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Abstract. This paper considers optimal decision-making during the life cycle management of
complex systems of aerospace, power, nuclear, transport, and other complex entities, capital
objects and systems of the power, telecommunications, transport, agriculture, raw material, and
other industries as well as information systems. The system-wide peculiarities of the life cycles
of complex systems are identified and analyzed. Qualitative formalisms to represent life cycles
are proposed; mathematical foundations of the problem of their optimal control are described. A
mathematically rigorous optimal control problem for the life cycle of complex products, objects,
and systems is stated. An algorithmic solution of the optimal control problem based on the for-
malisms of dynamic programming is developed. A practical way of applying this algorithm
based on the scenario approach is proposed; the conditions of life cycle control optimization
(under which optimization is possible) are listed. The results presented below are an optimal
control tool for the life cycle of complex products, objects, and systems.
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INTRODUCTION: THE TOPICALITY OF LIFE CYCLE are the high complexity and heterogeneity of manage-

MANAGEMENT AND OBJECTIVE COUNTER FACTORS ment processes for LCS caused by the complexity of
the Systems and the uncertainty and variability of ex-

ternal factors for LCS.

Nowadays, the concept 10f life cycles of complex The life cycle is a complex system and the subject
systems (products, objects)” (LCS), fundamental in of research in various knowledge domains. Within
systems engineering [1, 2], is widespread in the prac- each domain, models are developed to study separate
tice of managing the creation and application of prod- aspects of LCS with different degrees of rigor. The
uct_s and systems of aerospace and d_efense industries, presence of heterogeneous models requires a reasona-
objects and systems of the nuclear, oil and gas, power, ble choice of approaches to forming integral quantita-
transport, communication, and other processing, raw tive models of LCS.
material, and service industries as well as in the field Management of complex systems is studied primar-
of information technology. _ ily by cybernetics and systems theory [3, 4], whereas

However, despite the wide circulation of the con- lifecycle management by systems engineering [1, 5-9].
cept of LCS, the formal bases of LCS management are However, the results obtained in these branches are, as
still not stated: there are no strictly defined criteria to a rule, qualitative; the models of the mathematical the-
compare certain approaches, choose the best of them, ory of systems [7] do not allow posing and solving
and coordinate and integrate interdisciplinary deci- optimization problems.
sions. Furthermore, .LCS management is not even Another popular topic is cost estimating (costing)
posed as a mathematical control problem. The reasons throughout the entire life cycle of the system or prod-

uct being created; for example, see [10, 11]. In recent
! For brevity, the subject of a life cycle (products, objects, or sys- years, neural networks, machine Ieam"_]g’ and other
tems) will be uniformly called the System with a capital letter. modern approaches have been used for life cycle cost-
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ing; for example, see [12-16]. Cost estimating of in-
dustrial programs is investigated by leading Western
firms (e.g., see [17]) and is regulated by various gov-
ernmental organizations (e.g., the National Aeronautics
and Space Administration [18] and United States Gov-
ernment Accountability Office [19]).

Much research is devoted to mathematical models
of the behavior of systems consisting of many interre-
lated elements, an example of which is LCS: multi-
agent systems [20-23]; interacting processes and sys-
tems [24-27]; systems and their properties described
using systems modeling methods [8, 28]; various net-
work structures (e.g., see [29]), particularly using
graph theory (see the surveys in [29, 30]); project and
program management [31-33]; stochastic networks
and their applications in transport, power grids, logis-
tics, and production [34]; firms (e.g., see the survey
[35] and the references therein), organizations, and
organizational structures [36—38].

Despite the significant number of models, ap-
proaches, and standards created and tested in practice,
first of all, system-engineering, the absence of formal
foundations considerably complicates LCS manage-
ment and the coordination and integration of design,
technological, economic, organizational, and other de-
cisions. At the same time, the importance of LCS man-
agement requires defining formal bases and develop-
ing adequate models and methods of LCS manage-
ment.

This paper introduces the following bases: LCS
management is mathematically formalized as an opti-
mal control problem, and approaches to solve it are
proposed. Mathematical formalisms provide the max-
imum possible degree of rigor of the bases: mathemat-
ics has the most abstract and formal apparatus among
all knowledge domains.

