent model will be used to assess explana-
tions of two Russian LLMs, namely, Sber’s GigaChat
2.0 and Yandex GPT 5 Pro.

1. EXPLANATION MODELS IN RESEARCH
METHODOLOGY

Philosophical, sociological, and mathematical dic-
tionaries and encyclopedias offer various definitions
of an explanation, ranging from its properties and
structure to its role in scientific cognition. Here are
some generalized definitions.

In the philosophical encyclopedia [28], an explana-
tion is a line of reasoning whose premises contain suf-
ficient information to deduce a description of a phe-
nomenon being explained. An explanation is an an-
swer to the following question: why does this phe-
nomenon occur?
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The function of an explanation is defined as that of
scientific cognition, the revelation of the essence of an
object under study; it is realized by comprehending the
law the object obeys, or by establishing the links and
relations that determine its essential traits [29].

In research methodology, an explanation is a cog-
nitive procedure aimed at enriching and deepening
knowledge of real-world phenomena by incorporating
them into a structure of definite links, relations, and
dependencies to reveal the essential traits of a given
phenomenon [30].

In philosophy and research methodology, the chal-
lenge is to create a unified universal theory of explana-
tion applicable in various fields of human activity,
e.g., during knowledge acquisition in scientific disci-
plines such as physics, chemistry, biology, sociology,
etc. Variants of the general theory of explanation be-
ing created are different explanation models proposed
by different researchers or groups of researchers. The
explanation models being developed are based on nu-
merous examples of theories of the real world; in gen-
eral, these models reflect the mechanisms of human
intelligence in the processes of research, comprehen-
sion, and justification of empirical observations and
facts [31].

It is important to understand the extent to which ar-
tificial LLMs can explain real objects or events in de-
cision processes under uncertainty.

Note that there are many test programs (bench-
marks) to verify and assess the capabilities of lan-
guage models in the areas of general knowledge, logi-
cal reasoning, common sense, etc. It is topical to in-
vestigate the capabilities of a language model and as-
sess its quality as an explanation system in decision
support processes.

Let us consider the main explanation models pro-
posed in the philosophy of science.

1.1. The Deductive-Nomological Model of Explanation

According to this model, a scientific explanation
consists of two main elements: the explanandum,
which is a statement “describing the phenomenon to
be explained,” and the explanans, which is “statements
given to explain the phenomenon” [32]. For explana-
tions (explanans) to explain the explained (explanan-
dum), several conditions must be satisfied.

e The explanandum must be a logical consequence
of the explanans, and the statements making up the
explanans must be true [32]; i.e., the explanation must
take the form of a deductive argument in which the
explanandum is derived from the premises making up
the explanans. This is the “deductive” component of
the deductive-nomological model (DN model).

e The explanans must contain at least one “law of
nature,” representing a necessary premise for the in-
ference in the sense that if this premise disappears, the
inference of the explanandum will be invalid. This is
the nomological component of the model [32]. (“No-
mological” is a philosophical term that essentially
means “lawful, legal”) [32].

Formally, the explanation problem for this model
(and for all models considered below) has the follow-
ing most general statement.

An explanation model is a tuple <A, Ex1, O, Ex2>,
where:

e A is a set of laws; C. Hempel [32] distinguished
several classes of laws:

o universal laws L. that apply to all areas of
knowledge, such as the laws of logic and mathe-
matics;

o particular laws L; of separate sciences, e.g.,
the laws of chemistry, physics, biology, sociology,
political science, etc.;

o individual facts L; which obey more general
laws.

Thus, in the DN model, the set of laws A includes
three subsets of the laws defined above, i.e.,
A={L., L, L.

The concept of a law is ambiguous (law of nature,
state law, etc.), so we will provide several definitions
for further reasoning. In philosophy, a law is a neces-
sary connection (interrelation, relationship) between
events, phenomena, and also between the internal
states of objects, determining their stability, develop-
ment, stagnation, or destruction. In a philosophical
sense, a law is understood to mean objective connec-
tions between phenomena and events that exist regard-
less of whether they are known to anyone or not [33].

A law is a statement, expressed verbally or math-
ematically, describing objectively existing relation-
ships and connections between various scientific phe-
nomena and objects [28]. A law is proposed as an ex-
planation of facts and is recognized as consistent with
them by the scientific community at a certain stage. A
law whose validity has been established not from theo-
retical considerations but from experimental data is
called an empirical law.

e Ex1 is the explainable, i.e., the situation or phe-
nomenon that needs to be explained.

e O = {o;} is a set of facts that characterize the ex-
plainable situation Ex1.

e and finally, Ex2 is an explanation.

Definition 1. A DN explanation of a certain phe-
nomenon or situation Exl is a mapping DN:
Li(0y),..., Lioy) = Ex2, where L() is a law, L(.)eA;
o; are facts, variables of the law L.), all facts are true,
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i.e., the probability P(o;) = 1; and finally, DN is a pro-
cedure of deductive inference of the explained phe-
nomenon Exl from the laws L; and facts o;. 4

An explanation that satisfies Definition 1 is called
a causal-nomological explanation. This definition im-
plies the application of a deterministic law in the ex-
planation. However, laws from the fields of quantum
physics, biology (genetics), as well as sociology and
other humanities, are probabilistic in nature. There-
fore, the framework of DN explanations defines de-
ductive-statistical and inductive-statistical explana-
tions.

Definition 2. If, in a DN explanation, a general sta-
tistical law L;()eA is used to define explanatory
facts, such an explanation is called deductive-
statistical (SN explanation). 4

In this case, the explained object or situation Ex1
may include statistical characteristics of a random pro-
cess (samples, etc.), the mean M(o;) and the standard
deviation (o)), and the nomological probability of the
explanation Ex2(M(0;), o(0,)) must be defined.

In this case, the mapping of an explanation from
Definition 1 is written as follows:

SN: L](O]),. vey Li*(M(Oj), G(Oj)),. cey
Li(0) = EX2(M(0)), 5(0)), L (JeA.

Definition 3. If at least one fact in a DN explana-
tion is obtained by inductive reasoning (the subjective
probability of this fact is defined), then the explanation
is called inductive-statistical (IN explanation). ¢

It is believed that an inductive fact must have a
certain subjective probability. Usually, the probability
threshold is set at 0.5, i.e., o) Pr(o;) > 0.5.

In this case, the mapping of an explanation from
Definition 1 is written as follows:

IN: L](O]),..., 0; | Pl"(Oj) > 0.5,...,
Li(o)— Pr(Ex1), L(.)eA

Unlike deductive-statistical explanations, which
are based on a large number of observations of random
variables and can be considered a real statistical law,
inductive conclusions are formed from a small number
of observations and are subjective. In the DN explana-
tion model, inductive facts are not reliable without
specifying their context and estimating their probabil-
ity. Hempel [32] called deductive-statistical and induc-
tive-statistical explanations statistically relevant and
inductively relevant, respectively.

In the DN model, explanation validity criteria are
proposed. The first is the explanation generalization
criterion, and the second is the explanation symmetry
criterion. Staying within the mathematical formula-
tions of the DN model, we will define the generaliza-

tion of explanation elements. In the most general form,
generalization is the replacement of an explained con-
cept Ex]l and explaining facts (o0y,..., o,) with the
names of the classes or categories they belong to. Let
KI(Ex1) and Kl(0;) denote the names of the classes of
the explained concept and facts, respectively.

Definition 4. A generalization of the DN explana-
tion model is an explanation obtained by replacing the
name of the concept Exl with the name of its class
KI(Ex1) and replacing the names of the facts
(01,...,0,) with the names of their classes
(Kl(04),..., KI(0y)). ¢

Explanation validity criterion 1: a DN explana-
tion DN: Li(0y),..., Li(oy)—Ex2 (see Definition 1) is
valid (true) if its generalized DN explanation
DN: KI(L((0y),..., KI(Li(or))—> KI(Ex2) is true. ¢

It is possible to prove the validity of an explanation
formally based on generalization if its underlying law
refers to the general laws L. and there is a mathemati-
cal model of the object or situation. In this case, there
may exist a rigorous mathematical or logical proof of
the DN explanation, e.g., in predicate logic, etc. How-
ever, in many cases (for instance, in the humanities),
such models are absent or too abstract. Then this ex-
planation validity criterion can be confirmed or reject-
ed by an expert, via substituting the names of the clas-
ses of concepts of the explained and the facts into the
explanation. This criterion allows one to assert the
truth and universality of the law chosen for the expla-
nation.

Another explanation validity criterion is the infer-
ence symmetry criterion.

Explanation validity criterion 2: A DN explana-
tion DN: Li(01),..., Li(oy)— Ex2 (see Definition 1) is
valid (true) if the converse DN explanation
DN: Ex2— L1(01),. ces Lk(Ok) is true. ¢

The existence of a converse explanation inference
indicates its consistency. This validity criterion can be
formally verified if a known universal law is used for
the explanation, and the model of the object or situa-
tion is known as well. For this purpose, one can in-
volve the mathematical apparatus of proof theory [34].
In other cases, the consistency of the deductive infer-
ence given in an explanation can be verified by an ex-
pert.

The DN explanation model is considered a classi-
cal model of scientific explanation of objects or situa-
tions. However, under the explanation validity criteria,
this model turns out to be rather cumbersome and dif-
ficult to comprehend. A complete and detailed expla-
nation obtained using the DN model is considered an
ideal scientific explanation and is called the “hidden
structure” of the explanation.
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According to some philosophers, a detailed expla-
nation is excessive and therefore so-called “explana-
tion sketches” are acceptable [32]. By assumption, an
incomplete explanation obtained, e.g., by generalizing
an ideal explanation, will contain a component that
explains the ideal explanation. In this case, the matter
concerns explaining an ideal explanation in under-
standable terms, such as “common sense.” Common
sense is a set of skills, ways of thinking, and views of
the surrounding reality that are developed, used, and
shared by people in their everyday practical activities.

An explanation is commonly considered to be
something that provides understanding. In this regard,
one task of the theory of explanation is to identify the
structural features of explanations that provide under-
standing. Understanding is a universal mental opera-
tion associated with the assimilation of new content
and its incorporation into a system of established ideas
and concepts [35]. It is believed that explanation
sketches in commonsense terms can provide an under-
standing of a phenomenon.

Let common sense be certain empirical laws ac-
cepted by society. We add commonsense laws L to
the set of laws A in the DN model:
A={L, L, L, Ly}

Within the hidden structure strategy, an explana-
tion can then be represented as follows.

Definition 5. A hidden structure explanation Ex2"
of a DN explanation Ex2 of a certain object or situa-
tion is a mapping DN: L (Li(01)),..., Le(Li(0x))—>
Ex2", where L./() are commonsense laws L./(.)€A;
Ex2"is a commonsense explanation; and finally, DN
is a deductive inference procedure of the phenomenon
being explained from commonsense laws and facts. ¢

A hidden structure explanation can be viewed as an
interpretation of an ideal explanation of the DN model.
The hidden structure explanation validity can be veri-
fied if a homomorphism relation is defined between
the basic L, or particular L, laws and the commonsense
laws L, i.e., ®: L— L. or ®: Li— L. Under a ho-
momorphism, the elements and relations of the laws
L., L; are mapped to those of the commonsense laws
L.; while preserving causal relations. Under a homo-
morphism, the inverse mapping is not unique.

In this case, validity criteria 1 and 2 may fail. Such
an explanation will be called empirical.

Philosophers believe that explanations in terms of
commonsense laws (explanations based on similari-
ties, analogies, metaphors, etc.) play an important sup-
porting role when formulating an ideal scientific ex-
planation. This fact is due to the ambiguity of the in-
verse mapping oL, > {L.}, i.e., a set of rigorous
DN explanations based on general laws {L.} can be
obtained from an explanation based on the com-

monsense laws (L.). This creates the possibility of
choosing the best explanation model and stimulates
the researcher’s thinking.

1.2. The Unificationist Theory of Explanation

The following explanation model is based on the
unificationist theory, which states that scientific ex-
planations can be represented as a uniform description
of various objects and phenomena. This theory defines
a schematic proposition of the following form [36]:
“For all X, if X is O and A, then X is P.” Here, X is a
variable (the explained); O, A, and Pare variables and
facts, e.g., some properties of the explained.

The left part of this proposition is the premise
(Prm = (VX(0O, A))), and the right part is the inference,
i.e., explanation (Inf = (X— P)). P. Kitcher introduced
the concept of schematic arguments (sequences of
schematic propositions) and a classifier to determine
which arguments are premises/conclusions/inference
rules [36].

Within his approach, a rule for filling (replacing)
abstract variables (X, O, A, P) with subject variables
(concepts from a subject area) is defined. A definition
of an argument pattern is given, including arguments,
their classification, and filling instructions. A pattern
filled with subject variables is considered to be an ex-
planation. Of course, it is possible to obtain many ex-
planation patterns, but which one is correct?

Kitcher introduced the concept of an explanatory
reserve [36], i.e., a set of argument patterns containing
a set of beliefs shared by scientists at a particular time.
To prove that a particular inference—an explanation
pattern—is a sound or acceptable explanation, one
needs to show its belonging to an explanatory reserve.

The inference procedure in this case is to substitute
the values of the subject variable into the argument
pattern and check the pattern’s consistency with the
explanatory reserve. If consistency holds, then the ex-
planation is obtained; otherwise, the pattern is filled
with new data. Strictly speaking, the schematic propo-
sition of this model describes inference in first-order
logic. In such logic, a premise explicitly contains a
certain law used for inference. For example, in the
statement “All humans are mortal” (this is a law),
“Socrates is a human” (this is a fact), and “Socrates is
mortal” (this is a conclusion), the inference is obtained
based on the law.

In the unificationist explanation model, there is no
explicit reference to a certain law. A reference to a law
in an explanation provides its important property, i.e.,
the causality of the explanation. This led to philosoph-
ical debates about the correctness of such an explana-
tion model. However, according to Kitcher, first, there
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are examples of explanations without causal relation-
ships, and second, the argument patterns of premises
and conclusions should be a generalization of the his-
torical experience of humans and society in various
spheres of activity, reflecting their cultural traditions
[36]. The long evolutionary process in society forms
beliefs, particularly including causal relationships. All
these social beliefs are added to the explanatory re-
serve of the model and are used to validate the expla-
nation pattern. In general, this explanation model suf-
fers from some drawbacks; but, agreeing with its au-
thor, we can consider social beliefs to be a certain em-
pirical social law L,, and add them to the set of laws A
of the classical explanation model to get its significant
extension with A = {L., L,, L, L., L,}.

