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Abstract. This paper is devoted to the interaction of schools and suppliers as well as the process-
es of competition among suppliers for public procurement. Maximizing its utility function, a
school determines an optimal distribution of its budget between labor costs and the purchase of
equipment. Next, different suppliers begin to compete for the equipment budget, maximizing ei-
ther their profit or revenue. Depending on the market (municipal, regional, or All-Russian), the
procurement processes can be described using various models, ranging from perfect competition
and oligopoly to monopoly. In the case of monopoly, suppliers provide no discounts on their
products; under perfect competition, suppliers reduce prices to the level of their maximum profit.
New applications of several game-theoretic models to the procurement of equipment and the de-
scription of competition among suppliers are proposed.
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INTRODUCTION

School is an important institution for the social and
economic development of any country. It lays the
foundations of a personality, basic skills, abilities, and
values, as well as tools of communication and emo-
tional intelligence. A professional teaching staff and
special equipment are needed for a school to imple-
ment its activities. The school equipment can be dif-
ferent: from common desks and blackboards to mod-
ern interactive whiteboards and robotics kits [1].

In addition to its educational function, school
forms a huge market of school equipment supplies in
Russia, with an annual volume of above 100 billion
RUB. This market is of particular interest for analysis
using game theory and mechanism design.

First of all, it is necessary to establish how a school
determines the necessary list of equipment and the
corresponding annual budget. At the next step, the
school procures equipment by announcing an auction
in accordance with regulatory and legal restrictions
and other restrictions imposed on it by decision cen-
ters (municipality, regional authorities, etc.). In the
Russian Federation, these key restrictions are Federal

Laws Nos. 223 and 44 [2, 3] as well as the organiza-
tional and legal form of schools and the regulatory
restrictions of particular regional authorities.

Procurement is carried out either directly or
through special public procurement mechanisms. As a
rule, several key suppliers (two to four) compete for
the supply of school equipment, offering the lowest
price for the purchased equipment. However, another
situation is possible: given (unique) equipment can be
provided by only one supplier in the market, or lots are
so standard that they can be sold by numerous compa-
nies.

Suppliers decide on their participation in a pro-
curement based on several criteria. The first criterion
is the ability to supply the required equipment. The
second one is the supplier’s utility function, i.e., its
revenue or profit. (Revenue applies to large suppliers
with an annual turnover exceeding 400 million RUB
provided that the project margin is positive.) The third
criterion is the current market situation (the number of
other suppliers) and the availability of insider and oth-
er information.

This paper considers only some models of particu-
lar real situations in the school education market. We
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investigate primarily the impact of school equipment
and labor costs (teachers’ wages) on the value of the
school utility function.

1. SCHOOL UTILITY FUNCTION AND VOLUME OF
EQUIPMENT PURCHASE

Consider an average Russian school, which has no
entrance tests. Assume that the school operates in a
stable mode (ho dissatisfaction with the level of edu-
cation and no funding problems). The educational out-
come function [4] of schools, also representing a utili-
ty function, is the average results of graduates in the
most common metric (marks of the Unified State Ex-
amination). School equipment was possibly accumu-
lated in previous years (the variable A). In the current
year, the school distributes its budget (the variable M)
between teachers’ wages in this year (the variable L)
and the purchase of additional school equipment in
this year (the variable K). All the variables are in RUB
since the total school budget, the accumulated and
purchased school equipment, and teachers’ wages are
expressed in RUB [5].

Thus, the educational result function has the gen-
eral form

U=f(A K, L M)

The total school budget is distributed between the
purchase of equipment and teachers’ wages:

M =L +K,ie., M=M(K,L). Therefore, we obtain a

simplified function f of three variables instead of four:

U=f(AK,L).

In the paper [6], various potential school utility
functions were considered, including one that satisfies
many requirements for such functions. (They are as
follows: an increasing function in the variables K, A,
and L that has a decreasing scale effect and vanishes if
A=K=L=0orL =0.) This function is the sum of
some modifications of the Cobb—Douglas functions,
which will be called the double Cobb-Douglas func-
tion [5]:

U=f(AK,L)=CK*L™+BAL"P,
O<a<l 0< B<1 C,B>0.