Representing a system, LCS requires the system-
wide approach and the principle of holism. Therefore,
the optimization problem is stated as a unified, holistic
problem covering all LCS aspects. The multidiscipli-
nary nature of LCS makes it difficult to form such a
unified statement. The traditional practical approach is
to model and optimize separate types and (or) compo-
nents of LCS. This is common, for example, in opera-
tions research and related disciplines. However, the
optimality of the parts does not imply the optimality of
the whole. Therefore, forming a unified statement of
the optimization problem becomes fundamentally im-
portant. Note that subsequent decomposition “top-to-
bottom” remains correct for solving the problem by
different mathematical methods at the corresponding
levels of the hierarchy.

1. OPTIMAL CONTROL OF THE LIFE CYCLE
OF COMPLEX SYSTEMS: A QUALITATIVE DESCRIPTION
OF THE PROBLEM

We consider the problem of managing the life cy-
cle of a complex System by introducing several clarifi-
cations and definitions based on generally accepted
approaches, methods, and standards.

Below, this problem will be solved for the products
of aerospace, power, nuclear, transport and other com-
plex entities, capital objects and systems of the power,
telecommunications, transport, agriculture, raw mate-
rial, and other industries as well as information and
technological systems.

Following the international and Russian standards
[1, 2, 6], we understand the life cycle of a System as a
set of repeated phenomena and processes with a period
determined by the life of its standard design from con-
ception to disposal or its particular copy from com-
plete creation to disposal.

We use the following definitions from [5, 39]: a
project as a set of interconnected measures to create a
unique product or service under time and resource con-
straints; a project program as a set of interconnected
projects and other activities to achieve a common goal
under common constraints. In practice, LCS is usually
implemented as a project program, i.e., a set of inter-
connected projects and other types of economic activi-
ties coordinated by time and resources, united by one
type of System (or copy), including its updating and
(or) modification, as well as by all stages of its life
cycle, aimed at its development and (or) production
and (or) maintenance to meet consumer requirements
and obtain a positive economic result. LCS is a partic-
ular case of complex activity? (CA) [41], performed by
a complex subject (an extended enterprise, EE) [41].
An EE is a system of autonomous but interacting firms
(enterprises) united by a single structure of goals and a
single technology of operation in which the parent en-
terprise performs the technological and business coor-
dination.

In this case, the LCS® program consists of several
interconnected lines of activity implemented by the
extended enterprise (Fig. 1):

2 Activity [40] is a dynamic interaction of a human with the reality
in which he represents an actor (subject) purposefully influencing a
subject matter (object). Complex activity [41] is an activity with a
nontrivial internal structure, multiple and (or) changing goals, ac-
tor, technology, and the subject matter’s role in the goal context.

% In this paper, the composition and sequence of lifecycle phases
are given by the standards [2, 42]. Nevertheless, all results, state-
ments, and conclusions will remain valid for other compositions of
lifecycle phases as well.
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e The creation and transformation of the Sys-
tem’s information model (IM) together with the ex-
tended enterprise’s IM. These activities are performed
during the design (conceptual, schematic, detailed,
etc.) of the System and EE. Subsequent updates again
include works on System design and, if necessary, EE
design.

e The creation, operation, updating, and termina-
tion (completion) of the extended enterprise itself.

e The creation, operation, updating, and disposal
of the System.

Conceptualization and design (Fig. 1) consist in
creating and transforming the System and extended
enterprise’s descriptions in the form of text documents,
drawings, diagrams, and other formats, including tradi-
tional paper documents and computer data (CAD,
PDM, and other engineering platforms as well as ERP,
CRM, and other types of corporate management sys-
tems). In addition, various computational models are
developed and used for engineering and management
decision-making to assess and study the properties of
the System and extended enterprise based on the cur-
rent description. Computational models translate the
design, engineering, logistics, and other decisions of
various employees into the functional indicators of the
System. The entire set of descriptions and computa-
tional models forms the information model of the Sys-
tem or EE, respectively; see Fig. 1.

In the early stages of the life cycle, the demand
for the System, its expected characteristics, and the
feasibility and effectiveness of the business idea are
preliminarily analyzed; as a result, technical re-
quirements for the System are formed. Being re-
flected in the operational concepts by models of the
System’s target application, the requirements define
the desired way of operation of the future System.
As the result of R&D, the IM of the elements (units,
systems, and assemblies), phenomena, and processes
of the System operation are formed. During detailed
design and process engineering, technological and
production descriptions and models of the System
are formed, accompanied by the models of the ex-
tended enterprise and individual enterprises as its
constituent parts. In each essential stage, the devel-
oped IMs are supplemented, updated, and detailed.
They are used to verify and confirm the conformity
of the System’s current image to the one planned
during conceptualization; see Fig. 1.