Definition 6. An empirical explanation Ex1“” of a
certain object or situation is a mapping DN
Ly, (01),..., Ly, (0)— Ex2°"", where L,,'() is an empir-
ical social law Lm"(.)eA; o; are facts, variables of the
law LS(,"(.), all facts are true, i.e., the probability
P(0;) = 1; Ex2°" is an explanation based on empirical
laws; and finally, DN“"" is a procedure for substituting
an empirical explanation Ex2“” from the set of ex-
planatory reserves ER, Ex2“""cER. ¢

In this case, validity criteria 1 and 2 for an empiri-
cal social explanation can be applied by an expert.
However, due to the empiricism of a law L,,, nothing
can be said about the reliability of the explanation (or
even its probabilistic assessment). The fulfillment of
these criteria will indicate the correct and consistent
inference of the explanation, but not its reliability.
Various reference books and encyclopedias can serve
as an explanatory reserve.

1 emp

1.3. The Pragmatic Theories of Explanation

The explanation models discussed above neglect
the role of humans in the explanatory process. There
are pragmatic theories of explanation directly involv-
ing humans both in the process of generating explana-
tions and in the process of consuming explanations (as
end users).

An explanation theory contains “pragmatic” ele-
ments if they require a mandatory reference to facts
about the interests, beliefs, or other psychological
characteristics of those who give or receive the expla-
nation, and a mandatory reference to the context in
which the explanation arises [37].

The authors of the classical DN explanation model
agree that pragmatic elements play some role in the
process of providing or receiving explanations; but
they believe that there is a non-pragmatic core of ex-
planation, and its description is the main task of ex-
planation theory [32].

Contemporary pragmatic theories of explanation
are based on constructive empiricism, as outlined by
American philosopher B. van Fraassen. According to
his viewpoint [37], the goal of science is to construct
“empirically adequate” theories yielding true or accu-
rate descriptions of observable phenomena, and re-
search is more about construction than discovery, i.e.,
building models that must be adequate to the phenom-
enon rather than discovering the truth related to the
unobservable. “Science aims to give us theories that
are empirically adequate; and acceptance of a theory
involves as belief only that it is empirically adequate.”
[37]. Van Fraassen’s “empirical adequacy” means the
coincidence of the empirical manifestations of the the-
oretical model of a phenomenon and the phenomenon
itself.

The theory of constructive empiricism comple-
ments the theory of scientific realism, which is based
on rigorous inference, laws, and proofs. However, as
claimed by van Fraassen, the rigor of inference in the
theory of scientific realism is based on unproven pos-
tulates and axioms, which limits its application in the
humanities. While elaborating the theory of construc-
tive empiricism, the author referred to the model of
semiotics—the science of signs and sign systems, in
which a phenomenon observed is represented at three
levels: syntactic, semantic, and pragmatic [38].

A rigorous logical explanation obtained within the
theory of scientific realism can be represented as a
syntactic abstract structure. In constructive empiri-
cism, such logical structures are interpreted in seman-
tic (meaningful) terms.

In constructive empiricism, a human is an observer
of manifestations of reality, a constructor of an empir-
ical model of reality, and its validator. Consequently,
“accepting” a theory means only believing in its em-
pirical adequacy [37]. The issues of applying the con-
structive approach to the study of social systems were
considered in [39].

The explanation model proposed within the theory
of constructive empiricism is a triple of the form

Q = <Tka Xa RL>9

where Q is a query; T, is a topic or context;
X = {X,,..., X,,} is a set of contrasting responses, es-
sentially alternative responses (classes of responses);
and finally, RL is the relevance relation between the
topic and the alternative response.

Let us comment on this model. An explanation is
not just a set of judgments but a response to the query:
“Why?” It always arises in a definite context and is
defined by three factors. The first factor is the topic,
i.e., what is being asked about (7}). The second factor
is the contrast class, consisting of a set of statements
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alternative to the topic. The third factor is the rele-
vance relation between the topic of the query and the
contrast class, which defines what can serve as an ex-
planation.

Suppose that for a particular topic 7} and a given
set of alternative responses X, a set of pairs—topic and
alternative response—can be formed by the direct
product T} x X.

Definition 7. For a pair (T}, Xj))e Ty x X, X; € X,
there exists a relevance relation RL < Tyx X if the sub-
Jject believes and is convinced that X; responds to a
query Q in the context 7. In this case, the explained Q
and the explanation X; are empirically adequate. ¢

A statement X; is relevant to a query Q if and only
if there is a relation RL for the pair (7}, X;). A rele-
vance relation cannot be established unambiguously.
For example, consider the query Q = “Why does blood
circulate in the body?” and two possible responses, X;
= “Because the contraction of the heart causes blood to
move through the arteries” and X, = “In order to deliv-
er oxygen to all tissues of the body.”

Clearly, there are two alternative responses (two
contrasting classes), but it is impossible to establish a
relevance relation between the topic of Q and the con-
trasting class X beyond the context of this query [37].

The query “Why?” identifies a certain problem and
sets a definite context. At the same time, the response
to it includes a theoretical context—a scientific expla-
nation. For this context of the query, the empirically
adequate response is X; = “Because the contraction of
the heart causes blood to move through the arteries.”
Here, a causal relevance relation holds. However, if
we change the context of the query, O = “Why does
blood circulate in the body?”, the empirically adequate
response will be X, = “In order to deliver oxygen to all
tissues of the body,” with a functional relevance rela-
tion.

It is believed that ... A scientific explanation is not
a piece of pure science but an application of science. It
is a use of science to satisfy certain of our desires; the-
se desires are always specific to a certain context, but
they are always desires for descriptive information. ...
The exact content of the desire, and the appraisal of
how well it is satisfied, varies from context to con-
text.” [37].

Summarizing the explanation models discussed,
we emphasize the main differences between pragmatic
explanation models and the family of DN models. Re-
call that the family of DN explanation models (called
classical in the literature) was developed within the
theory of scientific realism, and such models are char-
acterized by the following properties:

— An explanation is based on laws (deterministic,
statistical, or empirical).

— The inference of the explained through observa-
ble facts is based on laws and must be correct and true
(reliable).

— An explanation reflects the objective laws of na-
ture and/or society and is independent of the psycho-
logical characteristics of a subject (his/her interests,
beliefs, desires, assessments, etc.).

The pragmatic theories of explanation are based on
the theory of constructive empiricism and are charac-
terized by the following properties:

e A subject is included in an explanation model.
An explanation is formed considering the subject’s
psychological characteristics and the context formulat-
ed in his/her query.

e A response is formed based on the subjective
empirical adequacy of the explanation. The statement
regarding the empirical adequacy of an explanation is
much weaker than that regarding the truth (reliability)
of the explanation in DN explanation models. Howev-
er, the empirical adequacy of an explanation satisfies
the subject’s research needs.

e An explanation contains scientifically grounded
statements at the level of semantics—the meaning of
the explained—rather than at the level of inference in
terms accessible to a limited circle of narrow experts,
as is done within the theory of scientific realism.

e An explanation is aimed at satisfying the needs
and desires of a particular subject in his/her context of
interest in order to obtain additional relevant infor-
mation and expand his/her worldview (mental space).

The above two classes of models form competing
theories of explanation, but they can complement each
other in decision support processes.

Note that the literature provides explanation mod-
els for different subject areas, such as explanation
models in sociology, engineering, and mathematics,
explanation models of consciousness, etc. Some philo-
sophical explanation models from research methodol-
ogy have been considered above. Other models of sci-
entific explanation can be found in philosophical liter-
ature, e.g., in the review [9]. Here, we briefly over-
view the well-known, qualitatively different classes of
explanation models so that texts generated by an LLM
can be expertly assigned one of the classes of scien-
tific explanation. As a result, it becomes possible to
assess the quality of the language model’s explana-
tions and, therefore, its utility for decision support
tasks.

1.4. The Goal of Explanation in Decision Support

The literature on various competing explanation
models is quite extensive. Here, researchers interpret
the very concept of explanation in different ways, pay-
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ing little attention to the goals of explanation—what
explanations are used for [31]. Obviously, the goal of
explanation is determined by the goal of scientific re-
search, which depends on the object of study. The
most commonly proposed goals of research are proof,
structural analysis, the principle of operation (func-
tioning), development prediction, control of a complex
object, etc. The goal of explanation also depends on
the field of research; e.g., in the practice of teaching
mathematics, the following types of explanation are
distinguished: explanation to justify, explanation of a
problem solution, explanation to reveal meaning, and
explanation to verify.

However, the core of different explanation models
in different subject areas is the connection between
explanation and understanding. It is believed that ex-
planation provides understanding. Understanding is a
universal mental operation associated with the assimi-
lation of new content (new content is included in the
explanation) and its inclusion in a system of estab-
lished ideas and beliefs (in essence, in the subject’s
knowledge system) [35].

In fact, an explanation is a description of the main
properties of an object or situation under study (possi-
bly linking them to known laws) that triggers a univer-
sal mental operation—understanding—to integrate this
new information into the subject’s current knowledge.

According to A.M. Sokhor’s connection between
understanding and explanation [40], those who under-
stand the explanation constantly and easily move from
the real object to its “ideal” model and back can repeat
all the cognitive operations of the explainer and under-
stand why these particular operations have been per-
formed in the corresponding sequence. (It is the “ide-
al” model of an object that is created by abstractions.)
Thus, explanation is a bridge linking the real world
and the mental processes of human thinking and is
intended to form an abstract, idealized mental model
of an object or situation. The mental model can then
be expressed in a rigorous mathematical language and
become a law.

In this case, the goal of explanation can be formu-
lated somewhat differently as applied to decision sup-
port. First, an explanation is aimed at forming an in-
formation environment of an object or situation, in-
cluding the parameters of the object or phenomenon,
its structure, belonging to a certain class (classifica-
tion), etc., in the mental space of the subject. In this
case, there are various relevance relations of an expla-
nation that meet the subject’s needs and the non-
rigorous empirical adequacy of the explanation.

Second, an explanation is aimed at forming or
identifying causal relations, rigorous inference based

on known or newly discovered laws or regularities, for
making decisions to control an object or situation.

Thus, the goal of explanation in decision support
processes has two components:

— The research component is aimed at creating an
information environment for decision-making and de-
veloping alternative solutions.

— The practical component is aimed at adopting,
justifying, and implementing alternative solutions to
control an object or situation.

In this case, competing explanation models—the
classical (DN model) and pragmatic ones—
complement each other. When treating decision-
making as a research process, we can identify two
stages of this process. The first stage—research—is a
series of sequential queries and responses/explanations
to form the information environment necessary for
elaborating alternative solutions. At this stage, prag-
matic explanation models are appropriate, as they
yield empirically adequate explanations of alternative
solutions without restricting the researcher’s desires
and needs.

The second stage is to select the best alternative
using the DN explanation model, which justifies alter-
natives based on known laws and rigorous inference.

2. LARGE LANGUAGE MODELS
AND ASSESSMENT OF THEIR CAPABILITIES

LLMs are deep learning neural networks trained on
huge arrays of text data. They are based on the trans-
former architecture, which includes a set of neural
networks consisting of an encoder and a decoder.
Transformer is a neural network architecture designed
for natural language processing and many other ma-
chine learning tasks [41]. An encoder is an element of
the transformer architecture that converts a text corpus
into vector representations: each word is described by
a vector of probabilities of its joint use with other
words in the text corpus, and the information about the
structure and relationships between words is pre-
served. A decoder uses the encoded information to
generate a response or make predictions. It “decodes”
the received data, creating new text sequences consid-
ering previous words, context, and the probabilities of
the joint use of words in that context.

The neural network of an LLM is a multilayer
structure where each layer consists of a set of artificial
neurons connected to neurons of neighboring layers.
The number of layers in different LLMs varies and can
reach several dozen or more. The neural network is
trained with a large text corpus to form a dictionary of
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tokens, i.e., individual letters or their groups, words,
phrases, and sentences with a defined probability of
their joint use in a given context. When encoding input
information and transferring it between layers, an at-
tention mechanism is used to reveal important ele-
ments of the language structure. Attention mechanisms
can identify different types of syntactic relations be-
tween words, actually separating the syntactic struc-
ture of a sentence [42]. During training, a vector space
of contextual token vectors is formed, and the (cosine)
measure of proximity is determined for tokens. When
decoding, tokens (words, phrases, and sentences) close
to the query’s topic are selected from the vector space
to form sentences responding to this query. Selecting
tokens from the vector space that are close to the que-
ry tokens allows generating a response from the words
that frequently occur in the context of this query.

Thus, an LLM produces a statistical response to a
query without working at the semantic level or analyz-
ing the meaning of the query and response. The mean-
ing of a response depends on the quality of a corre-
sponding text corpus. If the corpus includes texts from
verified sources, the response will be meaningful and
understandable.

If a language model does not understand a query or
has been trained with incomplete or incorrect data, it
tries to guess the response based on existing syntactic
patterns, which may lead to false responses. This be-
havior of an LLM is called hallucination. According to
the hallucination phenomenon, LLMs generate factu-
ally incorrect or fictitious data that are not based on
real information. This behavior is also characteristic of
people when, under deficient information or time con-
straints for problem analysis, they form random or
fictitious responses that are far from reality.

The problem of hallucinations in LLMs is crucial
in applications with critical requirements for reliable
information. Currently, various metrics have been in-
troduced to assess the tendency of language models to
hallucinate. Also, several methods for reducing lan-
guage model hallucinations have been developed: the
creation of correct text corpora (manual verification
and text cleaning); the formation of correct queries to
a language model, prompting the correct response;
retraining a language model; and searching for accu-
rate and relevant information in external sources.

Note that language model hallucinations in re-
search and creative tasks can stimulate human intui-
tion and lead to original solutions/decisions. Recall
that heuristic methods for solving creative tasks (such
as brainstorming and synectics) do not reject absurd
and counterproductive alternative solutions as poten-
tial intuition impulsion to generate new and original
solutions.

Despite this drawback, language models are useful
owing to their capability to solve many natural lan-
guage-written tasks that could previously be settled
only by humans.

LLMs are assessed by special programs (bench-
marks), which measure their basic qualities:
knowledge volume, response accuracy, reliability, etc.

A benchmark uses definite datasets, metrics, and
assessment tasks to test a language model, allowing
one to compare different models and measure their
accuracy. There are benchmarks to test knowledge,
logical thinking, reading comprehension, common
sense, etc. [43]. Many benchmarks have been devel-
oped; let us consider some of them.

Knowledge benchmarks test models in various
fields. They assess how effectively a model can recall
information from different areas, such as physics, ge-
ography, etc. MMLU (Measuring Massive Multitask
Language Understanding) is a well-known benchmark
created to check the model’s factual knowledge on
various topics, such as the humanities, social sciences,
history, computer science, and even law. It includes 57
queries and 15 000 tasks designed to verify the high
capabilities of a language model. On this benchmark,
GPT-4-omni correctly responded to 88.7% of the que-
ries asked.

Logical thinking benchmarks test the model’s
capability to “think” step by step and make logical
conclusions (inference).

Benchmarks for assessing the mathematical capa-
bilities of language models are used as well. For ex-
ample, the GSMS8K test consists of 8500 middle-
school math tasks. Solving them requires the model to
perform several steps of elementary calculations. Lan-
guage models pre-trained for mathematical reasoning
perform well on this benchmark; for example, GPT-4
achieves an accuracy of 96.5%.