The school reports on the results of the previous
year and forms its budget M from the financial receipts
of municipal, regional, and (or) federal authorities as
well as its extra-budgetary funds. In this model, the
budget M is a fixed exogenous parameter. Then the
school maximizes its utility function over the set of all
A L, K>0. In [6], different solutions of this maxi-

mization problem were considered; it was demonstrat-

ed that the problem has a solution for the given type of
function, and the solution is valid for any parameter
values A, L, K>0. Thus, the school determines its
optimal equipment budget in the current year (K, , in
RUB) and reports it to suppliers (Fig. 1) [5, 7].

Department of
education

Budget M
\ 4

U — max
School | /=74, K, L) = CKeL-o +BAPL! -
Solution: L, K

Equipment budget K,

Y

Equipment supplier
market

Fig. 1. The general three-level distribution scheme of school equipment
budget.

For more details on the quantitative determination
of a school utility function and the application of the
double Cobb-Douglas function, we refer to the paper
[6], where the utility function was obtained based on
the quantitative data of St. Petersburg Education
Committee and the Unified Information System of
Public Procurement (https://zakupki.gov.ru) on the set
of all A L, K>0. For example, the following utility

function was obtained based on the real data of St.
Petersburg schools:

U~ K0.55 L0.45 +E A0.12 L0.88
3 .

2. MATHEMATICAL MODELING OF SUPPLIERS’
COMPETITION FOR PROCUREMENT

2.1. The Basic Model

Consider a model of interaction between a school
and suppliers, which will be called the basic model.
This model applies to companies maximizing their
profit. By assumption, companies know the utility
function of each other (the double Cobb-Douglas
function) but not the exact values of the variables of
each other (fixed and variable costs). Also, they do not
know the profit of each other, supposing that the costs
of competitors are “somewhere between zero and the
procurement price.” In other words, the costs range
from the maximum discount at the level of the supply
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price (if the company has almost zero costs) to the
minimum (i.e., zero if the company’s costs are at the
level of the supply price). This model is often ob-
served in real life when companies compete in a
closed first-price auction, and there is ho company that
knows information about the internal processes of oth-
er companies (the public procurement process). As-
sume that the suppliers compete for the entire equip-
ment budget of the school in the current year (K, ):

the school spends its equipment budget in the current
year once without dividing it into several procure-
ments. As soon as the suppliers know this budget,
those who can supply the equipment requested by the
school begin to compete on price by offering various
discounts. Let AM; denote the discount offered by

supplier i within the procurement.

We begin with the general scheme (Fig. 2): there
are n suppliers in the market that can provide the re-
quested equipment. Assume that all suppliers maxim-
ize their profit

m; =K, — FC; — pK, —AM;
=(1— pi)KO—FCi —-AM;,

where p; is the ratio of the variable costs of supplier i
to provide school equipment in the volume K, to the

supply amount K, ; FC; is the fixed costs of supplier

i. (They are individual for each supplier but independ-
ent of the volume of equipment, e.g., expenses for of-
fice rent, security, utilities, or part of labor costs).
Supplier i maximizes its profit depending on the dis-
count AM; since the other indicators are given for

each supplier.
In fact, the suppliers play a Bayesian game [7] (al-
so called a game with incomplete information). This

game corresponds to the situation when at least one

player does not know minimally one utility function of

other players. Within the basic model, the utility func-

tion of each supplier is unknown to all other suppliers.
We reduce the supplier’s profit function to

m =(1-p,) Ko —FC, — AM,
=g(p, FC,, Ky)— AM; = U; — AM,.

Assume that:

(a) Suppliers do not know the prices offered by
each other.

(b) The utility functions of all suppliers are mutual-
ly independent.