LCS management means managing the complex
activity [41] of the extended enterprise: influence of
the control subject on the controlled object to ensure
the latter’s behavior for achieving the former’s goals.
We define the management process of LCS as a com-
plex activity that is:
implemented within the LCS program
throughout the entire life cycle of the System;
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Fig. 1. Life cycle, System, extended enterprise, and their information models.
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o performed by EE employees, whose design,
engineering, technological, production, and other deci-
sions affect the characteristics of the LCS program;

e coordinated by a dedicated group of specialists
(the LCS program management office);

o performed to provide market or economically
justified value characteristics of the program (hence, to
achieve the goals of the LCS program);

e composed of:

— collecting, systematizing, and providing predic-
tive and actual data to determine the value characteris-
tics;

— determining and coordinating target values of the
characteristics and limits on the characteristics of the
System and EE, which are decomposed into limits on
the components of the System and EE and groups of
EE works;

— making design, engineering, technological, pro-
duction, and other decisions to comply with the char-
acteristics limits based on predicting the LCS evolu-
tion (System and EE);

— implementing responsibility for compliance with
the limits by those firms, departments, and particular
employees (designers, technologists, etc.) whose deci-
sions or actions affect the corresponding component of
the System and (or) EE.

In essence, LCS is nothing other than implement-
ing one or more elements of activity to obtain benefits
(a business or several businesses based on creation,
production, use of the subject of LCS (product, system,
or object). This interpretation of LCS leads to the gen-
eralized structure of the goals of activity (business)
identical to the structure of value formation. Figures 2
and 3 show such structures, correlated with the LCS
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Fig. 2. The structure of forming the value or goals of complex activity performed during the life cycle of a complex system or object.
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Fig. 3. The structure of forming the value or goals of complex activity performed during the life cycle of a complex product.
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phases, for a complex object or system and a com-
plex product, respectively.

The value structures (goals) are formed from the
viewpoint of the subject implementing the LCS. These
structures are generally self-evident and require no
comment: rectangles with rounded corners represent
goals and subgoals, and arrows connect the subgoals
with the goals. The dashed arrows show the dependen-
cies of the System’s value on the design (including
conceptual), production, operation support, and dis-
posal works. These dependencies also have the charac-
ter of “goal-subgoal” links: for the System to be useful
for the consumer, the corresponding properties must be
incorporated during the design, production, etc.

Note that the content of all phases of the LCS, ex-
cept for productive use, includes works of various
types (design, production, operation support, and dis-
posal of the Systems). The productive use phase is
primarily characterized by obtaining the target value
and benefits (together with executing the correspond-
ing works). All works during the life cycle have an
auxiliary but unavoidable character and are executed
only to obtain the target value and benefits during the
productive use phase. At the level of the system-wide
cross-industrial generalization, the LCS content can be
formulated as follows.

e All LCS phases are characterized by the costs
of the corresponding works directed on the creation
and purposeful change of the System and EE and their
information models. The achieved goals of the activity
and the formed value have an auxiliary and internal
character: the goals are achieved, and the value is
formed in the interests of the LCS subject instead of
external consumers.

e The productive use phase is characterized by
obtaining the target value for the LCS subject based on
the value and benefits provided to external consumers
using the System.

In business practice, the control subject (or the sub-
ject implementing the LCS) is usually the management
office of the LCS program, headed by a manager of the
parent company, and the controlled object is the entire
EE implementing the LCS. The control action is the
set of decisions made by the management office of the
LCS program (contracts, orders, regulations, letters,
and other documents in electronic or paper form). The
behavior of the controlled object is the entire set of
elements of CA EE (production, engineering, techno-
logical, logistical, sales, administrative, financial, etc.),
including the managerial activity of superior economic
agents over subordinates.

When considering any control problem for ob-
jects with people, the key property is their ability of

active choice: they act according to their internal
motives and preferences. In addition, EE is a multi-
level hierarchical organization (an interconnected
and hierarchically subordinated set of enterprises
and their subdivisions and employees). Therefore,
the operation and management of EE are processes
of a multilevel hierarchical nature. The presence of
people in the EE structure, their property of active
choice, and their key role in imOplementing LCS are
the universal properties characteristic for all LCS and
EE.