GPQA (Graduate-Level Google-Proof Q&A
Benchmark) assesses the logical thinking of a lan-
guage model using a dataset of only 448 queries. This
difficult test, developed by experts in biology, physics,
and chemistry, was passed by GPT-4-omni with an
accuracy of 53.6% only, while graduate students
achieve 65%.

Reasoning language models are being developed
by many leading companies. In 2024, OpenAl released
a new language model, OpenAl-ol, which demon-
strates excellent results in complex reasoning, outper-
forming humans in tests in mathematics, coding, and
natural sciences. In the qualifying round for the Inter-
national Mathematical Olympiad (IMO), this model
succeeded in solving 83% of the tasks, while its pre-
decessor (GPT-40) gave only 13% correct responses.
According to the developers from OpenAl, when solv-
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ing complex test tasks in physics, chemistry, and biol-
ogy, the model demonstrates results comparable to
those of postgraduates.

Reading comprehension benchmarks test the
model’s capability to interpret natural language and
generate appropriate responses. The test is to respond
to queries about texts, which allows assessing com-
prehension and the capability to make conclusions,
grasp, and remember important details.

DROP (Discrete Reasoning Over Paragraphs) is a
benchmark for testing reading comprehension. It chal-
lenges models to reason based on their analysis of par-
agraph content. This benchmark includes 96 000 que-
ries to test the reasoning capabilities of a language
model. DROP’s queries contain information that re-
quires models to perform mathematical operations
such as addition, subtraction, and comparison based on
information scattered throughout the text. When re-
sponding to these complex queries, GPT-4 achieved
an accuracy of 80%, while humans give 96% correct
responses on the DROP dataset.

Commonsense benchmarks assess the model’s
capability to generalize knowledge of the world. Such
test sets typically include queries that require exten-
sive encyclopedic knowledge to respond correctly.
Commonsense testing in language models assesses the
model’s capability to make judgments and conclusions
consistent with human thinking. Humans form a holis-
tic view of the world through practical experience,
while language models are trained on huge datasets
without understanding context.

HellaSwag (Harder Endings, Longer Contexts, and
Low-Shot Activities for Situations with Adversarial
Generations) is a benchmark for checking the model’s
capability to predict a plausible continuation of a giv-
en scenario. According to HellaSwag testing results,
modern models such as GPT-4 have achieved near-
human levels of accuracy.

IFEval (Inference and Fidelity Evaluation) is a
benchmark for assessing both the accuracy and quality
of the generated text. First, a model is assessed by the
Inference metric—the capability to generate text on a
large volume of data. Then, the quality (Fidelity) of
the generated text is assessed. The assessment includes
checking the compliance of the generated text with the
expected result and assessing the degree of preserving
the meaning and structure of the text. Next, the final
IFEval score is calculated, which reflects both the
model’s capability to generate text and the quality of
that text. The higher the IFEval score is, the better the
model will succeed in text generation.

The HumanEval benchmark is a reference da-
taset designed for objectively assessing the quality of
code generated by Al models based on a text descrip-
tion of the task. The benchmark consists of 164 pro-

gramming tasks manually written for this dataset to
ensure their absence in the model’s training samples.
All tasks are formulated in Python and presented as
code snippets with descriptions.

Table 1 presents performance estimates for LLMs
from leading developers: GigaChat 2 MAX from the
Russian company Sber; Qwen 2.5 72B from leading e-
commerce platform Alibaba; Llama 3.3 70B devel-
oped by Meta Al; GPT-40 developed by OpenAl;
DeepSeek-V3 from Chinese company DeepSeek,
owned by the High-Flyer fund; and Yandex GPT5 Lite
Instruct from Russian company Yandex. Testing was
conducted on benchmarks in the following categories:
general knowledge, mathematics, code work, and text
generation quality. The data are current [44, 45] as of
early 2025. The figures in the table show the percent-
age of tasks solved.

Testing the capabilities of language models using
benchmarks allows objectively assessing and compar-
ing the quality of models from different suppliers and
understanding the current level and dynamics of lan-
guage model development. Language model develop-
ers believe that the capabilities of these models are
approaching those of humans; hence, they can assist in
decision support systems.

However, practical tasks, such as making decisions
in complex economic, political, or social situations,
require decision-makers to have a comprehensive
combination of all possible human intelligence capa-
bilities. Therefore, automated metrics alone cannot
cover the entire spectrum of language model assess-
ment, especially when it comes to the subjective as-
pects of language comprehension and generation.
Here, human assessment is much more accurate.

In this case, it is advisable to involve experts or a
group of experts to provide an accurate and reliable
assessment of the capabilities of LLMs [43], e.g.,
based on a survey.

Some problems arise in the expert assessment of
language model explanations. Here, it is necessary to
assess the interaction between a human and an LLM.
A language model gives a statistically plausible expla-
nation without understanding its meaning, while a
human tries to understand the explanation and inte-
grate it into his/her knowledge system. A human un-
derstands a language model’s explanation depending
on his/her level of knowledge; and therefore, different
people, receiving the same response from a language
model, may give it different assessments.

In this case, it is required to develop a method for
assessing the individual’s (non-group) satisfaction
with the explanations of a decision situation that
he/she receives from an LLM. The solution to this task
will be discussed in part II of the study.
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Table 1
Performance of LLMs from leading developers
. Yandex
GigaChat 2 Qwen 2.5 Llama 3.3 DeepSeck-
Category Benchmark name MAX 7B 70B GPT-40 V3 . GPT5
Lite Instruct
General MMLU (RU) 80.46 78.30 65.08 80.00 73.74 70

knowledge MMLU (EN) 86.00 83.85 78.57 88.7 85.24 75.8

Mathematics GSMS8K 95.68 95.07 92.87 95.00 94.99 87.9

MATH 77.26 78.74 62.80 76.60 85.48 82.0

Code work HumanEval 87.20 86.60 86.0 84.00 91.46 71.8

Quality of text IFEVAL (RU) 83.62 84.27 75.12 80.24 84.37 76.9

generation IFEVAL (EN) 89.99 90.43 90.83 88.51 92.21 72.6
pus relevant to a given task. As a rule, text corpora are

3. EXPLANATION MODELS

AND LARGE LANGUAGE MODELS

The explanation models discussed above form two
classes of models: classical (deductive-nomological)
models, based on rigorous inference and known objec-
tive laws or regularities, and pragmatic models, which
consider the goals and desires of the researcher or ex-
plainer and the context of the query to be explained.

In these models, a human formulates an explana-
tion based on observable facts and knowledge. Obvi-
ously, the knowledge of a human researcher necessary
to formulate a response-explanation will be different
in each class of explanation models. Benchmarks
show the good capabilities of language models in dif-
ferent areas. Can a language model provide an expla-
nation satisfiable for a DM?

The knowledge of a language model is determined
by the content of the text corpus used to train it.
Therefore, a language model will operate in the class
of classical explanation models if it has been trained in
the known laws of logic, mathematics, physics, chem-
istry, biology, etc. In this case, the model is likely to
generate rigorous logical explanations based on known
laws. The reliability of such inference can be verified,
and the logical conclusions and explanations them-
selves can be used to control a situation.

A language model will operate in the class of
pragmatic explanation models if it has been trained in
general knowledge, commonsense laws, traditions, etc.
According to the theory of constructive empiricism,
the resulting empirically adequate explanations are
based on the researcher’s beliefs. Such explanations
are useful for expanding the mental space of a DM,
increasing his/her awareness, and stimulating his/her
intuition to generate non-trivial creative decisions.

Training language models to obtain classical ex-
planations or pragmatic explanations from scratch is a
very costly procedure. First, it involves collecting,
preparing, and cleaning a very large training text cor-

prepared by special outsourced teams. The dictionaries
of modern language models contain billions of tokens.
As is believed, only very large language models exhib-
it emergent properties, such as the capability to reason.
Second, training a neural network requires very high
computing power—supercomputers—and, according-
ly, significant time and energy. Training a language
model from scratch is only affordable for large com-
panies, which allow other developers to use trained
models in their tasks.

Pre-trained language models that are publicly
available can be retrained with particular texts, focus-
ing them on the solution to particular tasks. In this
case, the stages of preparing the text corpus and train-
ing the model are also present, but at a lower cost.

An LLM is a huge neural network with a huge
number of connections between tokens. Each query to
a network activates a definite chain of tokens, forming
a response. Also, there are a huge number of options
for activating token chains, and therefore, the number
of plausible alternative responses is also large.

Currently, Prompt Engineering (PE) is being ac-
tively developed as an alternative tuning method for
an LLM for particular tasks using prompts [46, 47]. A
prompt is a hint or sequence of hints for a language
model. Prompts are represented as an algorithm or
scenario for solving a user task; they are created by the
user and can be embedded in a language model. Thus,
prompts control the operation of a language model to
obtain the best result.

3.1. Techniques of Prompting and Explanation Models

Consider some of the most popular techniques of
prompting.

Zero-shot. This technique of prompting implies no
input or output examples to retrain a language model.
It is a simple query to a language model, and the latter
can respond by providing information that does not
require multi-step instructions.
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Few-shot. This technique of prompting involves
examples: several examples of input and output data
are used to retrain a language model. With these ex-
amples, a language model learns to generate queries
following the patterns. For example, a model can be
retrained to detect the tone (emotional “color’) of texts
accurately. Few-shot prompting can be employed as a
technique for the contextual retraining of a language
model. Examples specify the context of an expected
response.

Role-based. This technique of prompting is to as-
sign a role to a language model when it responds to a
given query. For example, a model is asked to respond
to a query from the standpoint of an economist, finan-
cier, lawyer, etc. The query is the same, but the re-
sponses will be generated in the contexts of different
subject areas [48].

Chain-Of-Thought (CoT). This technique of
prompting forces a language model to think step by
step. In this technique, a user gives a language model
an algorithm for solving a task. It makes the model’s
thinking closer to human thinking. As a rule, a com-
plex task is decomposed into subtasks, and their se-
quential solution makes the overall solution more ac-
curate. The application of this technique in LLMs sig-
nificantly improves the accuracy of solving mathemat-
ical and logical problems of the GSM8K benchmark.

According to the authors, CoT leads to higher-
quality solutions to linguistic tasks as well as general
knowledge and commonsense tasks. This popular
technique of prompting, in various modifications, is
widely used in reasoning language models [49].

Chain-of-Verification (CoV). It complements
CoT by forcing a model to verify all previous steps
before taking the next step, making reasoning lan-
guage models more reliable [50].

Chain-of-Note (CoN). With this technique of
prompting, a language model is forced to make
“notes” in the process of solving a task, thereby ex-
plaining each successive step. As a result, the halluci-
nations of a language model can be detected [51].

Chain-of-Knowledge (CoK). In this technique, a
prompt necessarily includes verified knowledge of a
subject area, and a language model can use it to solve
a given task. Unlike CoT, a language model relies on
known facts, laws, or regularities provided in a user’s
prompt and then builds a logical chain from them,
leading to a specific and reasonable answer. For ex-
ample, a user includes the laws of physics in the
prompt to solve a physics problem, and a language
model will generate the solution using these laws. The
correctness of the response will be higher than in
(simple) CoT [52].

Tree of Thoughts (ToT) [53]. This technique is
used to solve complex research tasks or strategic plan-

ning tasks when conventional or simple methods of
prompting are insufficient. ToT was proposed in [53]
as a generalization of CoT. In this technique, attention
is paid to the study of responses, which serve as inter-
mediate steps for solving tasks by language models.
ToT supports the construction of a response tree (tree
of thoughts) whose nodes contain intermediate re-
sponse texts. Then search algorithms, such as breadth-
first search and depth-first search, are applied to the
tree to obtain a solution and analyze it.

ReAct Prompting. In this technique of prompting
[54], a language model is used in interactive mode
with a human to generate chains of reasoning in order
to form relevant actions for a given task. With gener-
ated chains of reasoning, a language model is able to
create, track, and update action plans, as well as to
handle error situations. Actions implement interaction
with external information sources, e.g., knowledge
bases.

ReAct allows a language model to interact with ex-
ternal sources to obtain additional information, result-
ing in more reliable and accurate responses. ReAct
improves the interpretability and reliability of a lan-
guage model. According to the authors, the best ap-
proach is to apply ReAct in combination with CoT; in
this case, both internal knowledge and external infor-
mation obtained by reasoning are used.

Commonsense prompts. Currently, prompts for
supporting deductive reasoning based on com-
monsense knowledge are of great research interest.
The fact is that LLMs are trained on large text corpora,
and when answering queries, they give statistically
better responses. Such responses are correct, but they
usually have no elements of deductive reasoning (ob-
vious to humans) and are represented as implicit
knowledge. Prompts are developed to obtain a lan-
guage model’s response containing an explanation
with deductive reasoning; they are hints for a language
model to extract a meaningful answer. Such hints for a
language model are generated using external com-
monsense knowledge bases. These are static
knowledge bases ConceptNet [55] and ATOMIC [56],
as well as dynamic commonsense knowledge base
COMeT [54], in which commonsense knowledge is
formed from the context of a query to a language
model and is represented in the form of a reasoning
graph. Experiments with this dynamic knowledge base
[57] have shown an increase in the performance of
language models on commonsense benchmarks. In the
paper [58], a method was described to generate
knowledge from a language model itself and provide
this knowledge as additional input data (hints) when
answering a query. This method does not require ac-
cess to a structured commonsense knowledge base but
improves the performance of modern LLMs. The is-
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sues of generating commonsense responses by a lan-
guage model based on internal dialog with a language
model were considered in [59]. The corresponding
method involves no external knowledge bases, but the
performance of a language model on commonsense
benchmarks with such a prompt has demonstrated an
increase. However, according to the authors of [59],
the disadvantage of LLMs is the lack of introspection,
i.e., knowledge of their knowledge.

Only some techniques of prompting have been dis-
cussed above. Currently, many developers offer cus-
tom prompts that can be embedded in pre-trained lan-
guage models and do not require additional training in
a subject area. This seems to be an inexpensive option
for tuning a language model to solve user tasks.

In decision support, there are heuristic techniques
of analyzing situations under uncertainty, which are
methods for finding decisions in complex situations.
For example, they include Five Whys, aimed at identi-
fying the causes of a problem; the Ishikawa (fishbone)
diagram, intended to build a hierarchical model of
cause-and-effect relations; the garland and association
method, serving to generate creative decisions; SWOT
analysis, allowing one to determine the development
strategy of an organization, etc. All these techniques
have been tested in decision practice, and their algo-
rithms can be considered a prompting algorithm for an
LLM.

A prompt can be represented as a control program
that extracts the information necessary for decision-
making from a language model via sequential steps.

The above techniques of prompting can help a lan-
guage model implement the explanation models. Let
us consider this issue in detail.