According to the legislation of the Russian Federa-
tion, the procurement is actually carried out as a first-
price auction [8, 9], i.e., the company offering the
lowest price (the highest discount on the required
equipment) gains the right to supply.

Since the utilities U; of different suppliers are in-

. as a value

dependent of each other, player i treats =;

with the uniform distribution from zero to K,
Vi, jel...n, j=i (Fig. 3).
The payoff function of supplier i takes the follow-
ing form:
T (AMy, AM,,..., AM,)
U, —AM; if AM; =max(AM,, AM,,..., AM,)
J

0 if AM; <max(AM,, AM,,..., AM,)).
]

We begin with a special case of oligopoly where
three suppliers compete in the market. This situation
will be analyzed from the viewpoint of the conditional
first supplier (i = 1).

U — max

School

Equipment budget X

Winner’s

discount
AM,

Supplier 1

U=f(,K,L)= CK'L"-*+BAPL' -P
Solution: L, K,

Supplier n

Supplier i

T, =(1-p)K,-FC,- AM,; — max

Fig. 2. The two-level generalized competition scheme of suppliers.
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P(K)

\ 4

Fig. 3. The probability density of other suppliers’ discounts considered
by supplier i.

Let us calculate the probability that AM, >AM,

and AM, >AM, from the viewpoint of the first sup-

plier. If supplier 1 gives the highest discount, it wins
the procurement:

p(AM; >AM | ,5)
= p(AM, > AM, UAM, > AM,)
=p(AM; > AM,) p (AM; > AM4 |AM, > AM,).

M, am (am, Y
KO KO KO .

The same result can be obtained in a more general
case with the known probability distribution function

L it am, [0, K,]

h; (x) = 1 Ko
0if AM, ¢[0, K],
AM;
Vj—>p(AM,>AM) )= j L gx=2M,
0 0 KO

In fact, supplier i maximizes its mathematical ex-
pectation: (U; —AMi)x(AMi/KO)2 —max. Solving
this problem, we establish that the greatest mathemati-
cal expectation is achieved at AM; =2U, /3. Thus, all
suppliers will offer such discounts, and the supplier
with the highest discount will be the winner.

By analogy, solving the problem with n = 2 yields
AM; =U; /2 and p(AM;>AM,)= AM,/K,. This
result will be the base of mathematical induction for
proving the general statement.

Let p(AM;>VAM,, i#j)=AM/?/Ks" for

some n = k. We fix the random numbering of suppli-
ers. Then, for n = k + 1 suppliers, it follows that

p(A M, >VAMj,j:2,3,.4.,k+l)
=p(AM;>AM, UAM,; >AM; UAM,
>AM,...UAM; >AM,,,)
=p(AM;>AM, UAM,
>AM; UAM; >AM,...UAM; >AM,)
xp(AM; >AM JAM; >AM, UAM,
>AM; UAM; >AM,...UAM; >AM,)
:AMlk’leMl _AMY

Kot Ky o Kg o

By the principle of mathematical induction, for any
n>2, we therefore have p(AM,>VAM, i j)

=AM /K™

Consider maximization of the expected profit of
the procurement by one supplier. In the general case,
this  problem has the form (U;-AM;)

x(AM; /KO)”_1 —max. As a result, the supplier’s
discount is
U.(n-1
n
This model describes the reality. Indeed, in the ex-
treme case of monopoly, the equipment supplier will

offer no discounts (AM; =0). The solution is logical;
in particular, AM; - U, asn — o, i.e., in the case of

perfect competition, suppliers will offer to supply
equipment with zero profit for them.

In also reflects the real market of school products.
One striking example is Prosveshchenie, a monopolis-
tic group of companies in several segments of the
market. For some products (such as textbooks), the
supplier refuses to discount, which also affects the
market price and its growth in recent years. On the
other hand, the stationery market represents an almost
perfect competition. This market has low margins due
to the presence of many suppliers.