In such cases, it is traditional to apply game-
theoretic approaches and methods of hierarchical game
theory [43], active systems theory [44], organizational
systems control theory [45], and contract theory [46].
Within this field of knowledge, an extended enterprise
is a multilevel hierarchical dynamic active network
with uncertainty and constraints on the joint activity of
active elements* (AEs) in the form of technological
networks [47—49]. In practice, an extended enterprise
usually satisfies all assumptions® of the decomposi-
tion theorems formulated and proved in [47-49].
According to these theorems, for any feasible trajec-
tory of LCS and irrespective of specific technological
links between AEs (the LCS technology and EE organ-
ization), the control subject can construct a compen-
satory incentive scheme for AEs that:

— implements the trajectory of AE actions as a
dominant strategy equilibrium;

— decomposes the control problem with respect to
AEs, their actions, and time periods;

— ensures the minimum costs of the control subject
to implement this trajectory under any possible fore-
sight of AEs.

Such an incentive scheme reflects the principle of
incentive-compatible control® and allows applying the
enterprise control optimization scheme; see subsection
3.4.5 of the book [49]. Hence, the uncertainty of active
choice of AEs can be eliminated in a mathematically
correct way, and the control action can be considered
the set of action plans of all AEs beneficial for

4 Active elements in practice are firms, departments, divisions,
work groups, and employees.

® The hypothesis of rational behavior of employees is the assump-
tion that the subject chooses the actions yielding the most prefera-
ble for him results of activity considering all the information avail-
able to him; the assumption on bijective technological functions
with respect to the actions of subjects and the results of their pre-
decessors in the current period or the assumption on fully observa-
ble actions of subjects for the upper control subject (Principal); the
assumption on Principal’s awareness about the socially conditioned
values of the cost function and reserved value of the subjects (hold-
ing for developed labor markets).

® Under incentive-compatible control [45], plan fulfillment is bene-
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them. (Therefore, all AEs will seek to fulfill the ac-
tion plans.) Implementing the principle of incentive-
compatible control in business practice means that
superior managers form tasks (plans) and incentive
schemes for subordinate employees, divisions, and
enterprises so that plans fulfillment be beneficial to
subordinates. With such control, in particular, the
strategic goals of a firm are translated to all employ-
ees down to average executives.

Now we define a class of cross-industrial methods
and approaches to study LCS. For this purpose, we
consider some important implementation features of
LCS and, consequently, management models of LCS
(Fig. 1).

When implementing the LCS, an extended enter-
prise plays a dual role: it acts as the subject and object
of complex activity. Really, within the framework of
the LCS program, there arises a need to create and
change the cooperation of enterprises and create new
technologies and, consequently, new enterprises.

Moreover, being complex systems, the System and
EE require representations from different points of
view [2] (e.g., functions, geometry, power, economics,
reliability, etc.). Therefore, in practice, the System and
EE are characterized by multiple descriptions and
models.

The products, objects, and systems have significant
industrial specifics and are often unique. In contrast,
extended enterprises and life cycles have many sys-
tem-wide cross-industrial similar functions and activi-
ties (financial, economic, personnel, logistics (to a
considerable degree), etc.). Hence, unified descriptions
and models can be used for them. As a result, all en-
terprises use the same best practices for organizing
operational activities, the same patterns of business
processes, and the same information technology plat-
forms (ERP, CRM, MES, etc.).

Finally, in the vast majority of cases (or even al-
ways), the life cycle value is determined from the eco-
nomic point of view; in turn, the economic approaches
are cross-industrial and reflect the generalizing proper-
ties of the economic field of knowledge. Therefore,
economic descriptions and models of the System, ex-
tended enterprise, and life cycle are typical for various
industries, and unified approaches can be used. Also,
the essential reflexivity of LCS is shown in the eco-
nomic sphere: on the one hand, the economic parame-
ters of the System determine the economic parameters
of LCS and EE; on the other hand, the former depend
on the latter. In particular, the cost price of the System
considering the entire life cycle depends on the charac-
teristics of EE, and conversely. Therefore, economic

descriptions and models of the System, EE, and LCS
represent an interconnected system.

Thus, we introduce the system-wide cross-
industrial representation of the LCS based on the eco-
nomic approaches and methods describing the pro-
cesses of value formation and the associated costs.