For pragmatic explanation theories focused on
satisfying the user’s desires and interests, suitable
techniques are those organizing a dialog with a lan-

guage model to expand the user’s mental space and
awareness. Recall that in pragmatic explanation mod-
els, there shall exist a relevance relation between the
topic of a query and the language model’s explanation,
and the DM shall be convinced that the explanation is
empirically adequate.

The techniques of prompting from Table 2 can be
applied to support pragmatic explanation models.

Note that Few-shot allows implementing the unifi-
cationist explanation model [36]. Recall that in this
model, a pattern is defined, and an explanation select-
ed from an explanatory resource is substituted into this
pattern. An explanatory resource is an opinion of
prominent scientists, customs, traditions, and infor-
mation from reference books, encyclopedias, etc.

For classical explanation theories (DN models
[32]), aimed at obtaining and justifying an explanation
in the form of decision inference based on known laws
and regularities, suitable techniques of prompting are
provided in Table 3.

We have mentioned two goals of explanation in
decision support. These are the research goal, which is
achieved by using a language model with prompts im-
plementing pragmatic explanations to increase expert
awareness, and the practical goal, which is achieved
by using a language model with prompts for classical
explanation theories that help obtain and justify rigor-
ous decision inference and its application to control a
situation.

The application of different combinations of the
existing techniques of prompting or the development
of a custom prompt allows an LLM to be tuned for
explaining alternative solutions in both the classical
and pragmatic theories of explanation.

The issues related to the development and testing
of user prompts for solving research and practical de-
cision support tasks are not addressed in this work.

Table 2

The role of prompting in the pragmatic explanation model

The technique The role of prompting
of prompting
Zero-shot Allows getting a response to any query
Few-shot Allows getting a response in the form of a user-defined pattern
Role based Allows getting responses to the same query in different contexts
Chain-Of-Thought Allows representing a complex task as a series of related subtasks and solving them sequentially
(CoT)

Chain-of-Verification

Extends CoT; allows verifying the reasoning of a language model and detecting hallucinations

Chain-of-Note
explanations

Extends CoT; allows improving the reasoning quality of a language model by supplementing

Tree of Thoughts Allows building a tree of reasoning instead of a chain of thoughts in CoT; as a result, allows
(ToT) finding a better alternative explanation
ReAct Prompting Enables an interactive mode between a user and a language model. The user can utilize external

data to solve research and planning tasks
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Table 3

The role of prompting in the classical explanation model

The technique
of prompting

The role of prompting

Chain-of-Knowledge

Allows retraining a language model with a knowledge model that includes a description of the laws
or patterns of a particular subject area. As a result, allows increasing the inference reliability of a
language model in the subject area under study.

ReAct Prompting

Organizes an interactive mode of operation between a user and a language model with access to
external sources of verified data. As a result, allows the use of descriptions of laws from external
data sources, which can increase inference reliability

Commonsense

Allows getting a “sketch” of a classical explanation in commonsense terms. Such an explanation
has been called a hidden-structure explanation of a deductive-nomological explanation (see above).

CONCLUSIONS

We have considered the application of LLMs for
generating and explaining alternative solutions ob-
tained by a decision support system under uncertainty.
We have discussed classical (deductive-nomological)
and pragmatic models of explanation proposed by phi-
losophers. The goals and tasks of explanation in deci-
sion support processes under uncertainty have been
formulated. The goal of explanation in a decision sup-
port system is to form an information environment for
decision-making; it reduces to solving a research prob-
lem to formulate alternative solutions and a practical
problem to justify and implement the best alternative.
The operation of LLMs has been conceptually ana-
lyzed, and their current capabilities in solving typical
test tasks have been assessed. The main techniques of
prompting (a system of queries to a language model)
have been considered; with these techniques, a lan-
guage model can be tuned to generate explanations for
alternative solutions to research and practical tasks of
decision support under uncertainty.

In part I of the study, we have formulated the basic
concepts and definitions that will be used in part II. In
turn, part II of the study will be devoted to issues of
measuring and assessing the satisfaction of decision-
makers with explanations of LLMs. Satisfaction as-
sessments will be conducted for research and practical
tasks of explanation under uncertainty. The explana-
tions of two Russian LL.Ms will be analyzed and as-
signed to the above classes of explanation models.
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METHODS FOR SOLVING THE AIRCRAFT LANDING OPTIMIZATION PROBLEM
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Abstract. This paper considers the problem of optimizing the sequence and time of aircraft land-
ings, which is topical for increasing the capacity of airport runways. The main approaches to solv-
ing this problem are briefly overviewed, and its mathematical statement is provided, including the
key constraints and objective functions. The exact solution method and approximate ones using
genetic algorithms with two different crossover operators and a heuristic algorithm are described.
The time to obtain an exact solution grows exponentially with increasing the problem dimension
(the number of aircraft), which makes it impractical. Approximate methods yield a suboptimal,
albeit quite good, solution in real time during aircraft landing. An original simulation software
complex is presented and applied to compare the efficiency of the main methods implemented. It
is proposed to use deep reinforcement learning to solve the problem.

Keywords: airport runway capacity, separation criteria between aircraft landings, optimality criteria, library

of methods.

INTRODUCTION

Airport runway capacity constraints are a well-
known bottleneck in air traffic management and a
main cause of flight delays. Flight delays, especially
before landing, lead to additional costs for airlines,
increased fuel consumption, air pollution, and passen-
ger dissatisfaction. To increase the capacity of existing
airport runways, a key task is to optimize the flow of
aircraft landings. The separation criteria between air-
craft landings depend on the types (weights) of air-
craft. Airport runway capacity depends on the se-
quence of aircraft landings since the minimum safe
landing time for a heavy aircraft after a light one is
significantly smaller than that for a light aircraft after a
heavy one due to the turbulent vortex trail created by
the leading aircraft. The First Come First Served
(FCFS) principle, widely used in practice, rarely pro-
vides an optimal sequence in terms of runway capacity
or average aircraft delay.

The problem of optimizing the flow of aircraft
landings (further called the aircraft landing optimiza-
tion problem) is to plan the sequence and time of air-
craft landings in a terminal area, taking into account
operational constraints, in order to minimize given
criteria. Solving this problem is relevant for decision
support tools that help air traffic controllers manage
the flow of arriving aircraft, such as CenterTRACON

(CTAS), developed by NASA and FAA [1], and its
European counterpart, ArrivalMANager (AMAN) [2].
Extended AMAN is the version covering an area up to
500 miles from an airport, for early optimization of
aircraft sequencing to reduce delays, noise, and fuel
consumption in the airspace near airports [3].

Being long known, the aircraft landing optimiza-
tion problem has been solved for several decades since
the 1980s. However, the search for new solutions con-
tinues to the present day: the successful application of
solutions in real time, when aircraft are preparing to
land in an airport area, requires the highest possible
speed of obtaining such solutions [4-6].

There are two different statements of the aircraft
landing optimization problem: static and dynamic. In
the static one, information about the set of aircraft ap-
proaching for landing is assumed to be known [7-10].
In the dynamic statement, the set of aircraft changes
over time, as some aircraft land and new aircraft arrive
in an airport area [11, 12]. However, the vast majority
of studies have been devoted to the static statement
since the dynamic counterpart is addressed based on
the solution of the static one by using a sliding horizon
and updating the solutions when the set of aircraft
changes [12—15].

Safety is a major requirement in air traffic man-
agement. Mandatory safety requirements in aircraft
landing optimization include constraints on a safe sep-
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aration between sequential aircraft, in accordance with
the International Civil Aviation Organization rules,
and the requirement for aircraft to land within a speci-
fied time window, determined by its flight characteris-
tics and available fuel. In practice, weather conditions,
runway configuration, departure and approach routes,
etc., can affect echeloning conditions. Additional con-
straints may be imposed, such as a limited shift rela-
tive to the aircraft position in the registration order of
an airport area [7, 16—18], priority constraints, runway
closure periods [8], etc. Various statements of the
problem were investigated in the literature, consider-
ing one [11, 19, 20] or several runways [8, 9, 21-24],
used only for landing or for both landing and takeoff
[10, 25, 26]. Recently, there have been studies on the
integrated planning of interrelated arrival-departure
processes and aircraft movements on taxiways [27].

Objective functions vary as well. Commonly used
objective functions are to minimize the deviation from
a target landing time, i.e., the average, maximum, or
total flight delay [3, 21, 23, 28-30], maximize runway
capacity [31], minimize airline costs [32-34], and
minimize environmental losses by optimizing fuel
consumption and minimizing the emissions of harmful
substances into the atmosphere [32, 35, 36]. Often,
several conflicting objectives are considered in the
problem statement, i.e., a multicriteria optimization
problem is posed [37-39]. For multiple runways, it is
important to balance the number of aircraft landings
on different runways.

The scope of research into this problem is evolving
dynamically, from exact solution methods to modern
approaches based on reinforcement learning. The air-
craft landing optimization problem is formalized as an
NP-hard problem based on mixed-integer program-
ming [14, 34, 40-42]. However, finding an exact solu-
tion is possible only for a problem of small dimension
(for a small number of aircraft): the time required to
calculate the solution grows exponentially when in-
creasing the number of aircraft and is not satisfactory
for practical application. The main methods for solv-
ing the problem include dynamic programming, the
branch-and-bound method, and heuristic and metaheu-
ristic methods [43]. Many authors use dynamic pro-
gramming [15-18] and the branch-and-bound method
[7, 25] to solve this problem. However, an important
disadvantage of these approaches is that they require
too much computational effort to solve high-
dimensional problems. Many diverse heuristic and
metaheuristic algorithms [44] have been developed to
obtain good-quality approximate solutions in a reason-
able time, such as genetic algorithms [45, 46], simula-
tion annealing [20], search with prohibitions [14], ant
colony optimization [38, 47—49], particle swarm opti-

mization [50], gray wolf optimization [51], sparrow
search algorithm [52], etc. Integer programming mod-
els and metaheuristic methods that use an initial solu-
tion to improve computational efficiency were com-
pared in [24].

Comparing the efficiency of such approaches is
difficult because the main analysis tool is simulation,
and researchers use different datasets available to
them, obtained from different airports around the
world, e.g., Malpensa [13], Linate [14, 17], Beijing
Capital Airport [11], Carthage [9], Fiumicino [13, 14],
Gatwick [26], Doha [10], Kunming Changshui [52],
etc. In this regard, the proposed solutions are com-
monly compared with the FCFS approach [28, 29, 42,
47-49].

Recently, reinforcement learning methods have
shown great potential for obtaining quick solutions
[53-55]. However, due to the low level of confidence
in the results, artificial intelligence (AI) methods are
not widely applied in air traffic management systems,
where safety, traditionally ensured by humans, is criti-
cal. As concluded in the paper [56], such methods
need further research, and explainable Al methods
should be developed for their acceptance by end users.

1. ALGORITHMS FOR SOLVING THE PROBLEM

1.1. Problem Statement and Exact Solution

The problem of forming an optimal aircraft landing
sequence is stated as a linear or quadratic mixed-
integer programming problem, depending on the
choice of the objective function.

Let us introduce the following notation: P is the
number of aircraft waiting to land; E; is the earliest

possible landing time of aircraft i, i=1, P; L; is the

latest possible landing time of aircraft i, i=1, P; T; is
the optimal landing time of aircraft i, i = l,_P ; C;1s the

turbulence class of aircraft i, i =1, P (aircraft are clas-

sified by turbulence, and minimum permissible delays
are assigned to aircraft classes); S.. is the minimum

delay between the landing of an aircraft of class c;

after the landing of an aircraft of class c,,

i, j=1, P, i#j; finally, x; is the landing time as-

signed to aircrafti, i=1, P.
Table 1 shows an example of the matrix S.. for

four aircraft types: 1—Boeing 747, 2—Boeing 727,
3—Boeing 707, and 4—McDonnel Douglas DC-9.
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Table 1

The minimum permissible delay between sequential
aircraft landings (s)

The type of next
aircraft

1 2 3 4

. ; 1 | 96 | 200 | 181 | 228

re tvyipe ° 2| 72 [ 80 | 70 | 110

previous 3| 72 | 100 | 70 | 130
aircraft

4| 72 [ 80 | 70 [ 90

The problem is stated with ~ P> additional Bool-
ean variables 0, determining the order of aircraft

landings:

i

1 if aircraft i is landing before aircraft j
0 otherwise,
i, j=L P, i#].
The main constraints are as follows:
e The landing time window constraint [Ei, L,] is
given by

E<x <L, i=1P. (1)

e The landing order constraint: either aircraft i is
landing before aircraft j (8, =1), or vice versa

(Sjizl):

8,+8,=1, i, j=1P,i#] )

e The minimum aircraft separation constraint can
be written as
X, 2% 48008, —(L—E,;)3,, (i, j)eU. (3)
The problem is to minimize an objective function
under given constraints. The commonly used objective
functions are:
e minimizing the cost of a deviation from the op-
timal landing time, i.e., a piecewise linear objective
function of the form

P
mxln;(gia,. +hB,), X ={x.},
where g, and h, are the penalties of aircraft i for land-

ing before and after, respectively, the optimal time; the
variables a, and P, are given by

o, =max(0,7, —x, ), i=1, P,

1

B, =max (0, x, -7, ), i=1, P;

¢ minimizing the sum of the squared deviations of
the landing times assigned from the optimal ones, i.e.,
a quadratic objective function of the form

min > (1,1, X =y, i=T. B}
i=1

(the maximum and average deviations from the opti-
mal landing time are also minimized);

e minimizing the landing time for the entire group
of aircraft:

min (max[xl,..., Xy|-min[x,..., xN]).

The exact solution of the problem can be obtained
using the CPLEX software package. Exact solutions
are impractical due to the considerable computation
time, but they are used to estimate the efficiency of
approximate methods.

1.2. Approximate Solution of the Problem
Using Genetic Algorithms

The solution of the problem under consideration is
represented as two synchronized vectors R = {Y , X } ,

where Yz{yl,..., y,,} is a permutation of aircraft
numbers
X = {x

SUERRRE

determining the landing sequence;

x_vp} is a vector of landing times sorted in

ascending order according to the landing sequence
given by the vector Y.

The implementation of a genetic algorithm to solve
the aircraft landing optimization problem begins with
the creation of an initial population containing N ran-
dom solutions.

The aircraft permutation vectors Y are formed

randomly; then, for a known vector ¥ = { Visovos y,,} ,
the landing time vector X = {xyl yeres x},l)} with the

minimum separations between sequential aircraft is
calculated by the formulas

X, = max(Tl, Eyl ),

x, :rnin(max(xyF1 +S. ¢ ,Ey[), Ly; ), @)

Yi il

i=2, P.

The necessary and sufficient condition for satisfy-
ing the problem constraints (1)—(3) is
P P

> max(0, S ~(x, - x) ) =0. (5)
[
j¢i,xj>x;

W(R)=
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If the condition fails, the corresponding solution is
inadmissible.