2.2, The Additional Model

Consider a model involving two and, then, several
suppliers, some maximizing their profit and some their
revenue. As in subsection 2.1, companies know the
utility functions of each other but not the exact values
of the variables of each other (fixed and variable
costs). Also, they do not know the profit of each oth-
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er, supposing that the costs of competitors are “some-
where between zero and the procurement price.” In
other words, the costs range from the maximum dis-
count at the level of the supply price (if the company
has almost zero costs) to the minimum (i.e., zero if the
company’s costs are at the level of the supply price).
This case describes a situation where large suppliers
(with an annual revenue exceeding 400 million RUB)
intervene in the procurement. The basic assumption in
subsection 2.1 is that all suppliers of school equipment
maximize their profit, which represents a function of
the supplier’s utility. However, this is not always the
case. Large suppliers competing for procurement with
small ones often maximize their revenue.

Thus, their utility function is revenue, and a large
supplier solves the following problem:

TR, — max,
TR =K, -AM;, m, =(1- p;)K,—FC, —A M,
=g(p, , FC;, Ky)-AM; =U; —AM; >0.

Hence, the supplier’s maximum discount is
AM; :(1— pi)Ko—FCi :

Consider the case of two competing suppliers, one

maximizing profit and the other maximizing revenue,
provided that both know their types (Fig. 4).

Consider the general case of n suppliers,
n=k+m, where k is the number of profit-
maximizing suppliers (type 1) and m is the number of
revenue-maximizing suppliers (type II). Then the
companies will offer the following discounts:

U, (n-1)
e AM, B (type I);

i(k)

Ko(n-1 Ko(n-1
AM; ) =U; otherwise

(type I1).

Hence, we arrive at rather a logical outcome as fol-
lows. Consider a well-managed company of type Il
with small internal costs (FC, p). This company has a
very high discount ceiling and ample opportunities to
win the procurement against a profit-maximizing
company. In the realities of the Russian school equip-
ment market, a small (profit-maximizing) supplier fac-
ing a large (revenue-maximizing) one in the procure-
ment with absolute competition and zero impact of
non-market mechanisms always wins (e.g., Prosvesh-
chenie, Shkol’nyi Mir, and other large companies).

U — max
U=[(4,K,Ly= CK°L"-*+BAPL! -P
Solution: Ly, K

Equipment budget K

Supplier 1

m,=(1-p)K,-FC,- AM,; — max

Winner’s
discount
12

Supplier 2

TR, =K, - AM,— max
m, =20

CONCLUSIONS

Fig. 4. The two-level competition scheme of two suppliers: suppliers 1
and 2 maximize profit and revenue, respectively.

Suppliers do not know the probability that their
discount is greater than the competitor’s one. There-
fore, they believe that the discount of each other is

uniformly distributed between zero and K, . Similar

to the previous case, the profit-maximizing supplier
(supplier 1) will offer the discount AM,=U,/2.

Supplier 2 (the revenue-maximizing one) will maxim-
ize the expected payoff (K,—AM,)x(AM,/K,),
thus offering the discount AM, =K, /2 if the profit
remains positive. Otherwise, the discount will be
AM, =U,. The auction’s winner will be determined
by the higher discount.

This paper has proposed the models of public pro-
curement of school equipment from suppliers and the
models of competition among suppliers. In accordance
with the legislation applicable to schools [2, 3], a sig-
nificant part of procurement in this sphere is carried
out within a Bayesian game: suppliers have no infor-
mation about the utility functions of each other, and
the procurement represents a first-price auction.

In the first case, several profit-maximizing suppli-
ers compete for the procurement (the basic model). An
individual supplier in the basic model treats the profit
of another supplier as a uniformly distributed value
between zero and the procurement price. Quite logi-
cally, a monopolistic supplier will not decrease its
supply price by offering equipment discounts to the
school. However, under perfect competition, market
participants will offer discounts at the level of their
maximum profit.

The second important case is competition among
suppliers maximizing either profit or revenue (the ad-
ditional model). In this case, the revenue-maximizing
company with rather efficient internal processes will
win the procurement.
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