Now we pass to the description of the quantitative
model of the LCS management, formulating the four
necessary components of the optimization problem:

— the state variables of the controlled system and
the environment;

— constraints;

— patterns reflecting the relationships between the
variables;

— the goal functions of active participants and the
criterion of management effectiveness.

2. OPTIMAL CONTROL OF THE LIFE CYCLE OF COMPLEX
SYSTEMS: A FORMAL PROBLEM STATEMENT

The practical analysis of life cycle features allows
characterizing LCS management as unfolding in time
multistep decision-making process under uncertainty
to achieve the best result for the control subject on the
entire LCS.

Within the established economic life (business)
practice, LCS are treated as assets: objects that form or
should form a positive economic (business) result.
Therefore, it is advisable to optimize a single quantita-
tive indicator (the effect or value of LCS), choosing
one of the widespread economic characteristics (profit-
ability, cash flow, added value, or another).

We consider this problem in the discrete-time
statement: in each period t, the LCS state is character-
ized by some (maybe, vector) variable x(t) taking val-
ues from an admissible set X, x(t) € X. Assume that
the control subject selects in period t an element u(t)
from the set of possible decisions (and actions) U, u(t)
e U. In practice, under the incentive-compatibility
condition (see the discussion above), the control action
u(t) corresponds to the set of action plans of all EE
elements (firms, their subdivisions, and individual em-
ployees) formed by following the plans of the man-
agement office of the LCS program.

Regardless of the control action u(t) and the LCS
state x(t), some value of different-nature uncertain fac-
tors is realized in each period. It is described by the
vector o(t) € Q, where Q denotes the set of all possi-
ble values of the uncertain factors.

We impose no restrictions on the nature and di-
mension of the vectors X(t), u(t), and w(t) and the sets
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X, U, and Q (except for the reachability of the corre-
sponding maxima or minima). Also, we understand the
values of LCS states and uncertain factors in an ex-
tended sense, including, if necessary, elements related
to the current period t and some previous periods (pos-
sibly the entire history from the initial modeling period
t; to the current period t inclusive). In particular, the
LCS state variables x(t) can be understood as a com-
plete information model of the pair “the System (ob-
ject, or system) itself; the extended enterprise imple-
menting the LCS.”

The value of the uncertain factors w(t) is unknown
to the subject when choosing the control action u(t) but
becomes known a posteriori. Depending on the real-
ized values of x(t), u(t), and w(t), the LCS evolves: in
the next period (t + 1), its state takes the value

X(t+ 1) = F(x(t), u®, o(t), 1), D)

where F(-) is an LCS dynamics function, a given func-
tion describing the change patterns of the LCS state in
the environment depending on the decisions (control
actions).

The effect or value of the LCS F(-) during the sim-
ulation interval [t;, t,] will be described in the tradi-
tional form:

OX(), u("), oO)lty; }) =

L

D 8o, 0X(2); U(R); 0(2); 7) - @)

‘c=t1

Here, ¢(-) is @ known partial value function of the LCS
for the control subject, 3, , is the foresight function of

the control subject, and the notation {x(-), u(*), o(-)|ts;
t,} means the dependence on X(-), u(-), and o(-) on the
simulation interval [t, t5].

For the sake of brevity, we will not write the fore-

sight function §_,, in explicit form: it can be taken
into account as a factor in the partial value function

o).

The discrete-time representation, as well as the de-
cisions and uncertainty reduced to a single time instant
(in each period), reflects the existing practice of EE
operation: planning and accounting are implemented in
corresponding periods (for LCS, these are phases,
stages, and more detailed periods, not necessarily of
equal duration). Moreover, they do not restrict the ca-
pabilities of the proposed formalism.

The fractal hierarchy of the elements of activities,
works, and, accordingly, decisions is also adequately
implemented within the proposed formalism: the activ-
ities and decision-making of subordinate levels of the

hierarchy are modeled in the description (2) of the
LCS evolution process (the function F(*)).