Solutions R' ={Y1, Xl} and R? ={Y2, Xz} are
compared based on the value of the function W(R)

and the value of the objective function F (R) as fol-
lows:
—If W(Rl)<W(R2), then the solution R' is bet-

ter than R”.

~ If W(R')=W(R)=0 and F(R')<F(R),
then the solution R' is better than R*.

~If W(R')=W(R*)=0 and F(R')=F(R?),

then the solution R' is equivalent to R,

Next, an iterative search process is executed to ob-
tain a solution.

The step of this process consists in forming a new
population using genetic operators. All solutions of the
current population are divided into pairs, and genetic
operators of crossover and mutation are applied to
each pair. As a result, a new pair of daughter solutions
is created for each pair of solutions, i.e., the number of

solutions doubles. The values of W(R) and F (R) are

calculated for all solutions, and then solutions are se-
lected for a new population consisting of N solutions.

The process ends after a given number of itera-
tions, and the solution with the minimum value of the
objective function is selected from the last population.

The crossover operator is crucial for the successful
solution of the problem using a genetic algorithm.
Here, a challenge is that standard crossover operators
cannot be applied to permutations: the resulting vector
will not necessarily be a permutation. Special crosso-
ver operators have been developed for permutations.
However, they are significantly more complex and
require considerable computations.

Since the solution of the problem consists of two

vectors R = {Y , X } , the following artificial technique
can be used to settle this challenge [57]. For solutions

R :{Yl, Xl} and R :{Yz, XZ},

the single-point crossover operator with the parameter
k is applied to the vectors

X‘z{xl ,x;P}andXzz{xi,...,x2 }

yoer

The resulting vectors

Ve 2 T "

1 1 1 2 2
Z ={x, e X, X X },

2 2 2 1 1
Z ={x e XD, X X }

Y2 TV 27T Ty

are sorted in ascending order. After rearranging the
aircraft landing sequence, the corresponding vectors

A ={zl.,..., z\ } and Z* ={z2_.,,..., = }
N yp N yp

are mapped to the vectors

A

Y, ={¥ o yp} and ¥, = {3, ¥y -

According to formulas (4), the vectors Y, and ¥,

are matched with the vectors X , and X ,,» and the two
daughter solutions are obtained:

R={%, %) and R, = {7, X,).

To assess the effectiveness of the proposed crosso-
ver operator, a more complex matrix crossover opera-
tor was also implemented [45]. The genetic algorithm
based on this operator requires significantly more
computing time to perform many matrix operations,
but there is no gain in the efficiency of the resulting
solution.

1.3. The Heuristic Algorithm for Improving the Solution

A well-known property of genetic algorithms is the
rapid improvement of the initial (usually random) so-
lution in the first iterations and a slowdown in the
convergence rate when approaching the optimal solu-
tion. The heuristic algorithm for the iterative im-
provement of the approximate solution [58] has
demonstrated good convergence acceleration near the
optimal solution.

The initial solution becomes the current one:

R, = {Yl’ X 1} .

The first step of the iterative algorithm is to per-
form P-1 sequential comparisons of solutions
R ={Y,X }and R, ={v,, X

fRp _M} for two aircraft

permutations differing in the order of two adjacent
aircraft, in accordance with the formulas

Yj :{yl""’ Vs Yjrroeeo yP}:
Yj+1 :{yla---, yjﬂ, yj,..., yP}’

j=1,P-1.

The corresponding vectors X ; and X, are used
to compare the solutions. In each comparison, the best
of the solutions R; and R;,, becomes the current solu-
tion R.

The second step of the iterative algorithm is to per-
form P-2 sequential comparisons of solutions
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&

R, = {Y] , Xj}, R, = {Y. Xjﬂ}, R, = {Y. Xj+2} fully. Different methods may work better for different

j+1° Jj+2°

. . o groups of problems [5].
for three aircraft permutations differing in the order of

three adjacent aircraft, in accordance with the formu-

To analyze the efficiency of different algorithms
for constructing optimal aircraft landing sequences, we

las developed a simulation software complex. The com-
Y, = { Vis s Vo Vits Yoo yP}, plex includes.a simulation system f(?r aircraf.t landing

flows [59], mixed-integer programming algorithms for

Y, = {yl, coes Yints Vjsas Yjoeeos yP}, the exact §01uti01} of the problem with different objec-

tive functions using the CPLEX method [60], two ge-

Y., ={ Vis e Yisas Yo Visroeeos yP}, netic algorithms with different crossover operators,

J=LP-2 this complex can:

the best of the three solutions is selected as the current .
craft landings;

solution R.

As shown by computational experiments, this heu-
ristic algorithm appreciably improves the approximate
solution obtained after a small number of steps of the
genetic algorithm.

lyze the results;
— visualize the results;

of tests.

and heuristic and hybrid algorithms [61]. The user of
— simulate problems with a given number of air-

— apply various optimization algorithms and ana-

— generate statistical data based on a given number

Figure 1 shows the main window of the complex,

2. ALGORITHMS FOR SOLVING THE PROBLEM: used to specify the problem parameters, select the so-
AN EFFICIENCY ANALYSIS lution methods, and visualize the results.
Four types of aircraft are considered, denoted by U
The efficiency of different approaches (solution (ultralight), L (light), M (medium), and H (heavy).
methods) for a particular problem is complex and am- Three different solutions for a test are presented in
biguous. The choice of an appropriate method depends Fig. 1. The first solution corresponds to the FCFS
on the intensity of aircraft landing flows, the time principle (Method: SortT); the second solution was
available for solving the problem, as well as the goals obtained using the genetic algorithm (Method: GA);
and constraints of decision-making. No known method and the third is the exact solution yielded by CPLEX
can solve all optimization problems equally success- (Method: CPLEX).
o5 Form1 X
UL MmH Number of tests = 100 The objective function
Parameters
Ny ) U [60 [ 60 [120[180 ] Sum of squares | Probabity of mutation=| 0.1 |
K=| 4 Time=| 1320 M |60 |60 |(120(120 Mode o START Heuristi GA GA
H &0 |60 [120(120 Without an exact solution v| SELE sunsie =
1 _ Output Test DisplaySal
{ Test: 3 beg
Metod; SortT, Status: True, W= 0, maxD-= 98, maxD+ = 319, Fitness = 367210, avgD = 119,058823529412, EndTime = 1560, MinTime = 1320
98 11 47 70 62 89 83 44 68 22 115 167 175 164 199 319 291
3 1 3 0 g 14 15 10 3 [ 4 2 16 B 12 3
L L H U L L H U H L U U M H u u
0 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0
Metod: GA, Status: True, W= 0, maxD-= 142, maxD+ = 259, Fitness = 174730, avgD = 86,3529411764706, EndTime = 1380, MinTime = 1320
98 11 47 70 62 89 83 44 -142 52 55 107 115 104 79 51 259
3 1 3 0 g 14 15 10 3 n i 4 2 16 12 9 §
L L H U L L H H U L U U M U U H
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
Metod: CPLEX, Status: True, W =0, maxD-= 132, maxD+ = 225, Fitness = 138382, avgD = 73,5294117647059, EndTime = 1346, MinTime = 1320
43 23 13 104 38 55 49 78 40299 47 39 124 70 45 1T 225
13 1 2 0 g 14 15 10 n i 4 2 3 16 12 3 ¢
M L L H u L L H U L U U H M u U H
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

Fig. 1. The main window of the complex. The problem solution obtained by different algorithms, with visualization of the results.

CONTROL SCIENCES No. 1 e 2026

61




@ CONTROL OF MOVING OBJECTS AND NAVIGATION

For each solution R, the following parameters are
calculated:

— Status(R) :{

—the maximum advance relative to the optimal
landing time,

true ifW(R) =0

false otherwise;

max D —(R)=max (0,7, —x, );

i=1,P

— the maximum delay from the optimal landing
time:

max D +(R)=max (0, x, -7, );

i=1,P !

— the value of the objective function
P
F(R)=3 (T~ x)':
i=1

— the average deviation from the optimal landing
time,

avgD(R) = ZP:|Ti -x|/P;
i=1
— the runway occupancy time
EndTime(R)=max|[x,,..., x, | -min[x,..., x, ].

During computational experiments, tests were gen-
erated, i.e., aircraft landing sequences with different
numbers of aircraft. Then, the resulting aircraft land-
ing optimization problem was solved, and the efficien-
cy of the solutions by various methods was calculated
on a large number of tests.

The tests were generated as follows.

The aircraft type (an integer) was randomly gener-

ated from the range 1, K: C, =md.Next(K),
i=1P.
The times 0<E, <T <L <Time, i=1, P, for all

aircraft were formed using a random real number gen-
erator. Here:

o T, = rnd.Next(T,, T, +Time) is the optimal arri-

val time of aircraft i, a random number in the range
(TO, T, + Time) , i =1, P. The aircraft flow intensity is
varied with the parameter Time, which is selected

close to the minimum time required for aircraft land-
ing in accordance with formulas (4) and (5).

o E =T,—t—rnd.Next(2t) is the earliest possible

landing time of aircraft i, i = I,_P; t is an approximate
minimum length of the landing window, e.g., t = 300
s; rnd .Next(Zt) is the random variation of the landing

window length in the range r2t .

o L, =T, +1+rnd.Next(2t) is the latest possible

landing time for aircraft i, i =1, P.

The simulation software was described in [62].

Based on the comparison of the obtained results,
for all minimized parameters, the approximate solution
significantly outperforms, on average, the solution
with the initial aircraft landing sequence by the FCFS
principle, but is worse than the optimal one.

The values of the objective function for the FCFS
solution R and the generated new solution R are
compared. Let the efficiency gain be the percentage
decrease in the value of the objective function of the

new solution R relative to that of the solution R :

A= M -100 9%.
F(R)

Table 2 shows the average efficiency gains A,
based on 500 tests, for the solutions of problems with
17, 50, and 100 aircraft, obtained using the genetic
algorithm (GA) and then improved using the heuristic
algorithm (GA + EA). For the low-dimension problem
(with 17 aircraft), the maximum possible efficiency
gain for the optimal solution is also given.

Table 2
The efficiency gains
when using different algorithms
The number Optimal GA GA + EA
of aircraft solution
17 ~ 67.04% ~ 46.2% ~ 56.4%
50 — ~51.5% ~70.1%
100 - ~53.5% ~ 72.4%

3. REINFORCEMENT LEARNING - A PROMISING
APPROACH TO SOLVING THE PROBLEM

In recent years, significant results for decision
problems have been obtained in many areas, including
aviation, using reinforcement learning algorithms [63,
64]. Reinforcement learning is searching for optimal
control of a Markov decision process by the trial-and-
error method when an agent interacts with an
environment. The agent’s choice of actions in different
environment states is evaluated using instantaneous
rewards. The agent’s goal is to maximize long-term
rewards [65].

We propose to use this approach to solve the air-
craft landing optimization problem, where the decision
time is critical: in reinforcement learning, a significant
part of the computation time is transferred to the train-
ing stage, and the trained agent (program) generates
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solutions very quickly. Computational experiments
were carried out to study the possibility of using deep
reinforcement learning to optimize the flow of aircraft
landings.

The environment state at a time step ¢ is described
by

S, ={¥ (1), X (1), €(r), D(1)},

where Y (t)=(,(t),.... yy (t)) is the aircraft landing
sequence (the aircraft numbers for landing);
X (t)=(x(t),.... x,(¢)) is the landing times in

T CyN(,>) is the vector

ascending order; C()= (c
of aircraft types in the order of landings; finally,
D(t)=(dyl(l), s dyN(t)) is the vector of deviations

from the optimal landing times.
The optimization problem is to determine the se-

Y:(yl,..., yN) and landing  times

X = (xl,. o xN) for a group of N aircraft during a giv-

quence

en time interval [TO, Tk] that minimize an objective

function under the constraints (1)—(3).
The objective function to be minimized has the
form

Figure 2 shows an example of the initial infor-
mation for the problem. The separation time matrix is
presented in two forms: the separation time matrix
between aircraft of different classes and the separation
time matrix between particular aircraft types.

A training episode begins with some arbitrary state
S,. At each time step ¢, given an environment state

S,, the agent performs some action A € A; as a re-

sult, the environment passes to a state S and the

t+12
agent receives an instantaneous reward R, .
The instantaneous reward for the episode is a large
penalty when failing to build a landing schedule for all
aircraft that satisfies the above constraints, or a penalty

Aircraft 8 [

; wom Time w;laow
(nghl) ® Target time
/?‘I;gavt}; . ® Approach time

Aircraft 6 |
(Medium)
Aireraft 5 |
(Heavy)
Aircraft 4 |
(Heavy)
Aircraft 3 |
(Medium) |
Aircraft 2
(Light) | ae
Aircraft 1 |
(Heavy)

s — o —

- e

" ———o————

Heavy 0 9.4 | 5.6 63 63
Light _ 1 . 31 26 B34
3
Medium 2 2
Al
Heavy % 3
2
Heavy ‘5 4
E
Medium -g 5
Heavy =6

Light 7 {#3I0NSEERESI08 2.7 2.8 2.8 W&

0 20 40 60 80 100
Time

7

(©)

Heavy Light Medium Heavy Heavy Medium Heavy Light

- ——

4.0
3.5
30
2
‘s 25
—
s a8
(5]
©
E 15
3
g
B 1.0
=
0.5
0
Light Medium Heavy
(b)
l 9
Light ‘ 3.0 3.0 3.0 8
: ;
Z Medium 65
2
E [=9
- 5%
Heavy 4

Medium
Current class

(d)

Light Heavy

Fig. 2. Initial data for the problem: (a) aircraft landing time windows, (b) the aircraft distribution by classes, (c) the separation time matrix between particular
aircraft types (row — column: previous — current), and (d) the separation time matrix between aircraft of different classes (previous — current).
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equal to the sum of the squared deviations from the
target landing times otherwise:

—5000 if a correct schedule is not obtained

R =9 & 2 .
" |-D.(T; - x)" otherwise.

i=l1
After the episode is completed, the sets
[S,,A,,Rt,SHl] are stored in memory (replay pool,

see Fig. 3). When training the agent, mini-packets of
accumulated data are selected from the replay pool

(Fig. 4).

Initial state

Cycle

Action Agent

Environment |«
State
Reward

L7

[So- 4o Ros S1]
[S.. 4. R.. S,]

S

|Memo
Y 1S 4, R Spa]

Training
\ [S7-1 471, Ry, St ]

Fig. 3. Data formation for agent’s training.

In the state S, , the agent selects an action A € A
according to an action selection function a in a state
s, 1.e., a strategy TC(S, a) ; the goal of the strategy is to

maximize the long-term reward.
In Q-learning [66], the action value function

Q(S,, A) approximates the optimal action value

function regardless of the strategy used. At each time
step, the values of the former function are updated ac-
cording to the formula

0(S,, A)«0Q(S, 4)
+a|:Rt+l +’YIZISAXQ(S’+1’ a)_Q(S“A):|,

where a is the learning rate and y is the discount

factor.
After updating the action value function, the strate-

gy Tc(s, a) is updated. The Q-learning agent performs
a e-greedy action selection. The action A, maximizing
the value of Q(S,, A ) in a state S, is selected with

probability 1—¢, and a random action is selected with
probability e. First, a maximum value e=¢_ 1S set;

then, during the learning process, € is reduced until
reaching a minimum value € =¢_, . Thus, an iterative

process is implemented to refine the function Q(s, a)
sequentially and improve the strategy n(s, a) con-

stantly relative to the refined function Q(s, a) .

! (S, I‘) [
' ; 1 Environment-agent
' [ ' interaction cycle
oo | [ e
! L a J |
' |
D e
. (s,a,r,s)
N Mini-packet )
. uD) Replay pool «

o - -

]

|

|

) -

]

]

! . w5
i % Actor neural network |- ' L Critic neural network — }d
)

1 J

|

Agent structure

l O-function values J- -

X

Fig. 4. The flowchart of the deep Q-learning algorithm.
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In deep Q-learning (Fig. 4), a deep neural network
is used to approximate the function Q by considering

the function Q(s, a, 9), where 0 are neural network
parameters [67]. The goal of network training is to

determine the parameters 0, :

YtIZRHl +1’I‘}211XQ(SH1, A1+1; e;)

To find the best action according to the function
Q(s, a, 9), a second neural network is used: it is

trained to determine the parameters 6, :
Yt” = Rt+1 + YQ(St+1 4 arg n(}ax Q(Sz+l 4 at+1; e: ); Qt”)'

The reward graph for successive agent’s training
episodes with the parameters o =0.0005, y=0.98,

w =0.05, and €, =0.999 is shown in

€x = 1.0, €,
Fig. 5.

Figure 6 shows the deviations of landing times
from the target time in the test example (Fig. 2) in the
schedule built by the trained agent.
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Fig. 5. The reward graph for agent’s training.

The use of this method to solve the aircraft landing
optimization problem has been mentioned in the litera-
ture, but no descriptions of particular algorithms can
be found in open sources. The reinforcement learning
approach has several undeniable advantages over other
algorithms:

— The solution is obtained significantly faster by a
trained agent.
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Fig. 6. The deviations of landing times from the target time: the solution obtained by a trained reinforcement learning agent.
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— It is possible to use the necessary objective func-
tion by retraining the agent with a new reward func-
tion.

— It is possible to solve the problem without divid-
ing aircraft into 3 or 4 classes by setting a separation
time matrix between landings for specific aircraft
types.

We plan to investigate this approach further. Ac-
cording to the experimental results with one of the first
reinforcement learning algorithms (deep Q-learning),
reinforcement learning can be applied to optimize the
flow of aircraft landings. They demonstrate that a pro-
gram agent can be trained to build an aircraft landing
schedule under the necessary constraints, without us-
ing a pre-coded algorithm, through repeated episodes
of interaction with the simulation environment. This
repetitive interaction process is based on the reward
received at each interaction step, and the environment
uses the reward to evaluate the success of the agent’s
actions.

CONCLUSIONS

Optimizing the flow of aircraft landings is one of
the most important problems in air traffic management
since optimal landing planning allows increasing the
efficiency of runways and reducing flight delays. Sev-
eral methods have been developed to solve this prob-
lem based on mixed-integer programming, dynamic
programming, and metaheuristic approaches such as
genetic algorithms, ant colony optimization, gray wolf
optimization, etc. In this study, the efficiency of genet-
ic and hybrid (genetic and heuristic) algorithms has
been compared on a large number of tests; according
to the results, the algorithms can significantly improve
the value of the objective function, even yielding its
optimal value in many cases. These methods are not as
computationally expensive as exact counterparts, but
they still require a significant amount of computation
while aircraft approach the airport, and the solution
must be constantly recalculated. The situation is com-
plicated by the fact that simulation is the main way to
assess the efficiency of heuristic algorithms; in addi-
tion to equipment with different parameters and differ-
ent levels of programmer skills, simulation involves
available datasets obtained in different conditions at
airports around the world.

Reinforcement learning, which has become wide-
spread in recent years, seems a promising approach for
a faster solution of the problem. A feature of this ap-
proach is the transfer of a significant part of computa-
tions to the training stage of neural networks (agents);
then the trained agent (program) generates a solution
fairly quickly. Further research is needed to assess the
efficiency of this approach.

Despite many years of intensive effort by numer-
ous scientists, effective algorithms for optimizing the
sequence and times of aircraft landings have not yet
been found. The best algorithms developed so far have
both undoubted advantages and obvious drawbacks,
demonstrating different efficiency in different situa-
tions with different objective functions and con-
straints. One recipe could be a library of methods to
apply the best available solution in particular condi-
tions of the aircraft landing optimization problem.
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CONTROL OF MOVING OBJECTS AND NAVIGATION

A UNIFIED DETECTION PROBABILITY FIELD
FOR A GROUP OF STATIONARY OBSERVERS

|. M. Rudko

Trapeznikov Institute of Control Sciences, Russian Academy of Sciences, Moscow, Russia

>4 igor-rudko@mail.ru

Abstract. This paper addresses the problem of calculating a unified detection probability field for
a group of stationary observers monitoring a given area and operating in active mode. Stationary
observers are located on a plane equipped with the Cartesian coordinate system, and their coordi-
nates are known. For an object with given coordinates, a unified detection probability field is cal-
culated for all stationary observers in the area. As shown, the greatest complexity arises for the
objects necessitating the consideration of the terrain relief. For such objects, it is required to cal-
culate a multilayer map with the altitude of the object’s movement, in contrast to a single-layer
(flat) detection probability map, which is sufficient for detecting objects without taking the terrain
relief into account. Examples are provided to demonstrate that the probability of object detection
depends on the location and altitude of the observers, the altitude of the object’s movement, and
the terrain relief. With a unified detection probability field calculated for a given area in the form
of a multilayer map, it is much easier to optimize the location of observers (on the one hand) and
control moving objects in a conflict environment (on the other).

Keywords: probability of object detection, detection probability field for an object, trajectory of an object,

terrain relief.

INTRODUCTION

When detecting an object in active mode, the laws
of radio wave propagation in space are used. The main
laws are as follows: the constancy of the signal propa-
gation speed; the rectilinear nature of signal propaga-
tion; the directionality of signal radiation and recep-
tion, which is based on the phenomenon of radio wave
interference; and the Doppler effect. In this case, the
probing and reflected signals propagate along a recti-
linear trajectory without distorting their shape [1].
Considering the curvature of the Earth’s surface, for an
object at an altitude of 50 m, the line-of-sight range of
an observer located on a perfectly flat surface is ap-
proximately 39 km and will increase with the object’s
altitude. The detection range of an object moving at an
altitude of 100 m is approximately 52—55 km. A mov-
ing object is successfully detected only within the line
of sight. For objects whose detection is not affected by
the terrain relief, it is possible to create a so-called
continuous detection field. This is much more difficult

to do when taking the terrain relief into account. Note
that in the USSR, a continuous detection field was
never created, even in the European part of the coun-
try. If an object moves at very low altitudes (VLA),
from several tens to hundreds of meters [2], then ter-
rain, forests, buildings, and structures create so-called
clutter notches. Today, 99% of objects move at alti-
tudes of 200-300 m, and even higher above rugged
terrain, since flight altitude is measured either by satel-
lite global positioning systems or by barometric al-
timeters. The adoption of laser altimeters will reduce
this altitude to 30—50 m, making them even more diffi-
cult to detect.

An observer processes the signals reflected from
an object in three stages [1]:

e Primary processing includes operations for de-
tecting and measuring (estimating) the parameters of
received signals. Primary processing is performed di-
rectly by the observer. The set of signal parameter es-
timates forms an object’s mark.

e Secondary processing is performed on the set of
marks and provides trajectory information.
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e Tertiary processing is intended to combine and
identify information from individual observers within
the system or information from individual systems.

This paper addresses the problem of object detec-
tion considering the terrain relief in an area monitored
by several stationary observers (i.e., primary and ter-
tiary processing).

The region of potential object detection depends
on the terrain relief, i.e., it has a contrasting structure,
with alternating line-of-sight (LOS) regions (object in
direct visibility) and shadow regions (object outside
direct visibility). The contrasting structure of the ob-
servation region can be described by any indicators:
either as the intensity of the useful signal or as the
probability of detecting the useful signal, as long as
they represent a correct convolution of all the main
influencing factors and are available for estimation.
This possibility is directly characterized by a proba-
bilistic criterion, i.c., the probability of an event that,
during the object’s movement along the route, it will
be detected by at least one of L >1 observers located
in the area. Let this probability of object detection be
denoted by P,,. In the case of independent observers,
the probability of object detection by at least one ob-
server is estimated using the integral (cumulative)
probability formula [3]:

L
Pdetzl_H(l_Pdeti)’ (1)
i=1

where L is the number of observers, and P,,; is the
probability of detection by the ith observer. This task
belongs to tertiary processing. With known coordinates
of the observers, one can use formula (1) to calculate
the integral probability P, (x, y) for all points in the
area monitored by these observers.

In [4], stationary hydroacoustic observation devic-
es operating in passive mode, with known coordinates,
were considered on a plane equipped with the Carte-
sian coordinate system. A unified detection probability
field of an object, P.(x, y), was calculated for the
above devices over the area, taking the anisotropy of
the hydroacoustic field into account.

This paper deals with stationary observers operat-
ing in active mode, with known coordinates, on a plane
equipped with the Cartesian coordinate system XOY.
A unified detection probability field of an object,
P..(x, y), is calculated for all observers over the area
depending on the altitude of the observers, the altitude
of the object, and the terrain relief.

1. BASIC RELATIONSHIPS

Consider the maximum detection range [5]

Erra G A 80
Rmax =3 = 4 820
EI‘L’C max (47-[)

where E,, is the transmitted power; E,.c max iS the pow-
er of the signal received by the observer; G is the di-
rectivity of the transmitting antenna; o, is the radar
cross section (RCS) of the object; A is the effective
aperture of the receiving antenna; finally, R, is the
maximum detection range, i.e., for a distance R < Ry,
the target will be detected with a probability of correct
detection (P,.,) not smaller than the permissible one for
the given false alarm probability Py, and minimum
permissible detection probability Py, mi,. This defini-
tion generally refers to a single (instantaneous) obser-
vation under established dependencies between the
observation time 7Ty, the signal-to-noise ratio p, P,
and Py,.

The parameters E,,, G, and A are associated with
the observer and, therefore, do not depend on R. The
parameter J,. is also independent of the distance to the
object R [1]. The energy of the received signal, like its
power, is inversely proportional to the fourth power of
the distance to the object [5]. Thus, the power of the
signal received by the observer can be written as

E, =p/R*, 2)

where f combines all the parameters independent of R.

The criterion for the possibility of detecting a sig-
nal against a noisy background is the signal-to-noise
ratio p, defined as [6]

p = 2J. Precdt / Rtoi > (3)

where P, is the power of the useful signal at the input
of the observer’s receiving device, and P,,; is the spec-
tral power density of the noise. Integration is per-
formed over the signal transmission time 1. That is, the
problem is reduced to a classical energy receiver.

Thus, the detection problem is to test two hypothe-
ses: H, (only noise is received) and H; (a mixture of a
useful signal and noise is received). The decision on
the presence of a useful signal is made according to the
Neumann—Pearson criterion: the optimal detection sys-
tem shall maximize the probability of correct detection
P, under a fixed value of the false alarm probability
Py, 1.e., Py, => max with Py, = const [1].
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2. CALCULATING A UNIFIED DETECTION PROBABILITY
FIELD FOR MULTIPLE OBSERVERS

In active mode, detection is performed based on
the processing results of the signal transmitted and re-
ceived by an observer in the presence of interference.
The decision on the presence or absence of a signal
from an object is made periodically, after the prelimi-
nary processing of the realization of a Gaussian ran-
dom process X(7) with zero mean received during an
observation (accumulation) interval of duration 7.
(This can be a single pulse or a pulse train.) In the ab-
sence of a signal from the object, the random process
X(#) has variance cs,miz; in the presence of a useful sig-
nal from the object, variance Gsigz + 6,0

As is known [7], the density of a statistic y for the
energy receiver (3), as the sum of squares of Gaussian
random variables with zero mean and variance o°, is

described by the central y°-distribution:

1 1 usagl
n/2-1 _-y/2c yZO,

O ey a2 |

where I'(-) denotes the gamma function, and n is the
number of degrees of freedom. In the case of digital
analysis, it is determined by the number N of averaged
sample energy estimates: n = 2N; and in the case of
analog processing, n=2T,Af , where Tj is the duration
of the transmitted signal (pulse), and Af is the filter
bandwidth.

The numerical characteristics (the first two mo-

ments) of the y°-distribution are given by [8]
m, = ne’, Gi =2nc*.

For the hypothesis Hy, we have m,=nc., and

o, =2nc, ; for the hypothesis H,, m, =n(c’, +csfig)

noi >

and o, =2n(c.,,+6.,)°. Let us define the signal-to-

noi sig

noise ratio as p=o., . / o, then

ml = nofmi (1+p)7
4
o =2n[o,, (1+p)I" = 2na,,,(1+p)”.

For sufficiently large n, the ’-distribution is well
approximated by the Gaussian distribution N(m,, ci) .

Based on formulas (2)—(4), under a fixed P, it is
possible to construct the dependence of P, on the dis-

tance R to the target, i.e., P,,(R), or the dependence of
P, on the target’s RCS, i.e., Py(d.). The qualitative
nature of these dependencies for two fixed values §. is
shown in Fig. 1, where 6., > d.,. With regard to sur-
veillance observers, by conventional assumption, reli-
able detection is ensured at p > 25 [6].

Pder " §
09 | S TR L CETUNE ST PR e
0.8 | 3 | |
0.7
0.6 [~
05 b
O fsssszesenns
0.3
0.2 : : -

0.1 R S . —

O | 1
5 10 15

ZO-R (cu)

Fig. 1. The dependence of P, on the distance to the target under fixed
Py, for different ..

This dependence describes the primary processing
stage. For a given false alarm probability Py, = o, the
probability of correct detection P, grows with increas-
ing p, and p decreases monotonically with increasing
the distance R to the target.

When solving the detection problem, it is neces-
sary to consider the influence of the terrain relief. In
other words, P,.(R) is the conditional density

{Pdet (R) | Plos}a (5)

where P,,; = 1 in the LOS region and P,,; = 0 outside it
(in the shadow region).

As a rule, the observer’s receiving system operates
periodically, accumulating and processing the signal
for a fixed time T (a single observation period), during
which the position of the detected object and its speed
remain almost invariable. After this time, a final deci-
sion is made on the presence/absence of the object.

Since each observer generally operates with a par-
ticular accumulation time, the integral probability for-
mula (1) cannot be applied. If the accumulation times
of all observers were reduced to the same (basic) value
T,.s = const, it would be possible to construct a unified
probability map P.(x, y) in XOY coordinates for all
observers located in a given area.