The uncertainty generated by each of the possible
sources [41] (the environment, the technology and sub-
ject matter of CA, and the complex subject of activity)
is fully reflected through the influence of uncertain
factors (the process ®(-)) on the LCS evolution (the
function F(-)) and the LCS effect (value) (the function
¢())

Then the optimal control of LCS is to maximize the
LCS effect on the time interval [t;, t,] considering the
expressions (1) and (2):

O{X(), uC), @()lty; t2}) — L AL ©)

Problem (1)—(3) is a classical dynamic program-
ming problem with discrete time and uncertainty.
Without imposing any restrictions on the nature of un-
certainty, we denote by d?‘)f {} the operator for elimi-

nating the uncertainty () (e.g., using the guaranteed
result, expected value, or another approach).
Then the optimal control problem takes the form

def {0, vl LhtoO bh) - max (@)

considering the expressions (1) and (2) and the initial
conditions x(t; — 1) = X,.

3. AN ALGORITHM FOR SOLVING THE OPTIMAL
CONTROL PROBLEM

We present a general algorithm for finding the op-
timal control (a sequence of decisions u’(t)) maximiz-
ing the LCS effect.

The solution of problem (1)—(4) is based on Bell-
man’s optimality and backward induction. We write
problem (4) in the form

def {({x() u0)Itit ol ) 1ttd)) =
defZ(p(X(t) u(r); o(t); 1) — LA

Introducing the Bellman function

J(x, t) = opmax qoef Z(p(x(‘c) u(t); o(r); 1),

we obtain a recursive formula for it starting from peri-
od t, backwards.
For the final period t,,

Jx, ) = rﬂix{gl)&f) (o{x, u, o(t2), 2)}}. (5)
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For period (t; — 1),
\](X, tL— 1) =

e

max { c(thTl){d(etf) {(p(F(Xv u, (D(t27 1)! t27 1)’

uleU
U(t2), o(t2), t2)}}} =
ngJX {Lo?t?fl) {(P(X, u, OJ(tz— 1)1 tZ_ 1) +
\](F(X, u, (D(tz* 1), th— 1), tg)}}

Using backward induction, we derive a general re-
cursive formula for the Bellman function for all te[t,
t,— 1] in descending order:

J(x, t) =max {del; {(p(x,u,m(t),t)+

Ul | oft
I(F(xuo(t).0).t+1)}}. 6)

The expressions (5) and (6) allow calculating the
sequence of functions J(x, t) for all t € [t, t;] in de-
scending order of the period number t. After obtaining
the solution J(x, t), we substitute the initial value X, in
period (t; — 1) to find, for all te[t;, t,], the optimal
control strategy (the sequence of optimal decisions
u’(t)) together with the optimal trajectory x'(t) of LCS
implementation:

u(t) = arglmax {d((a; {o(X'(t), u, o), t) +
uleU oft

JFC(D), u, o), 1), t+ 1)} @)
X(t+1)= dc(ag; {F((1), u'(®), o®), )}.  (8)

The relations (5)—(8) give a rigorous algorithm for
making optimal decisions on LCS management. They
express formal grounds for LCS management based on
the following formalism:

e The state and behavior of the LCS are modeled
by the vector x(t) € X.

o The managerial decisions are described by the
vector u(t) € U.

e The uncertainty of all kinds is represented by
the vector o(t) € Q.

e The dynamics of the LCS and environment are
described by the function F(-); see the relation (1).

e The LCS effect is formalized by the function
¢(+) and the relation (2).

Problem (1)—(4) and the solution algorithm (5)—(8)
have several fundamental properties. Let us discuss
these properties and ways to apply the approach for
practical LCS management and coordination and inte-

gration of heterogeneous (engineering, financial-
economic, organizational, and other) decisions when
implementing LCS.

We write two special cases of the optimization
problem, which are important in practice.

In many cases, the partial value function is the dif-
ference between the benefits received h(-) and the total
costs c¢;(+) of various kinds:

9(x(x), u(x), ©(1), 7) = h(x(), u(), (), 1) +
6 ((@); u(0); 0(0); 7). ©)

Then the effect is defined as the sum of partial val-
ues () discounted with a constant coefficient d:

D({X(), UC), o(O)lty; t}) =
36 [h(x(x); u(x); ofc); 1) -

ZC‘ x(x); u(x); o(x); 1)]. (10)

The function (9) fits most (or even all) economic
statements, treating benefits and costs as elements of
the cash flow, profit and loss account, and accumulat-
ed value. Hence, the effect (10) can be interpreted as a
net present value of the life cycle as an investment as-
set, a weighted total profit, and value added (economic
value added, shareholders value added, or market val-
ue added).

In this case, the Bellman equations take the form

30619 = e (L) U)ot )i )~
Sty uey oty @

304, = g {def {n(x(0); u(D); 0(0); 1) -
ZC‘ (x(t); u(t); o(t); t)+
83 (F (xu,o(t).t).t+1)}). (12)

Another special case is the long life cycle with an a
priori unknown completion period and stationary dy-
namics starting from some period:

X(t+ 1) = F(x(t), u(t), o(t)). (13)

In this case, the Bellman equations are reduced to a
single equation of the form

J(x) = max {def h(x; u; ) —

Zci(x; u; c0)+8J(F(X,u,co))}}_ (14)
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The solution of this equation, J(-), gives the opti-
mal control

u” = arg max {def h(x; u; ®)—
uleU o

DG u; c0)+6J(F(X,u,co))}. (15)

As the basic elements, the extended enterprise im-
plementing the LCS includes the employees (individu-
als with the ability of active choice). In other words,
the EE is an active system. This peculiarity of the
problem, discussed in Section 1 above (also, see [47—
49]), dictates LCS optimization conditions under the
hypothesis of rational behavior of employees, the as-
sumption on bijective technological functions, and the
assumption on control subject’s awareness (see foot-
note no. 5 and [47-49]).

Moreover, the extended enterprise is a multilevel
active system with a hierarchy of technologically relat-
ed firms, their subdivisions, work groups, and employ-
ees. Under such conditions, the practical formation of
optimal control u”(te,) consists in coordinated planning
in a multilevel hierarchical dynamic active system.
This problem was considered in detail in sections 2.2
and 7.1 of the books [50] and [49], respectively. The
algorithmic coordinated planning models developed
therein can be applied to form the optimal plan u”(te.)
of LCS implementation.

Another important feature of the optimal control of
LCS is the need to consider the nature and characteris-
tics of the uncertain factors (). Following [41], we
treat all possible types of uncertainty as true uncertain-
ty (the possibility of unique or rarely recurring events,
which are not explained by the existing fundamental
laws and for which there is no sufficient amount of a
priori observations) or measurable uncertainty (the
possibility of a priori unpredictable but repeated earlier
events described by fundamental laws). In the life cy-
cle management problem, the presence of both meas-
urable and true uncertainty is fundamental. The rea-
sons include the long-term duration of the life cycle,
the variability of the environment (technological, polit-
ical, economic, etc.), the creative nature of the life cy-
cle processes (at least, in the early stages when design-
ing the product, i.e., creating new knowledge about the
future product, its operation in the environment, and
production), and the presence of individuals with their
ability of active choice within the complex subject of
activity. The presence of true uncertainty specifying
the behavior of ®(-) and, consequently, the LCS and its
effect (due to the dependencies (1) and (2)) makes it

difficult to eliminate the uncertainty and solve the
problem.

Traditionally, a priori knowledge about the sources
and generation mechanisms of uncertainty is used to
eliminate it. In this problem, due to the true uncertain-
ty, such knowledge can never be considered objective
and exhaustively complete (with respect to the de-
scribed objects and phenomena) and, consequently,
unchangeable. Insufficient knowledge about objective
regularities compels using subjective assessments and
assumptions to eliminate uncertainty (the operator
def{} in the algorithm (5)—(8)). For dynamical phe-

oft)

nomena, such as LCS, assessments and assumptions
are formed as sets of scenarios [51] describing the evo-
lution of phenomena under flexible control calculated
depending on the realized values of uncertainty factors.
The scenario approach [51] is widespread in decision-
making, particularly forecasting and planning, in the
areas where the true uncertainty is most significant
(economics and the social and political sphere). It in-
volves expert scenarios of the behavior of the analyzed
system for calculations and forecasting. This approach
is a subjective (heuristic) way to form knowledge with
all its inherent disadvantages. However, this approach
is applied in practice when an objective instrumental
study is impossible. In the problem under considera-
tion, the scenarios {X;; {Q. (Ot <t<t};
{U, ()| ty <t <t,}} consist of the initial values xo, the
sequences of the state sets Q, (t) of uncertain factors
and the sets U, (t) of managerial decisions (depending
on the vector w(t)) ordered by the period number t.