According to the paper [4], for a group of observ-
ers with different single observation times 7}, the prob-
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abilities of non-detection during the time 73, P, (T)),
can be recalculated into the probabilities of non-
detection during the basic time Ty,
Prae: (Ty), as follows:

Pndeti(Thax) = I:Pndeti (T;)]TM/TI . (6)

Consequently, the probabilities of non-detection
for two observers with different observation times can
be combined using formula (6) into the probability of
non-detection with a unified time (recalculated into the
observation time of one observer):

P s (T,)= P> (7, )Pndetl (1,)
/T,

=Pz (TZ)I:Pnderl(Tl):I .

Let an observer in the area have coordinates
(x,, y1, H)), where H, is the altitude of the observer’s
location. Then, using the above dependence P, (R) for
a given altitude % and the expression (5), it is possible
to calculate the probability of non-detection for all area
points (x, y), i.e., to form a field (matrix) of the condi-
tional probabilities of non-detection P, (x, y | h).

With the probabilities of non-detection obtained
for each observer by formula (6), one can calculate a
unified (total) field for all observers:

L
P (x, y)=I1P . (x, y, Hz)TM/Tla (7
I=1

where L is the number of observers; T; is the observa-
tion duration for the Ith observer; T), = max[T}];
(x5, y)) are the coordinates of the /th observer; finally,
P, 1 1s the probability of non-detection for the /th ob-
server. Thus,

Pde,(x, y) =1- Pndet(xa y)

In addition to setting a single observation time for
all observers, there is another obvious requirement to
calculate a unified detection probability field: all ob-
servers shall have the same probability of false
alarms, P, = o.

3. SIMULATION RESULTS

The simulation was performed in MATLAB.

Figure 2 shows the map used for the simulation
(the right-hand side is a color scale of altitudes; here-
inafter, the scales of altitudes and distances are speci-
fied in conventional units (c.u.)).

Two stationary observers with coordinates (x, y)
and altitude H (5 c.u. above the ground) were consid-
ered:

— the first observer with (x; = 30, y; = 60, H, =
263);

— the second observer with three possible coordi-
nates (see the label “+” in Fig. 4b), i.e., (x, = 85,
y2 =56, H, = 193), (x, = 83, y, =75, H, = 104), and
(%,=76,y,=92, H,=119).

The distance between the first and second observ-
ers is the same in all three variants.

Two variants of the object’s flight altitude were
considered: 4; = 600 c.u. (a high-altitude object) and &,
=200 c.u. (a VLA object).

Figure 3 shows an example of calculating the uni-
fied detection probability field (DPF) for two observ-
ers monitoring a high-altitude object (%;). The right-
hand side of the figure is the color scale of the detec-
tion probabilities.

500

450

1400

600 350
300

400 5y
200 200
150

(1)00‘ 100

50

(a)

10
20 |
30
40
50
60 F
70
80
90

100

20 40 60 80 100

(b)

Fig. 2. The map used for simulation: (a) the 3D projection and (b) the 2D projection.
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Fig. 3. The unified DPF for two radars monitoring a high-altitude object (,): (a) the DPF P, for the first observer (the observation time 7); (b) the DPF
P e, for the second observer (the observation time 73); (c) the DPF P; for the second observer recalculated by (6) (the observation time 7'); and (d) the unified

DPF Pyt = 1 — Py for two observers calculated by (7).

According to Fig. 3, both of the observers have a
circular directional pattern, but the first observer is
located on a hillside (see Fig. 2); therefore, the slope
creates a shadow region for it (see the lower part of
Fig. 3a). The detection probability fields for the first
and second observers do not overlap; in view of
T, > T,, after the reduction to a single observation time
by formula (6), their unified DPF almost forms a con-
tinuous detection probability field (Fig. 3d).

Figure 4 presents an example of calculating
the unified DPF for two observers when working
with the terrain relief (h,). The right-hand side of
Fig. 4a is the color scale of altitudes, and the
right-hand sides of Figs. 4b—4e are the color scales

of the detection probability.

Figure 4a shows the geographical map sectioned
by the object’s altitude and the relief exceeding A,
which is the region where the object cannot appear.
This relief defines the “mask of prohibited regions”
for the object since the relief altitude in the regions is
greater than the object’s altitude 4. The DPF on the
maps is shaded in green.

The shadow region clearly seen in Fig. 4b is
formed by the slope of the hill on which the first ob-
server is located. The shadow appears due to H; > h;:
the slope of the hill forms a clutter notch completely
covering the field of view of the first observer in this
sector at the altitude A,.
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Fig. 4. The unified DPF for two observers when working with the terrain relief (%,): (a) the map section at altitude /»; (b) the DPF P, for the first observer
(the observation time 7)); (c) the DPF Py, for the second observer recalculated by (6) (the observation time 7)); (d) the unified DPF P, = 1 — Py for two
observers calculated by (7) (the coordinates of the second radar are (x, = 85, y,= 56, H,= 193)); (e) the unified DPF P, = 1 — P4 for two observers calculated
by (7) (the coordinates of the second radar are (x,= 83, y,= 75, H,= 104)); (f) the unified DPF P, = 1 — P, for two observers calculated by (7) (the
coordinates of the second radar are (x, =76, y, =92, H, =119)).
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Figure 5 presents an example of forming LOS re-
gions (green) and shadow regions (red) in a given di-
rection for the map coordinates (x; = 30, y; = 60,
H,=266) and (x, = 100, y, = 40) in the case & = 200.

m—=_Terrain relief

260 1
240 ¢
220 -
180 -
160 +
140 +
120 -
100 -
80
0

10 20 30 40 50 60 R

Fig. 5. LOS and shadow regions.

Direct comparison of Figs. 4 and 5 indicates that
for object detection considering the terrain relief, the
mutual position of the observers is crucial when form-
ing a unified DPF.

Taking the terrain relief into account, the circular
diagram of the DPF is significantly distorted and de-
pends on four parameters:

— the distance R between the object and the ob-
server,

— the object’s altitude 4,

— the observer’s antenna altitude H, and

— the direction to the object.

Nevertheless, under a fixed altitude % of the ob-
ject, it is also possible to calculate the probability of
detection for all points in the area, P, (x, y), i.e., con-
struct a detection probability map for 4 = const. Such a
set of probability maps can be described by a three-
dimensional matrix in the coordinates (x, y, #) for a
series of fixed altitudes £, (1 <j <J) under fixed coor-
dinates and altitudes H,; (1 <[ < L) of each observer.
This procedure yields a so-called multilayer map.

Obviously, the above calculation of a unified DPF
using formulas (5)—(7) can be easily generalized to an
arbitrary number of observers.

4. APPLICATION OF A UNIFIED DETECTION
PROBABILITY FIELD

There exists a fairly wide range of problems where
the calculation of a unified detection probability field

for several observers is of interest. These problems can
be divided into two groups.

The first group. When detecting a high-altitude
object, calculating the wunified probability field
Py(x, y) for the entire area allows combining infor-
mation from observers with different technical charac-
teristics (see Fig. 3). In this case, the map is one-
dimensional.

A unified probability field P4 (x, y, h) calculated
for the entire area can be superimposed on a geograph-
ical map. Then a human operator can visually identify
weak spots (the regions of small Py) and, e.g., send
additional resources there or change the location of
observers to cover the weak spots. (As is well known,
the human eye copes very well with such a task.) Cal-
culation of a unified DPF in the form of a multilayer
map simplifies the solution of optimization problems.
For example, in the case of object detection, it simpli-
fies the optimal placement of a fixed number of radars
in the area according to a given criterion. Such a prob-
lem has not been considered so far.

The second group includes problems of penetrat-
ing through an area monitored by several stationary
observers or evading detection by these observers. In
the literature, this class of problems is referred to as
control problems for mobile objects in a conflict envi-
ronment. Thus, the problem is reduced to route plan-
ning by a probabilistic criterion. Route planning on a
single-layer map with obstacles is a well-studied prob-
lem, both theoretically and practically. Classical graph
search algorithms, such as Dijkstra’s algorithm, are
typically used to solve it. They are widely and suc-
cessfully applied to a single layer of the map. Howev-
er, it is challenging to extend these algorithms to mul-
tilayer maps [9].

In the case of a probabilistic criterion, route selec-
tion consists in minimizing the accumulated probabil-
ity according to formula (1) for a single-layer map
[10-12], but a unified DPF is not used. In [13], the
problem of selecting the trajectory of a maneuvering
object and the law of its velocity in a three-
dimensional anisotropic signal propagation environ-
ment was considered, provided that several observers
located in a given area are trying to detect it. (For each
observer, Py was calculated separately.) In the prob-
lems mentioned, the preliminary calculation of a uni-
fied DPF would significantly facilitate dynamic pro-
gramming.

For example, when an object avoids the terrain at
a given altitude (a nap-of-the-earth flight), an available
multilayer map of the unified DPF of the area can be
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easily reduced to a single-layer one; on the latter, a
route is planned much more easily. In addition, on a
single-layer map, the operator can visually select a
route, as shown in Fig. 6 (the map of Fig. 4d is used).
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Fig. 6. The route planned by the operator.

CONCLUSIONS

The availability of a unified detection probability
field for all observers monitoring a given area pro-
vides the following capabilities:

— It can be generalized to the detection of a mov-
ing object, taking the terrain relief into account, by
adding two coordinates (the observer’s altitude and the
object’s altitude).

— It can be used for visualization, i.e., presented
to a human operator.
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detection by these means.
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In December 2025, the 33rd International Confer-
ence on Problems of Complex Systems Security Con-
trol took place at the Trapeznikov Institute of Control
Sciences, the Russian Academy of Sciences (ICS
RAS), Moscow.

The conference was attended by 86 authors from
28 organizations, who presented 63 papers. The con-
ference was divided into the following sections:

1. General theoretical and methodological issues of
security support;

2. Problems of economic and sociopolitical securi-
ty support;

3. Problems of information security support;

4. Cybersecurity. Security aspects in social net-
works;

5. Ecological and technogenic security;

6. Modeling and decision-making for complex sys-
tems security control;

7. Automated systems and means of complex sys-
tems security support.

LV. Chernov, the conference opener and chair of
the plenary session, gave the floor to D.I. Pravikov,
who dedicated his speech to the memory of Sergey
P. Rastorguev (1958-2017), an outstanding Russian
scientist, Dr. Sci. (Eng.), Prof., and author of over 100
research and scientific-popular publications of special
and interdisciplinary nature. Rastorguev’s fundamental
and applied research interests were very broad to cov-
er various fields of computer science, programming,
cryptography, antivirus protection, avatarization (the
transfer of the basics of biological life and conscious-
ness to a computer system), philosophy and sociology,
learning theory, and pedagogy. He is a founder of the
Russian scientific school of information confrontation,
the author of many scientific works on the theory and
practice of information warfare, which have become
classics of this fundamentally new scientific direction
of the recent past. The term “information warfare”
itself came to be understood in the Russian literature
in Rastorguev’s interpretation after the release of the
same-name monograph in 1999.

C hronicle

33RD INTERNATIONAL CONFERENCE ON PROBLEMS
OF COMPLEX SYSTEMS SECURITY CONTROL

The basis of his philosophical views was formed at
a time when neural networks became a topical and
rapidly developing field of science and engineering.
As emphasized in the speech, Rastorguev’s postulate
about one of the fundamental properties of networks
arose at that time: learning takes place through not
only the creation but also the destruction of connec-
tions and the elimination of elements. This postulate,
seemingly unobvious at first glance, underlies the de-
scription of the main properties of information weap-
ons: during (self-)training, complex systems can
(self-)restrict or suppress themselves.

According to the speaker, Rastorguev’s scientific
legacy and heritage are so profound and multifaceted
that the research community has yet to comprehend
and understand them. Operating intuitively under-
standable basic meanings (“life,” “death,” “infor-
mation,” “knowledge”), Rastorguev went far beyond
the ordinary in his conclusions and philosophical con-
structs and aimed at a critical understanding of the
surrounding reality. The scientific results obtained by
S.P. Rastorguev remain extremely relevant today.

The program part of the conference was opened
with a comprehensive review by T.S. Akhromeeva,
G.G. Malinetskii, and S.A. Toropygina, entitled “New
Approaches to the System Analysis of Large-Scale
Projects.” As stated in the first part of the review, in
modern conditions, conventional interdisciplinary sys-
tem analysis-based approaches to the problems of
analysis, structuring, and management of the devel-
opment of large-scale systems in various fields are
undergoing a deep crisis, breaking down into a set of
weakly interconnected methodological directions.

According to the authors, the main practice-
suggested reason is that the conventional approaches
fail to cope with the main contemporary problems of
designing the development of large-scale systems,
namely, analysis, prediction of their development dy-
namics, and risk management. Here, Akhromeeva—
Malinetskii-Toropygina’s recipe is to create new tools
for pressing state development tasks based on the ex-
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perience of applying methods and models of self-
organization theory (synergetics) in the analysis of
complex problems and the development of large-scale
projects. This methodology can be effectively used to
describe the properties and characteristics of compet-
ing large-scale projects, as well as the rivalry between
countries, blocs, civilizations, and ethnic groups in the
economy, military, or other areas of confrontation.

In particular, while considering the advantages of
synergetics and analyzing the methodology for solving
the above tasks, the authors noted that this approach
eliminates the “curse of dimensionality” by identifying
order parameters (primary variables and degrees of
freedom) that gradually—over time—start determin-
ing the dynamics of other characteristics of the com-
plex system under study. In other cases, where the key
factors are so-called ultra-fast processes (compared to
them, all others get “frozen”), there is an opportunity
for simplification associated with the use of order pa-
rameters, which (in this case, on the contrary) describe
fast variables.

The second part of the review was devoted to pub-
lications reflecting the use of various fragments of this
approach to solve technological development tasks of
the military-industrial complex of Russia’s geopoliti-
cal opponents over a twenty-year horizon. The authors
concluded that the high-level tension in international
relations convincingly demonstrates the need to devel-
op system analysis methods and technologies in order
to manage the interaction (confrontation) of competing
agents.

A distinctive feature of the conference was many
interesting and diverse papers devoted to solving a
wide range of problems related to the secure and sus-
tainable socio-economic development of Russia in the
current (extremely difficult) conditions.

V.V. Tsyganov’s paper “Secure Sustainable Devel-
opment Mechanisms in a Multipolar World,” consid-
ered the problems of the country’s economic devel-
opment in the context of intensifying contradictions
and the negative impact of globalization processes. As
noted therein, the Concept of Sustainable Develop-
ment (put forward at the UN Conference on Environ-
ment and Development in Rio de Janeiro, 1992) pays
central attention to the interests of not only the current
but also future generations; however, this concept is
now being exploited by the global capital center in its
own interests as a tool to influence and manipulate
environmental standards by applying environmental
taxes to imports from developing countries. With such
methods, globalists impose excessive environmental

requirements on the production and goods of develop-
ing countries, which cannot be satisfied without ex-
pensive Western technologies. In this regard, it is nec-
essary to modify sustainable development mechanisms
in order to make their application secure for develop-
ing countries. This primarily concerns mechanisms for
the secure and sustainable development of key eco-
nomic agents in these countries, ensuring their inde-
pendence, as well as the ability to adapt and self-
organize in the face of regional or global changes.