Another important aspect of this problem and the
practical application of the proposed optimization ap-
proach is the variability of environment conditions and
the realization of the true uncertainty of the technolo-
gy, subject matter, and subject. As a result, the optimal
control strategies become irrelevant over time. There-
fore, it seems reasonable to solve the problem regular-
ly, considering all currently available information, to
form the optimal control strategies. Before deciding in
each current period t.,, it is advisable to repeat the so-
lution of problem (1)—(15) for the time interval to, <t
<'t, with the updated a priori knowledge (scenarios and
other assumptions). Among all optimal controls
{U"()lteur; t2}, only the nearest in time plan u”(tey) is
always used: generally speaking, the remaining con-
trols {u*(-)|tcur+ 1; t,} can be not calculated, following
the expressions (7)—(8). From the practical point of
view, the optimal strategy should be updated when
fixing each baseline [2] during the entire LCS.
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Within the scenario approach, the interpretation of
the problem solution includes a stipulation about opti-
mal control under the accepted assumptions (realiza-
tion of one scenario). On the one hand, such stipula-
tions reduce the value of optimization; on the other,
such justification is, no doubt, the best possible, espe-
cially if the set of scenarios under consideration is
large, making negligibly small the possibility of realiz-
ing the LCS along a trajectory different from all such
scenarios. This remark is another condition for opti-
mizing LCS management.

The LCS state vector x(+), the control action u(-),
the uncertain factors w(-), and the corresponding sets
of their admissible values (X, U, and Q) describe the
complex objects and phenomena of LCS (System, EE,
technology, and their evolution and operation in a
complex technological, political, and economic envi-
ronment). The function F(-) formalizes the diverse
LCS evolution (all changes in the pair <System, ex-
tended enterprise>) under the managerial decisions,
design, technological, production, and other works, the
formation, coordination, fulfillment, and control of
plans, and implementation of other activities within the
EE. In turn, the function ¢(-) (as well as the benefits
h(-) and costs ¢i(*)) reflects the dependence of the LCS
effect on all significant aspects of LCS implementa-
tion.

However, generally, problem (1)—(15) cannot be
solved in analytical form. Therefore, the practical im-
plementation of the algorithm (5)—(8) and (11)—(15)

requires using industry-specific models to represent
the functions F(-), o(-) h(-), and c¢i(*) and reflect the
complex relationships between the characteristics of
the LCS states x(+), the managerial decisions u(-), and
the uncertain factors o(+), including their impact on the
LCS effect ¢(-). Such models promptly yield numerical
values of F(), o(-), h(-), and c;(-) under different sce-
narios to apply the proposed algorithms (5)—(8) and
(11)—(15). A graphic metaphor of these algorithms is
shown in Fig. 4.

Finally, we again list all optimization conditions
for LCS management (the conditions under which the
proposed approach remains mathematically rigorous):

e The hypothesis of rational behavior of EE em-
ployees is the assumption that the subject chooses the
actions yielding the most preferable for him results of
activity considering all the information available to
him.

e The assumption on bijective technological
functions with respect to the actions of subjects and the
results of their predecessors in the current period or the
assumption on fully observable actions of the decision-
maker (Principal).

e The assumption on Principal’s awareness
about the socially conditioned values of the cost func-
tion and reserved value of the subjects (holding for
developed labor markets). The assumption that the set
of LCS scenarios is large enough to make negligibly
small the possibility of realizing an LCS trajectory is
different from all such scenarios.

LC value

r

‘ LC models and simulators
o ol 4

LC models
and simulators

ir  ir

Models of the

Simulators of

o({x(7), u(?), o(1), 1)

a

Models of EE

System

| D), u(It: B} {0Olh: 1)

x(t+ 1) = F(x(2), u(?), o(?), 1)

Optimization algorithm

p-u(7) = arg max{def{o(") + JF(). 0. 1+ 1)}}

Fig. 4. Logic of the optimization algorithm.
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CONCLUSIONS: AN OPTIMAL CONTROL TOOL
FOR LIFE CYCLE

We summarize the results of this paper.

e A mathematically rigorous optimal control
problem for the life cycle of complex products of aer-
ospace, power, nuclear, transport, and other complex
entities, capital objects and systems of the power, tel-
ecommunications, transport, agriculture, raw material,
and other industries, as well as information and tech-
nological systems has been stated.

e A formal algorithm for solving the corre-
sponding optimal control problem has been presented.

e A scenario approach to apply this algorithm in
practice has been proposed; optimization conditions
for LCS management (the conditions under which
optimization is possible) have been listed.

These results form an optimal control tool for the
LCS.
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