The author presented a robust mechanism for solv-
ing this problem, including procedures for forming
security indicators, algorithms for calculating the
norms of the indicators to categorize them, as well as
the convolutions of the resulting categories for an in-
tegrated assessment of sustainable development secu-
rity to incentivize decision-makers. The practical ap-
plication of the robust mechanism was illustrated by a
detailed example of ensuring the secure and sustaina-
ble development of Russian rail transport under envi-
ronmental protection requirements (the task of manag-
ing the overhaul of the diesel locomotive fleet within
the maintenance program of JSC Russian Railways).

In the paper “Problems of the Development of the
Russian Financial Market and Its Strategic Planning,”
A.E. Abramov, M.I. Chernova, and F.S. Levin com-
prehensively assessed the intermediate implementation
results of the federal project “Development of the Fi-
nancial Market” and analyzed the existing problems of
financial regulation and strategic planning hindering
its success. As stated in the paper, a necessary condi-
tion for the successful implementation of the Russian
financial market development strategy based on do-
mestic savings and investments is its integration into
the strategic planning system for the development of
the Russian economy as a whole. This necessitates
greater engagement of the financial regulator in mar-
ket development, which should largely be reduced to
creating conditions for the growth of innovative busi-
ness activity through the regulator’s traditional func-
tions.

According to Federal Law no. 172-FZ “On Strate-
gic Planning in the Russian Federation,” the Bank of
Russia is a participant in the state long-term planning
system. However, nowadays, a serious problem is that
Federal Law no. 86-FZ “On the Central Bank of the
Russian Federation (Bank of Russia)” describes the
functions of the mega-regulator in a very fragmented
manner, limiting them to the development and stability
of the financial market. As a result, several pressing
tasks of financial regulation and supervision (over-
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coming “market failures,” supporting competition,
protecting the rights of investors and consumers of
financial services, ensuring the stability of financial
institutions, etc.) have almost no intersection with the
objectives of the Bank of Russia as defined in the lat-
ter federal law.

The authors emphasized a series of challenges to
be settled, notwithstanding the progress in recent years
(significant in several areas) in integrating the finan-
cial market development policy into the strategic plan-
ning system, which was largely implemented by over-
coming a definite gap between policy documents on
financial market development and programs for the
development of the Russian economy as a whole.
Based on the comprehensive and detailed analysis re-
sults of the main target-setting and regulatory docu-
ments, as well as the key development indicators of
the Russian financial market for the period up to 2030
(see the paper), Abramov et al. identified as the main
problem the insufficiently justified quantitative targets
reflecting the dynamics of financial market develop-
ment, as well as the fragmentary nature of measures
aimed at stimulating domestic long-term savings. To
solve this problem in the long term, it is necessary to
specify completely the key functions of the financial
regulator at the legislative level, as well as to optimize
the structure of strategic financial planning documents
(in particular, to eliminate duplication and unify the
system of predictive indicators for the development of
the financial market for 2030, contained in the Strate-
gy for the Development of the Financial Market of the
Russian Federation until 2030 and the federal project
“Development of the Financial Market”).

The paper “Risks in a Financial Market and Their
Assessment” by A.D. Kozlov and N.L. Noga presented
an original methodology for assessing risks when con-
ducting operations in a financial market. This method-
ology is based on the combined use of econometric
and fuzzy logic methods; structurally, it consists of a
sequence of interconnected stages as follows.

The first stage is to examine a financial market and
determine a set of parameters characterizing both sys-
tematic and unsystematic risks. The resulting set is
divided into groups of financial, internal, and external
economic parameters, as well as other parameters (if
necessary). In the next stage, expert procedures are
used to select from the initial set the subsets of param-
eters with the greatest impact on the risks of financial
losses, and a fuzzy knowledge base is formed accord-
ingly. These parameters are written as linguistic varia-
bles normalized in the range from O to 1. Then, a table

of production rules is formed, where each row is as-
signed a specific risk level. In the third stage, a linear
multiple regression model is constructed based on this
table, and standardized equation coefficients are de-
termined for their ranking. The fourth (final) stage is
to identify the variables with the greatest impact on the
risks of financial losses and to check their interde-
pendence. The quality of the resulting model is as-
sessed by computing the multiple determination coef-
ficients. The statistical significance of the regression
coefficients and the regression equation as a whole is
verified using Fisher’s F-test and Student’s t-test. In
conclusion, the authors provided an example illustrat-
ing the practical possibilities of using the methodology
by investors to predict financial losses under uncer-
tainty and risk.

Note a large group of conference participants who
considered a wide range of methodological and ap-
plied problems of managing the socio-economic de-
velopment of Russia, its regions, and economic agents:
N.I. Komkov, V.V. Sutyagin, and N.N. Volodina (‘“Pos-
sible Coordination of the Effectiveness of Economic
and Social Development Management”); V.A. Irikov
and D.R. Gonchar (“The Breakthrough Socio-
Economic Development of the Country in 2025-2030:
New Directions, Features, Opportunities, and Exam-
ples of Multiple Growth”); Z.K. Avdeeva and
S.V. Kovriga (“The Strategic Planning Graph in the
Russian Federation’s National Security System”);
V.V. Shumov (“Conflict Modeling Using Methods of
Military  Cybernetics and Security Studies”);
V.V. Nicheporchuk (“Intelligent Services for Territori-
al Security Management”); A.V. Rozhnov (“Justifying
the Development of an Information and Analytical
System When Implementing Hybrid Analysis Tech-
nology Models for the Environment in Predictive
Modeling”); V.I. Medennikov (“Digital Tools Provid-
ing a More Environmentally Friendly and Safer Path
for Humanity Development”); O.B. Bairamov (“Com-
bined Application of Penalty Models and Environmen-
tal Insurance for Managing the Risks of Water Basin
Degradation”); T.Kh. Usmanova and O.V. Dem’anova
(“Formation of the Socio-Economic Security of the
North—South  International Transport Corridor”);
L.E. Mistrov (“A Method for Distributing Heterogene-
ous Resources to Ensure Conflict Resilience in the
Interaction of Organizational and Technical Sys-
tems”); D.R. Gonchar (“Population Preservation as a
New Target Indicator for the More Successful Socio-
Economic Development of the Country in 2025-
20307); V.O. Sirotyuk and L.V. Bogatyreva (“Compre-
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hensive Security of the Subjects of an Intellectual
Property Management System”); and N.N. Lanter
(“Features of Arctic Concepts of Foreign Countries in
2025-20307).

A series of interesting papers were devoted to theo-
retical and practical problems of developing a scenario
analysis methodology and simulation modeling tech-
nologies for managing the development of complex
socio-economic systems at the governmental, industri-
al, regional, and object levels. Among them, let us
mention the following: “The Vulnerability of a Com-
plex System: A  Hierarchy of Concepts”
(D.A. Kononov and 1.V. Chernov); “The Sustainable
and Secure Development of Complex Systems, South-
ern Russia, Cognitive Modeling” (G.V. Gorelova);,
“Analysis of Verification Methods and Technologies
for Scenario Management Models” (V.L. Shul'’ts,
LV. Chernov, and A.B. Shelkov); “Support for the
Management of Complex Socio-Economic Systems
Using Situational Scenario Analysis Methods”
(M.Yu. Dmitrieva, 1.D. Butusov, and Yu.A. Gogo-
ladze); “The Use of Scenario Analysis in DSSs for
Regional Security: A Brief Review” (N.V. Komanich);
“A Scenario Model for Studying Threats to the Secure
Development of Urban Infrastructure”
(M.Yu. Dmitrieva and L.V. Bogatyreva); and “Pro-
spects for Using Scenario Analysis to Ensure Al In-
formation Security” (E.D. Ermolaeva).

The paper “Justifying Comprehensive Assessment
Indicators for the Security of Critical Information In-
frastructure of Oil and Gas Companies” by
D.I. Pravikov and V.A. Burkin was devoted to devel-
oping security assurance methods for the production,
information, and technology infrastructure of compa-
nies extracting hydrocarbon minerals. As noted there-
in, oil and gas complex facilities are complex socio-
technical systems in which automated process control
subsystems, information resources, personnel, and
regulatory documents form a single interdependent
structure. Managing their security requires passing
from regulatory supervision to a quantitatively verifia-
ble and comprehensive (integrated) security assess-
ment to compare facilities, prioritize organizational
and technical measures, and justify managerial deci-
sions based on measurable indicators.

The authors presented an original methodology for
calculating a comprehensive security indicator for the
critical information infrastructure of oil and gas com-
panies (a weighted sum of ten standardized partial
metrics). These metrics reflect a wide range of security
indicators: critical segments of the information struc-

ture are covered by centralized collection and correla-
tion of security events, and nodes are covered by the
minimum necessary set of protective measures; the
timeliness of eliminating critical vulnerabilities of pro-
tected facilities is assessed, and the unscheduled
downtimes of industrial systems and the rate of recov-
ery after an incident are estimated; the level of person-
nel’s readiness for actions in abnormal and critical
situations is assessed, etc. Appropriate metrics are se-
lected considering industry specifics, and each metric
has a direct connection to the actions stipulated by the
relevant regulatory, normative, and other organiza-
tional documents and requirements. As a consequence,
the indicators are comparable, the results can be audit-
ed, and operational risk management in the loop of
industrial and information security becomes more effi-
cient. Generally speaking, the approach proposed is a
practice-oriented tool for managing the security of
critical information infrastructure, linking target secu-
rity levels to particular actions and resources; moreo-
ver, it ensures the reproducibility of assessments and
the transparency of decisions.

Traditionally, many conference papers deal with
various information security management problems. In
this thematic group, note the following: “An Infor-
mation Security Model Considering Sanctions”
(N.G. Kereselidze);, “Improving Video Data Security
by Using a Noise-Resistant Video Steganography
Method Based on Deep Neural Networks” (S.A. Shus-
tov and R.V. Meshcheryakov); “Approaches and Tools
for Collecting Information from Open Sources to
Monitor and Identify Information Security Threats”
(L.N. Loginova and A.D. Drozdov); “REST Services
Based on the C# Language to Provide Information
Protection in  Windows-Linux  Environments”
(R.E. Asratyan, S.S. Vladimirova, E.A. Kurako, and
V.L. Orlov); “An Online Reputation Monitoring Algo-
rithm Based on Search Queries” (D.S. Ignatov); “Ar-
chitectural Features and Specifics of Ensuring Infor-
mation Security in High-Load Information Systems”
(A.D. Domashkin and L.N. Loginova); “Risk Man-
agement for Computer Networks with the Tree Topol-
ogy” (A.A. Shiroky); “Modeling Security Threats to
Critical Information Infrastructure Facilities in the Re-
public of Angola” (I.F. Mikhalevich and A.M. Fran-
sisco Nelson); “Using the Principles of Lean Manage-
ment to Ensure the Information Security of an Indus-
trial Enterprise” (V.v. Vedishchev and
R.V. Batishchev), “Using Regular Expressions to
Manage the Information Security of Intelligent
Transport  Systems”  (IL.F.  Mikhalevich  and
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D.1. Pchelintsev); “Formalization of Information Secu-
rity Risk in Intelligent Water Transport Systems as a
Fuzzy Linguistic Assessment Based on Decision The-
ory” (L.A. Baranov, N.D. Ivanova, and LF. Mikhale-
vich); and “Modeling a Smart Home Security System”
(Yu.A. Klimenko, A.P. Preobrazhenskii, and LA.
Tikhonov).

A number of interesting application-oriented pa-
pers were devoted to the security of industrial and
transport systems and facilities: “Cybernetics of the
Security of Energy Systems with a Nuclear Reactors”
(V.V. Leshchenko); “Assessment of the Effectiveness
of Industrial Safety Management System Audits”
(E.V. Klovach, I.A. Kruchinina, and V.A. Tkachenko);
“Security and Reliability of Complex Technical Sys-
tems” (S.K. Somov); “An Approach to Assessing
Changes in the Critical Characteristics of Robotic Sys-
tems over Time” (M.V. Mamchenko); ‘“Reliability of
Conductive Elements of Power Equipment with Pulse
Modulation” (O.B. Skvortsov and V.. Stashenko);
“Mathematical Modeling of the Security of Ground
Protective Structures under an External Seismic Wave
Impact” (V.K. Musaev); “A Simulation Model of Op-
erational Fire Response Phases at Fuel and Energy
Complex Facilities with Robust Optimization of Time,
Risk, and Resources” (R.Sh. Khabibulin); “General
Theoretical and Methodological Issues of Security
Assurance in the Development of a Flight Controller
for UAVs: Control in the Process of Setting Up Exper-
iments” (D.A. Vol’f and R.R. Galin); “Forming the
Structure of a Flight Safety Management System for
Unmanned Aerial Systems Based on Interoperability”
(D.M. Mel’nik); “Security Assessment for the “Un-
manned Aerial Complex—Personnel-Environment”
System Based on Scenario Analysis” (A.G. Davydov-
skii); “A Mathematical Model of the Influence of
Space Flight Factors on the Quality of Astronaut Per-
formance and the Formation of Ergonomic Risk”
(E.A. Timme); “Safety of Transport Infrastructure and
Vehicle Control Systems” (L.A. Baranov, S.E. Ikonni-
kov, and A.E. Ermakova); “A Threat Model for a
Wheeled Platform Control System with a Multi-Agent
Multi-Level ~ Neural Network Implementation”
(0.A. Tel’minov), “Organizational Features of the
Transportation Process on the Moscow—St. Petersburg
High-Speed Railway under Construction” (A.l. Isa-
kova and A.S. Meshcheryakova); “Development of a
Microservice for Analyzing and Predicting the Wear
of Railway Contact Network Elements” (A.S. Ikonni-
kov); and “Application of Artificial Intelligence Tech-
nologies to Ensure the Information Security of Medi-
cal Systems and Devices” (V.A. Zorin).

The conference proceedings are published elec-
tronically' and are also available at the official web-
site: https://iccss2025.ipu.ru/conf proceedings.

The 34th International Conference on Problems of
Complex Systems Security Control is scheduled for
November—December 2026 at ICS RAS. The date and
time of the conference will be announced in the infor-
mation letter of the Organizing Committee, which will
be published on  the official website
(https://iccss2026.ipu.ru/) as well as distributed to po-
tential participants, interested parties, and specialized
organizations. Also, please contact the Organizing
Committee via phone + 7 495 198-17-20 (ext. 1407)
or e-mail iccss@ipu.ru. The Technical Secretary of the
conference is A/ fiya Farissovna Ibragimova.
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